UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

3.2 ONE DIMENSIONAL HEAT EQUATION

One dimensional heat equation is

ou , 0l , Kk Thermal conductivity
—=a"—; Wherea" =—= - — ,
ot OX pC  densityxSpecific heat capacity

u(x,t) — The temperature distribution at any point x from one end at time t.

The various Possible Solution of 1-D heat equation.
() u(x t) = (Ae™ + Be ™)Ce* "

(||)U(X t ): (ACOS PX + Bsin pX)Ce,aszt
(III)U(X ,t) =Ax+B
The boundary and initial conditions.

x=0 x=I
i) u(0,t) =k,C A I B

i) u(l,t) =k;C e k,C

i) u(x,0)=f(x)

The correct solution is U(x,t) = (Acos px+ Bsin px)Ce*”’zpzt
The steady state solution in 1-D heat equation:

Solution:
ou , 04
a o T @

ou
In steady state t=0 then Y =0

2 2 2
20U _g 50U g 598
OX

Y dx?
Integrating twice we get |U(X) = AX+B



A rod of length | has its ends A and B are kept at 0°C and 100°C until steady state condition prevail. If the

temperature at B is reduced suddenly to 0°C and kept so while that of A is maintained. Find the temperature
u(x,t) at a distance x from A and at time t.

Solution:
.. au o%u k
The 1-D heat equation is — = a”— where a* =—
ot OX pC

To find steady state solution u(x, 0) = u(x)

ou
In steady state t=0 then r =0

2 2 2
20U _g 50U o S0y
OX OX dx
Integrating twice we get |U(X) = AX+B|————(0)

The boundary conditions are i) u(0)=0"C i) u(l) =100°C
Applying condn (i) in (1)

()=u(0)=0+B=[B =0

Sub B in (1)

u(x) = Ax ————(2)

Applying condn (ii) in (2)

u(l) = Al=100= Al =|a=2%0

Sub A'in (2)

The boundary and initial conditions are

i) u(0,t)=0°C



ii) u(l,t) =100°C

iii) u(x,0) = f(x):lolﬂ, 0<x<I

The correct solution is

u(x,t) =( Acos px+Bsin px)Ce™* " ————

Apply condn. (i) in (1)

u(0,t) = (AcosOWL,B/s‘iﬂﬁ)Ce‘“2p2t
0=ACe™ "

Here C#0, e “P'20 ~[A=0]

Sub Ain (1)

u(x,t) =(Bsin px)Ce’”‘zpzt ————— (2)
Apply condn. (ii) in (2)

u(l,t) =(Bsin pl)Ce™ "

0=(Bsin pI)Ce*“Z"Zt

Here B#0,C #0,e* " %0 .-

sinpl=sinnz =pl=n7 =|p=—

Subpin (2)

a®nr?t
u(x,t) =(Bsin @jCe ’

a’n’z?t

u(x,t) =h, sin #e_ ¥ BC =b(say)

The most general solution is



2
nﬂ'X Y

u(x,t) = Zb sin—= et (3)

Apply condn (iii) in (3)

u(x,0)=>"h, sin@e‘0

n=1

f(x)= Zb sin nTX e =1

This is Fourier sine series of f(x) in (0,1)
2 nzx
b, :Tj f (x)sin = —dx
0

|
:IgIlOIC)x sin n7lrx i
0

200 nzX

Ix5|anx

nzXx

200 4][ n;zx}'
=——| — || xcos——
1 \nz I

=£[Icosn7r—0]

Inz
_ —200(-1)"
nz
— @( 1)n+1

Sub by in (3)



= 200 nax -emAt
u(x,t) = — (-D)"tsin—"e !
(x,t) HZ:; s (-1) I

a’nz?t

200 & (D)™ . nax -
Z sin e
T 5 n I

u(x,t) =

This is the required temperature.
The ends A and B of a rod | cm long have their temperatures kept at 30°C and 80°C, until steady state

conditions prevail. The temperature of the end B is suddenly reduced to 60°C and that of A is increased to
40°C . Find the steady state temperature distribution in the rod after time t.

Solution:
.. au o%u k
The 1-D heat equation is — = a”— where o =—
ot OX pC

To find steady state solution 1 u(x,0) = u(x)

ou
In steady state t=0 then r =0

2 2
ou_g L du_g

2 0U_ _ du
ox? dx?

oxt
Integrating twice we get |U(X) = AX+B|————(0)

The boundary conditions are i) u(0)=30"C i) u(l)=80"C

0=

Applying condn (i) in (1)
()= u(0)=0+B=[B =30]
Sub B in (1)

u(x) = Ax+30————(2)

Applying condn (ii) in (2)

u(l)=Al+30=80=Al+30 =|A=""

Sub A in (2)



u(x):5(l)—x+30: f(x)

This u(x) will be treated as the initial conditionsu(x,0) = f (x)

To find steady state solution 2 u(x,0) = u(x)

Integrating twice we get |U,(X) = AX+ B|————(3)

The boundary conditions are i) u,(0) =40"C i) u,(I)=60"C
Applying condn (i) in (3)

(3)=u,(0) =0+ B =[B =40]

Sub B in (1)

U, (x) = Ax+40—-———(4)

Applying condn (ii) in (4)

u()=Al+40=60=Al+40 = |A=—

Sub A in (2)

ut(x):¥+40

This u,(x) will be treated as the transient state temperature.
The required temperature is

u(x,t) =, (x,0) +( Acos px+Bsin px)Ce™ "
20x _ Catpit
U(X,t)=|—+40+(Acos px + Bsin px)Ce™ P! ————— (5)

The boundary and initial conditions are
i) u(0,t)=40"C

i) u(l,t) =60°"C



i) u(x,0) = f(x):5(|)—x+30, 0<x<l

Apply condn (i) in (5)

2

u(0,t) =0+40+( Acos0+Bsin O)Ce‘”‘z" ‘
40=0+40+(AcosO+,Bs'mﬁ)Ce‘“z"z‘
0=ACe "™

This C#0,e“ P10 .-
Sub Ain (5)
u(x,t) =¥+40+(Bsin px)Ce™ P (6)

Apply condn (ii) in (6)

u(l,t) =20+40+(Bsin pI)Ce*"zpzt
60 = 20+40+(Bsin pl)Ce™™"
0=(Bsin pl)Ce™ "

B=0,C=0,e“" %0 ~sinpl=0

sinpl=sinnz = pl=nr = p:T

Sub p in (6)

a’nz?t

u(x,t):$+40+(85in@j(3e |

a’n?z?t

u(x,t)=¥+40+blsin$e ! BC=b

The most general solution is



u(x, t)—T+4O+Zb sin Txe_ [ 7)
=1
Apply condn (iii) in (7)
u(x, 0)_$+4O+Zbn sin@e‘0
n=1
$+30 Z?X 40+Zb sin ’I”(
3% 0= Zb sin nTX
n=1
To find bx:

|
b, =%jf(x)sin%x
0

|
_2 j(ﬁ_loj in "X g
I |

r I
nzX

—C0OS——
_2 [%_mj e

-2
- [(20)005 nr +10]
-20
b, = - —=[2(-1)" +1]
Sub by in (7)
© anPrt
u(x,t) = 20X Z [2(—1)n +1}sin@e '

n=1




a*n’z?t

(et =22 4023201y +1]sin T Xe

T na |




