UNIT - 111

APPLICATIONS OF PARTIAL DIFFERENTIALEQUATIONS

INTRODUCTION

In Science and Engineering problems, we always seek a solution of the differential
equation which satisfies some specified conditions known as the boundary conditions. The
differential equation together with the boundary conditions constitutes a boundary value
problem. In the case of ordinary differential equations, we may first find the general solution
and then determine the arbitrary constants from the initial values. Butthe same method is not
applicable to partial differential equations because the general solution contains arbitrary
constants or arbitrary functions. Hence it is difficult to adjust these constants and functions so as
to satisfy the given boundary conditions. Fortunately, most of the boundary value problems
involving linear partial differential equations-can besolved by a‘simple method known as the
method of separation of variables which furnishes particular solutions of the given differential
equation directly and then these solutions:-can be suitably combined to give the solution of the
physical problems.

Solution of the wave equation

The wave equation is
0%y 0%y
T ;Ek (1)
ot? ox?

Let y=X(x).T(t) be the solution of (1), where , X" is a function of ,x" only and , T"is afunction of
Lt only.

0%y 0%y
Then — = XT and = X"T.

ot? ox?

Substituting these in (1), we get

XT" = a?X"T.

e, — = (2).



Now the left side of (2) is a function of ,x" only and the right side is a function of ,t" only.Since ,,x*
and ,t" are independent variables, (2) can hold good only if each side is equal toa constant.

X" T
Therefore, = = k (say).
X aT
Hence, we get X" —kX=0 and T’ -a’kT=0 (3).

Solving equations (3), we get

(i) when ,k"is positive and k = A?, say

AX
ait

X=cie™+ ¢ e
T=ce?+ ¢ e

(i) when k" is negative and k = —A2, say

X = C5 COSAX + Cg Sin AXT =
Cy cosait+ cg sinakt

(iii) when ,k"is zero.

X=cgX+cCyol =
Ciat+cn2

Thus the various possible solutions of the wave equation are

y = (Cl ekx + G e-?»x) (C3 eaM+ Cs e-alt) (4)
y =(cs cosAX + CgsinAx)(c; cosait+ cgsinait) (5)
y = (cox +cio) (Cu1 t+ €12) (6)

Of these three solutions, we have to select that particular solution which 'suits the
physical nature of the problem and the given boundary conditions. Since we are dealing with
problems on vibrations of strings, ,,y* must be a periodic function of ,x"“ and ,t".

Hence the solution must involve trigonometric terms.

Therefore, the solution given by (5),

i.e, y =(cscosAx+ cesinAx)(c; cosait+ cgsinaAt)



is the only suitable solution of the wave equation.

llustrative Examples.

Example 1

If a string of length £ is initially at rest in equilibrium position and each of its points isgiven

T™X
the velocity 5 = Vvosin —— ,0<x<®. Determine the displacement y(x,t).t =

0 e
ot

Solution

The displacement y(x,t) is given by the equation

—=a (1)

The boundary conditions are
i. y(0,t) =0, for t>0.
i. vyt =0,for t>0.
iii.  y(x,00=0, for0<x<&.

oy X

iv. — = V,Sin ,for0<x<®.t

ot =0 €

Since the vibration of a string is periodic, therefore, the solution of (1) is of the formy(x,t)

= (AcosAx + BsinAx)(CcosAat + Dsinkat) (2)

Using (i)in (2), we get

0 = A(CcosAat + DsinAat), for all t > 0.



Therefore, A=0
Hence equation (2) becomes

y(x,t) = B sinAx(CcosAat + DsinAat) --------------------- (3)

Using (ii)in (3), we get

0 = BsinA£ (CcosAat + DsinAat), for all t > 0, which gives A8 = nm.nwt

Hence, A= —— ,nbeinganinteger.
nTX nmat m‘caq
Thus, y(x,t) = Bsin Ccos + Dsin (4)
¢ e e )
Using (iii) in (4), we get
NTX
0 = Bsin .C
143
which implies C=0.
n7X nmat
y(x,t) = Bsin . Dsin
1 143
n7X nmat
= Bssin .sin ,where B;=BD.£
13
The most general solution is
0 n7tX nmat
y(x,t) = 2 B, sin sin (5)
n=1 e 4

Differentiating (5) partially w.r.t t, we get

oy o0 NTX nmat nma
= X By sin .COS ureerrraniin

ot n=1 e e e




Using condition (iv) in the above equation, we get

X o0 nma nTx
Vosin — = > Bn. .sin
e n=1 4 4
X ma X 2ma 21X
i.e, Vosin — = B;:. .sin + B, . sin
2 £ £ £ £

Equating like coefficients on both sides, we get

ma 2ma 3na
By, — = Vo, B, . =0, Bs =0, - e
4 4 4
Vol
i.e, Bi= By = B3 = By = Bg meeereereeseeein =0.
ma

Substituting these values in (5), we get the required solution.v,@

X mat
ie, y(xt)=——— sin . sin
ma 4 4

Example 2

A tightly stretched string with fixed end points x = 0 & x = £ is initially at
rest in its equilibrium position . If it is set vibrating by giving to each of its points avelocity
oy/ot = kx(8-x) at t = 0. Find the displacement y(x,t)-

Solution

The displacement y(x,t) is given by the equation

—=a’ (1)
ot? ox?

