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4.2 Groups 

Define Group 

            A non-empty set 𝐺 together with the binary operation ∗,i.e., (𝐺,∗) is called 

a group if ∗ satisfies the following conditions. 

(i) Closure Property: 𝑎 ∗  𝑏 =  𝑥 𝜖 𝐺, for all 𝑎, 𝑏 𝜀 𝐺. 

(ii) Associativity: (𝑎 ∗  𝑏) ∗  𝑐 =  𝑎 ∗  (𝑏 ∗  𝑐) for all 𝑎, 𝑏, 𝑐 𝜀 𝐺. 

(iii) Identity: There exists an element 𝑒 𝜀 𝐺 called the identity element such that 

 𝑎 ∗  𝑒 =  𝑒 ∗  𝑎 =  𝑎, for all a  𝜀 G. 

(iv) Inverse: There exists an element 𝑎−1𝜀 G called the inverse of ‘𝑎’ such that  

𝑎 ∗ 𝑎−1 = 𝑎−1 ∗ 𝑎 = 𝑎, for all a  𝜀 G. 

Define Abelian Group 

         In a group (G, ∗), if a ∗ b = b ∗a, for all a, b 𝜀 G, then the group (G, ∗) is 

called an Abelian group. 

Example:(𝑍,  +) is an Abelian group. 

Define an Order of a Group 

               The number of elements in a group G is called the order of the group and 

is denoted by O(G). 

It is denoted by O(G) or |𝐺|. 

Define Finite and Infinite Group 

(i) If O(G) is finite, then G is said to be a finite group. 
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(ii) If O(G) is infinite, then G is said to be a infinite group. 

Theorems on Abelian Groups 

Theorem: 1 

If every element of a group G has its own inverse, then G is abelian.                           

(OR) 

For any group G, if 𝒂𝟐 = 𝒆 with 𝒂 ≠ 𝒆,  then G is abelian. 

Proof: 

Let (G, ∗)  be a group. 

For a, b 𝜀 G, we have a ∗ b 𝜖 G 

Given 𝑎 =  𝑎−1 and 𝑏 =  𝑏−1 

 (𝑎 ∗ 𝑏) = (𝑎 ∗ 𝑏)−1 

              =  𝑏−1 ∗ 𝑎−1 = 𝑏 ∗ 𝑎(∵ 𝑎 = 𝑎−1 &𝑏 = 𝑏−1 ) 

 ⟹ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 

∴ 𝐺 is abelian. 

                             Hence the proof. 

Theorem: 2 

Prove that a group (G, ∗) is abelian iff (𝒂 ∗ 𝒃)𝟐 =  𝒂𝟐 ∗ 𝒃𝟐 for all 𝒂 , 𝒃 𝝐 𝑮 

Proof:  
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Assume that 𝐺 is abelian. 

𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎, a , b 𝜖 G  → (1) 

Let 𝑎2 ∗ 𝑏2 = (𝑎 ∗ 𝑎) ∗  (𝑏 ∗ 𝑏)  

= 𝑎 ∗ [𝑎 ∗ (𝑏 ∗ 𝑏)] ∵ (∗ is Associative) 

= 𝑎 ∗ [(𝑎 ∗ 𝑏) ∗ 𝑏] ∵ (∗ is Associative) 

= 𝑎 ∗ [(𝑏 ∗ 𝑎) ∗ 𝑏] ∵ (𝐵𝑦 (1)) 

= (𝑎 ∗ 𝑏) ∗  (𝑎 ∗ 𝑏) ∵ (∗ is Associative) 

 = (𝑎 ∗ 𝑏)2  

 ∴ (𝑎 ∗ 𝑏)2 = 𝑎2 ∗ 𝑏2 

Conversely assume that (𝑎 ∗ 𝑏)2 = 𝑎2 ∗ 𝑏2 

To prove G is abelian. 