The boundary conditions are



i y(0,t) =0, for t=>0.
i. y(8t) =0, for t>0.
ii.  y(x,00=0,for0<x<8.
oy
iv. — = kx(€—x),for0<x<8.t=
ot/0

Since the vibration of a string is periodic, therefore, the solution of (1) is of the formy(x,t) =
(AcosAx + Bsinix)(CcosAiat + DsinAat) (2)

Using (i)in (2), we get
0 = A(CcosAat + DsinAat) , for all t > 0.
which gives A =0.
Hence equation (2) becomes
y(x,t) = B sinAx(CcosAat + DsinAat) --------------------- (3)
Using (i) in (3), we get
0 = BsinA£(CcosAiat + DsinAat), for all t > 0.which

implies A8 = nm.

nm
Hence, A= —— ,nbeinganinteger.
NTIX nmat J,ca.'\l
Thus, y(x,t)= Bsin Ccos + Dsin--==—== (4)
14 4 gJ
Using (iii) in (4), we get
NTX
0 = Bsin -C
4
Therefore, C=0.
nTX nrat
Hence, y(x,t) = Bsin Dsin
14 4
nmx nrat
= Bssin .sin , where B;=BD.2

1



The most general solution is
o0 N7TX nmat
y(x,t) = >, B, sin sin (5)
n=1 4 4

Differentiating (5) partially w.r.t t, we get
oy o nmX nnat nma
—— = > Bjsin .COS .
ot n=1 e e e
Using (iv), we get

0 nma n7x
kx(€-x) =2, Bn. . sin
n=0 14 e
nma 2 2 n7X
i.e, Bn: =— | f(x). sin— dx
e £ 0 2
2 2 n7mX
ie, By =_— [f(x).sin dx
nta O £
2 2 N7
= — [ kx(8—-x) sin — dx
nta O £
nmx
14 —COS——
2k [ )
= —  J(@x-x)d
nta O n7x
2
f
-C0S ——
2k
= — (ex-x3)d | —— - (8-2x)
nra nn
e




2k -2cosnm 2

nra n3r n3r
g3 g3
2k 23
= — . {1 - cosnm}
nma n3n3
4 kg3
i.e, Bn= {1- (-1)7
n*n* a
8ke3
or Bn= , ifnisodd
nn*a
0. if nis even
Substituting in (4), we get
0 8ke3 nmat n7x
y(x,t) = > sir—— sip——
n=13s.. N7 a 14 4
Therefore the solution is
8ke3 0 I (2n-1)wat (2n-1)mx
y(x,t) = z sin - sin
m*a n=1 (2n-1)* 2 L

Example 3

A tightly stretched string with fixed end points x =0 & x = £ is initially in.a position-given
by y(x,0) = yosin®(nx/8). If it is released from rest from this position, findthe displacement'y at any
time and at any distance from the end x=0.

Solution

The displacement y(x,t) is given by the equation

—=a’ (1)
ot? ox?



The boundary conditions are(i)

y(0,t) =0, ¥ t>0.

(i) y(,t) =0, V¥t 0.(iii)
oy = 0, forO<x<&.
—|(t=0

ot
(iv) y(x,0) = yosin3((rx/2), for 0 < x < £.

The suitable solution of (1) is given by

y(x,t) = (Acosix + BsinAx)(CcosAat + DsinAat)

Using (i) and (ii) in (2) , we get

(2)

nm
A=0& A= —
4
NmTX nmat nmat
y(x,t) = B sin (Ccos + Dsin ) - (3)
14 4 4
oy nTX nwat nma nrat nra
Now, —— = Bsin - Csin + Dcos
ot 4 4 4 4 e
Using (iii) in the above equation , we get
n7X nrTa
0 =Bsin D
4 4
Here, B can not be zero . Therefore D = 0.
Hence equation (3) becomes
n7mx nmat
y(x,t) = Bsin . Ccos
14 4
n7mx nmat
= Bssin cos — ,where B, =BC8
1
The most general solution is
0 n7Xx nmat




(4)

vix,t) = 2 Bnsin cos
n=1 2 4
Using (iv), we get
nm 00 nmX
yosin® = > Busin
14 n=1 4
00 NTX 3 X 1 31X
i.e, 2 Basin — =yp sin — sin
n=1 e 4 2 4 e
X 27X 37X
i.e, Bisin — +Bysin —— +Bzsin — +....
17 4 4
3Yo X Yo 3mx
= sin - sin
4 e 4 e
Equating the like coefficients on both sides, we get
3Yo -Yo
B1= _,B3= ,Bz=B4=...=0.
4 4
Substituting in (4), we get

3yo X mat Yo 3mx 3mat

y(x,t)= —— sin — .cos —— - — . sin .cos ——

4 e e 4 2 2
Example 4
A string is stretched & fastened to two points x.=0and x = £ apart.
Motion is

started by displacing the string into the form y(x,0) = k(€x-x?) from which it is

released at
time t = 0. Find the displacement y(x,t).

Solution
The displacement y(x,t) is given by the equation
0%y oty
—=a’ (1)
ot? ox?

The boundary conditions are



(i) y(0)=0, Vt>0.
(i) y(g,t) =0, Vt=>0.

(iii) ( oy
—_— =0,forO<x<8.t=
ot JO

(iv) y(x,0) = k(€8x — x?), for 0 < x < 8.
The suitable solution of (1) is given by

y(x,t) = (Acosix + BsinAx)(CcosAat + DsinAat) (2)

Using (i) and (ii) in (2) , we get

nm
A=0 & A= —.
4
n7mX nmat nmat
y(x,t) = B sin (Ccos + Dsin e (3)
4 4 4
oy NTX nmat nma nmat nma
Now, —— = Bsin - Csin + Dcos .
ot 4 4 4 4 ?
Using (iii) in the above equation , we get
nTX nma
0 =Bsin D
e e
Here, B can not be zero
D=0
Hence equation (3) becomes
nmx nmat
y(x,t) = Bsin . Ccos
e 4
nmx nmat
= Bssin cos ,Where B; = BC8
e
The most general solution is
0 nmx nrat

y(x,t) = 2 Bpsin cos (4)



n=1 2 2
) nTX
Using (iv), we get kx(€x —x?) = X Bysin
n=1 4
The RHS of (5) is the half range Fourier sine series of the LHS function .

(5)

2 £ n7X
" Bn= —— [f(x).sin dx
e ) )
0
(" nmx )
£ -COS——
2k [ (ex-x?)d 2
= J n
£ 0 T
~ _/
e N é
n7X n7X
-Ccos -sin
2k 4 2
= 7 (ex-x3)d - (8-2x)
4 nx n’m?
\_ L _J \ 82
3
~ N
N7tX 2
cos ——
e | b
+(-2)
n’n3
3 0
. / y
2k -2cos Nt 2
= +
e nin3 n’n?
23 23
2k 283
= .— {1-cos nt}@
n3n?
4ke?
ie, B = — {1-(-1)"}

n’n®




8ke?

or B =< n3g® ,ifnisodd
0, if nis even
0 8ke? nrat nmx
Sy(xt) =2 cos .sin
n=odd n3g? 2 2
8k oo 1 (2n-1)mat (2n-1)mx
or y(x,t) = cos .sin
7 n=1 (2n-1)3 2 2
Example 5

A uniform elastic string of length 28 is fastened at both ends. The
midpoint of the string is taken to the height ,b" and then released from rest in that
position . Find the displacement of the string.

Solution

The displacement y(x,t) is given by the equation

— =2’ (1)
ot? ox?

The suitable solution of (1) is given by
y(x,t) = (AcosAx + BsinAx)(CcosAat + DsinAat) (2)

The boundary conditions are(i)
y(0,t)=0,V t=>0.
(ii)y(@,t) =0, Vt=0.

(i) [ oy
—— | =0,forO<x<28.t=
ot JO



0(0,0) 2 B(2¢,0) X

(b/2)x, O<x<®

(iv) y(x,0) =
-(b/€)(x-28), B<x<28

[Since, equation of OA isy = (b/8)x and equation of AB is (y-b)/(0-b) = (x-€)/(28-2)]

Using conditions (i) and (ii) in (2), we get

nm
A=0& A=
28
nTX nrat nmat
y(x,t) = Bsin (Ccos + Dsin ) == (3)
28 28 28
oy NTX nmat nma nmat nma
Now, = = Bsin - Csin + Dcos
ot 28 28 28 28 28
Using (iii) in the above equation , we get
nTX nma
0 =Bsin D
28 28
Here B can not be zero, therefore D =0.
Hence equation (3) becomes
nmX nrat
y(x,t) = Bsin . Ccos
28 28