     ⟹ (𝑎 ∗ 𝑏) ∗  (𝑎 ∗ 𝑏) = (𝑎 ∗ 𝑎) ∗  (𝑏 ∗ 𝑏)  

⟹ 𝑎 ∗ [𝑏 ∗ (𝑎 ∗ 𝑏)] = 𝑎 ∗ [𝑎 ∗ (𝑏 ∗ 𝑏)]   ∵ (∗ is Associative) 

⟹ 𝑏 ∗ (𝑎 ∗ 𝑏) = 𝑎 ∗ (𝑏 ∗ 𝑏)                      (Left Cancellation law) 

⟹ (𝑏 ∗ 𝑎) ∗ 𝑏 = (𝑎 ∗ 𝑏) ∗ 𝑏                     (Right Cancellation law)              

      ⟹ (𝑏 ∗ 𝑎) = (𝑎 ∗ 𝑏) 

∴ G is abelian. 
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                         Hence the proof. 

Theorem: 3 

If (G, ∗) is an abelian group, then for all a, b 𝜺 G then (𝒂 ∗ 𝒃)𝒏 = 𝒂𝒏 ∗ 𝒃𝒏 

Proof: 

Let (G, ∗) be an abelian group and a, b 𝜀G. Then for all n 𝜀 Z, 

(𝑎 ∗ 𝑏)𝑛 = 𝑎𝑛 ∗ 𝑏𝑛 

Case (i) Let 𝑛 =  0 

Then 𝑎0 = 𝑒,  𝑏0 = 𝑒,  (𝑎 ∗ 𝑏)0 = 𝑒 

∴  (𝑎 ∗ 𝑏)0 = 𝑎0 ∗ 𝑏0 

Hence the result is true when n = 0 

Case (ii) let 𝑛 =  1 

Let n be a positive integer  

(𝑎 ∗ 𝑏)1 = 𝑎1 ∗ 𝑏1 

The result is true for 𝑛 =  1 

Assume that it is true for 𝑛 =  𝑘, so that  

(𝑎 ∗ 𝑏)𝑘 = 𝑎𝑘 ∗ 𝑏𝑘 → (1) 

To prove it is true for 𝑛 =  𝑘 +  1 

Now (𝑎 ∗ 𝑏)𝑘+1 = (𝑎 ∗ 𝑏)𝑘 ∗ (𝑎 ∗ 𝑏) 

                           = 𝑎𝑘 ∗ 𝑏𝑘 ∗ 𝑎 ∗ 𝑏 
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                           = 𝑎𝑘 ∗ (𝑏𝑘 ∗ 𝑎) ∗ 𝑏 

                           = 𝑎𝑘 ∗ (𝑎 ∗ 𝑏𝑘) ∗ 𝑏 

                           = (𝑎𝑘 ∗ 𝑎) ∗ (𝑏 ∗ 𝑏𝑘) 

                           = 𝑎𝑘+1 ∗ 𝑏𝑘+1 

𝐻ence the result is true for 𝑛 = 𝑘 + 1. 

Hence by induction, the result is true for positive integer values of n. 

Hence the proof. 

Problems on Groups: 

 1. Show that set ℝ with the usual addition as a binary operation is an abelian 

group. 

Solution:  Let 𝑎, 𝑏, 𝑐 ∈  ℝ 

(i) Closure property:  Clearly 𝑎 + 𝑏 ∈ ℝ 

(ii) Associative property:  𝑎 + (𝑏 + 𝑐) = (𝑎 + 𝑏) + 𝑐 

(iii) Identity element: Since 0 ∈ ℝ , we have 

⇒ 𝑎 + 0 = 0 + 𝑎 = 𝑎  

(iv) Additive Inverse: For 𝑎 ∈ ℝ, we have − 𝑎 ∈ ℝ, such that 
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𝑎 + (−𝑎) = 0 = (−𝑎) + 𝑎 

∴ The inverse of 𝑎 is –a . 

(v) Commutative property: 𝑎 + 𝑏 = 𝑏 + 𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ ℝ 

∴ (ℝ, +) is an abelian group. 

Since ℝ contains infinite number of elements, (ℝ, +) is an infinite abelian group       

2. Show that(ℝ −  {𝟏},∗)is an abelian group, where ∗ is defined by 

𝒂 ∗ 𝒃 = 𝒂 + 𝒃 + 𝒂𝒃, for all 𝒂, 𝒃 ∈ ℝ. 

Solution: 

Here ℝ −  {1} means the set or real numbers except 1. 

(i) Closure property: 

Clearly 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 + 𝑎𝑏 ∈ (ℝ −  {1})                        [𝑎 ≠ −1, 𝑏 ≠ −1] 

(ii) Associative property: 

  (𝑎 ∗ 𝑏) ∗ 𝑐 = (𝑎 + 𝑏 + 𝑎𝑏) ∗ 𝑐 

           =  𝑎 + 𝑏 + 𝑎𝑏 + 𝑐 + (𝑎 + 𝑏 + 𝑎𝑏)𝑐 

           = 𝑎 + 𝑏 + 𝑎𝑏 + 𝑐 + 𝑎𝑐 + 𝑏𝑐 + 𝑎𝑏𝑐                   …. (A) 
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  𝑎 ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗ (𝑏 + 𝑐 + 𝑏𝑐) 

             = 𝑎 + 𝑏 + 𝑐 + 𝑏𝑐 + 𝑎(𝑏 + 𝑐 + 𝑏𝑐) 

            = 𝑎 + 𝑏 + 𝑐 + 𝑏𝑐 + 𝑎𝑏 + 𝑎𝑐 + 𝑎𝑏𝑐                     ….. (B) 

From (A) and (B), we get 

 (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐),      for all 𝑎, 𝑏 ∈ (ℝ −  {1}) 

(iii) Identity element: 

Let ‘𝑒’ be the identity element. 

Then,     𝑎 ∗ 𝑒 = 𝑎 

⇒ 𝑎 + 𝑒 + 𝑎𝑒 = 𝑎  

 ⇒ 𝑒(1 + 𝑎) = 0 

 ⇒ 𝑒 =  0 

Here ‘0’ is the identity element and 0 ∈ (ℝ −  {1}) 

(iv) Inverse: 

Let the inverse of 𝑎 be 𝑎−1 

Then,   𝑎 ∗ 𝑎−1 = 0            (identity) 
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 ⇒ 𝑎 + 𝑎−1 + 𝑎𝑎−1 = 0 

 ⇒ 𝑎−1(1 + 𝑎) = −𝑎 

⇒ 𝑎−1 = −
𝑎

1+𝑎
∈ (ℝ −  {1}) 

∴ Inverse element is −
𝑎

1+𝑎
 

(v) Commutative: 

 ⇒ 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 + 𝑎𝑏 

     = 𝑏 + 𝑎 + 𝑏𝑎 

    = 𝑏𝑏 ∗ 𝑎 

∴ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎,     for all 𝑎, 𝑏 ∈ (ℝ −  {1}) 

∴ (ℝ −  {1}) is an abelian group.     

3.    Show that (ℚ+,∗) is an abelian group where ∗is defined by 

𝒂 ∗ 𝒃 =
𝒂𝒃

𝟐
, 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒂, 𝒃 ∈  ℚ+ 

Solution: 

Let ℚ+be the set of all positive rational numbers. 

(i) Closure property: 
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Clearly 𝑎 ∗ 𝑏 =
𝑎𝑏

2
∈  ℚ+ 

(ii) Associative property: 

(𝑎 ∗ 𝑏) ∗ 𝑐 =
𝑎𝑏

2
∗ 𝑐 =  

𝑎𝑏𝑐

2

2
=  

𝑎𝑏𝑐

4
     . . . (1)  

 𝑎 ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗
𝑏𝑐

2
=  

𝑎𝑏𝑐

2

2
=  

𝑎𝑏𝑐

4
     . . . (2) 

 From (1) and (2) we get,  

(𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈  ℚ+ 

(iii) Identity element: 

Let ‘𝑒’ be the identity element. 

Then,     𝑎 ∗ 𝑒 = 𝑎 

⇒
𝑎𝑒

2
= 𝑎 ⇒ 𝑒 =  2 

Here ‘2’ is the identity element and 2 ∈  ℚ+ 

iv) Inverse: 

Let the inverse of 𝑎 be 𝑎−1 

Then,   𝑎 ∗ 𝑎−1 = 2            (identity) 
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⇒
𝑎𝑎−1

2
= 2 

⇒ 𝑎−1 =
4

𝑎
 

∴ Inverse element is 
4

𝑎
∈  ℚ+ 

v) Commutative: 

 Now 𝑎 ∗ 𝑏 =
𝑎𝑏

2
  

∴ 𝑏 ∗ 𝑎 =
𝑏𝑎

2
=  

𝑎𝑏

2
  

∴ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎,     for all 𝑎, 𝑏 ∈  ℚ+ 

Hence (ℚ+,∗) is an abelian group.     