n7mx nmat



=Bissin  — cos — ,where B; =BC2%
28
The most general solution is
o0 N7TX nrat
vix,t) = 2 Bnhsin cos (4)
n=1 28 28
Using (iv), We get
o0 N7
y(x,0) = > Bn.sin (5)
n=1 28
The RHS of equation (5) is the half range Fourier sine series of the LHS function .
2 20 nTX
" Bn= — [f(x).sin dx
2¢ ) 28
0
1 4 NTX 28 NTX
=— (f(x) . sin dx + [ f(x).sin dx
) J 28 J 28
0 e
1 £ b n7TX 28 -b n7mx
== [(— x sim—— dx + [ —(x-28) sin dx
) J e 28 J e 28
0 e
. 4 nTx ) ~ n7mX
€ | -cos— 28 -COS —
1 b [ 28 b [(x28)d )
=" |/ Jxd -—)
2 < ) 0 nt e e nm
28 28
\
— 2
( 4 n7mX ) (C nm
—cos — —sin
=) 7/ |(x) - — -
1 ) nt I
\ NG 26 . 0




nT nm nm nTw

-cos— sin — €cos — sin—
b 2 2 2 2
= — + + +
€2< M nZTCZ n_TC JJEEZ
29, 492 22 402
ﬂb sin (n1t/2)
n’m?
Therefore the solution is
0 nmat n7X
y(x,t)= > 8bsin(nx/2) cos sinn=1—
n’r? 28 28

Example 6

A tightly stretched string with fixed end pointsx=0& x =28 is
initially in
the position y(x,0) = f(x). It is set vibrating by giving to each of its points avelocity
oy
—— =g(x) att=0. Find the displacement y(x,t) in the form of Fourier series.
ot
Solution

The displacement y(x,t) is given by the equation

— =a (1)
ot? ox?




The boundary conditions are(i)
y(0,t) =0, V t>0.
(i) y(&,t) =0, Vt>0.
(iii) y(x,0) = f(x) , for0 <x < @.

(iv)| Ou
— | =g(x),for0<x<8t=
ot /0

The solution of equation .(1) is given by

y(x,t) = (AcosAx + BsinAx)(CcosAat + DsinAat) (2)

where A, B, C, D are constants.

Applying conditions (i) and (ii) in (2), we have
nm

A=0 and A= —.
13

Substituting in (2), we get

nTx nmat nmat
y(x,t) = Bsin (Ccos + Dsin )
4 e 4
nTX nmat nmat
y(x,t)=  sin (B1cos + Dj sin ) where B; =BCand D; =BD.£
e 4

The most general solution. is

0 nmat nma n7mx

vix,t)= X B cos + Dy, .sin .sin (3)
n=1 e te 4




Using (iii), we get
nmX
B,.sin (4)

f(x) =

T M 8

The RHS of equation (4) is the Fourier sine series of the LHS function.

2 ¢ NTX
" Bn= — [f(x).sin
e ) e
0
Differentiating (3) partially w.r.t ,t*, we get

dx

oy 00 nmat nma nmat nma nmx

- = -Bn sin Sl B oo LY sin
ot n=1 £ £ £ £ 2

Using condition (iv), we get

0 nma n7mx
g(x) = 2 Dan .sin (5)
n=1 2

The RHS of equation (5) is the Fourier sine series of the LHS function.

nma 2 ¢ NTX
“. Dn. = rg(x) . sin dx

) e J e

0
2 4 NTX

= Dh= —— rg(x).sin dx

nma J 4

0

Substituting the values of B, and D, in (3), we get the required solution of thegiven
equation.

Exercises
(1) Find the solution of the equation of a vibrating string of length ,,8", satisfying
theconditions

y(0,t) = y(€,t) =0and y=f(x), oy/ ot =0att=0.

(2) A taut string of length 20 cms. fastened at both ends is displaced from its-position
ofequilibrium, by imparting to each of its points an initial velocity given by



V=X in0<x<10
=20—-xin10<x< 20,
X" being the distance from
one end. Determine the
displacement at any
subsequent time.

(3) Find the solution of
the wave equation

82
u

ot
corresponding to the
triangular initial deflection
f(x ) = (2k/ £) x
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2/ 2< x< 8,
and initial velocity zero.

(4) Atightly stretched string with fixed end points x =
0 and x = £ is initially at rest in itsequilibrium position.
If it is set vibrating by giving to each of its points a
velocity oy/ ot

= f(x)

at t = 0. Find the displacement y(x,t).

(5) Solve the following boundary
value problem of vibration of

stringi. y(O,t)=0

ii. y(@t)=0
oy
iii. (x,0) =x (x—2), 0<x< 8.
o’u ot
iv. y(x,0) = x in 0<x<2/2

=f—x in 8/ 2<x<?®.

(6) A tightly stretched string with fixed end points x =
0 and x = £ is initially in a position given by y(x,0) = k(
sin(rtx/ 8) — sin( 2wx/ £)). If it is released from rest,
fg;(gl thedisplacement of ,,y* at any distance ,,x" from
one end at any time ,t".

when 0< x< £/ 2

(a5} ~SA N 1

—_

x

~

5 o T =g
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