4. Let 𝑮 =  {[
𝟏 𝟎
𝟎 𝟏

] , [
−𝟏 𝟎
𝟎 𝟏

] , [
𝟏 𝟎
𝟎 −𝟏

] , [
−𝟏 𝟎
𝟎 −𝟏

]} Show that G is a group 

under the operation of matrix multiplication. 

Solution: 

Let I = [
1 0
0 1

], A = [
−1 0
0 1

], B = [
1 0
0 −1

], C =[
−1 0
0 −1

] 

∴ 𝐺 =  {𝐼, 𝐴, 𝐵, 𝐶}. Since it is finite set we shall form Cayley table and verify the 

axioms of a Group. 
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I is the identity element. 

 𝐴 ∙ 𝐼 = 𝐼 ∙ 𝐴 = 𝐴, 𝐵 ∙ 𝐼 = 𝐼 ∙ 𝐵 = 𝐵, 𝐶 ∙ 𝐼 = 𝐼 ∙ 𝐶 = 𝐶 

 𝐴2 = 𝐴 ∙ 𝐴 =  [
−1 0
0 1

] [
−1 0
0 1

] =  [
1 0
0 1

] = 𝐼 

 𝐴𝐵 =  [
−1 0
0 1

] [
1 0
0 −1

] =  [
−1 0
0 −1

] = 𝐶   

 𝐴𝐶 =  [
−1 0
0 1

] [
−1 0
0 −1

] =  [
1 0
0 −1

] = 𝐵 

 𝐵2 = 𝐵 ∙ 𝐵 =  [
1 0
0 −1

] [
1 0
0 −1

] =  [
1 0
0 1

] = 𝐼 

 𝐶2 = 𝐶 ∙ 𝐶 =  [
−1 0
0 −1

] [
−1 0
0 −1

] =  [
1 0
0 1

] = 𝐼 

 𝐵𝐶 =  [
1 0
0 −1

] [
−1 0
0 −1

] =  [
−1 0
0 1

] = 𝐴 

 𝐶𝐴 =  [
−1 0
0 −1

] [
−1 0
0 1

] =  [
1 0
0 −1

] = 𝐵 

Similarly BA = C, CB = A 

Cayley table: 

∙ I A B C 

I I A B C 
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A A I C B 

B B C I A 

C C B A I 

 

(i) Closure property:  

The first line of the table contains only all the elements of G. So G is closed under 

matrix multiplication. 

(ii) Associative property:  

Since matrix multiplication is associative it is true for G also. So Associative is 

satisfied. 

(iii) Identity element:  

I is the identity element. 

(iv) Inverse:  

Inverse of A is A, B is B and C is C. 

So (𝐺, ∙) is a group under matrix multiplication. 
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5. Check whether 𝑯𝟏 = {𝟎, 𝟓, 𝟏𝟎} and 𝑯𝟐 = {𝟎, 𝟒, 𝟖, 𝟏𝟐} are subgroups of 

𝒁𝟏𝟓 with respect to +𝟏𝟓. 

Solution: 

The addition tables (mod 15) for the sets 𝐻1 and 𝐻2 is given below: 

For 𝐻1 

+15 0 5 10 

0 0 5 10 

5 5 10 0 

10 10 0 5 

For 𝐻2 

+15 0 4 8 12 

0 0 4 8 12 

4 4 8 12 1 

8 8 12 1 5 

12 12 1 5 9 
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Here all the entries in the addition table for 𝐻1 are the elements of 𝐻1. 

∴ 𝐻1 is a subgroup of 𝑍15. 

Also all the entries in the addition table for 𝐻2 are not the elements of 𝐻2. 

∴ 𝐻2 is not closed under addition. 

∴ 𝐻2 is not a subgroup of 𝑍15. 

 


