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A function 𝑦 =  𝑓(𝑥) is an: 

Evenfunction of 𝑥 if  𝑓(−𝑥)  =  𝑓(𝑥), 

Odd function of 𝑥 if  𝑓( −𝑥)  =  − 𝑓(𝑥), 

for every 𝑥in the function's domain. 

The graphs of even and odd functions have characteristic symmetry properties. 

 The graph of an even function is symmetric about the 𝒚-axis. 

 The graph of an odd function is symmetric about the origin. 

 

Problem 1:  

𝑓(𝑥) = 𝑥2is an even function, since(−𝑥) 2 = 𝑥2 for all 𝑥, 

(symmetry about y-axis).  

Problem 2:  

𝑓(𝑥) = 𝑥3is an odd function, since(−𝑥) 3 = −𝑥3 for all 𝑥, 

(symmetry about the origin).  

 Problem 3:  

𝑓(𝑥) = 𝑥is an odd function, since(−𝑥) = −𝑥 for all 𝑥, (symmetry 

about the origin). 

 

 



Problem 4:  

𝑓(𝑥) = 𝑥 + 1 is neither even nor odd: 

Not even function since, 𝑓( −𝑥) ≠   𝑓(𝑥)for all 𝑥 ≠ 0where 𝑓(−𝑥) = (−𝑥) +

1, but 𝑓(𝑥) = 𝑥 + 1. 

Not odd function since,  𝑓(−𝑥) ≠ −𝑓(𝑥)  where 𝑓(−𝑥)  = −𝑥 + 1, 

but −𝑓(𝑥)  = −𝑥 − 1. 

Problem 5: Find the Fourier series corresponding to the following periodic 

function: 

𝑓(𝑥) = {
−𝑘,         𝑓𝑜𝑟 − 𝜋 < 𝑥 ≤ 0 
   𝑘,         𝑓𝑜𝑟       0 < 𝑥 ≤ 𝜋 

 

where𝑓(𝑥) = 𝑓(𝑥 + 2𝜋) 

 

Solution: 

The period 𝑇 = 2𝐿 = 2𝜋 ⇒   𝐿 = 𝜋 

𝑎0 =
1

𝐿
∫ 𝑓(𝑥) 𝑑𝑥

𝐿

−𝐿

=
1

𝜋
∫ 𝑓(𝑥) 𝑑𝑥

𝜋

−𝜋

=
1

𝜋
∫(−𝑘)𝑑𝑥

0

−𝜋

+
1

𝜋
∫(𝑘)𝑑𝑥

𝜋

0

 

                                    =
−𝑘

𝜋
𝑥]−𝜋

0

+
𝑘

𝜋
𝑥] 0

𝜋

 



                                    =
−𝑘

𝜋
(0 + 𝜋) +

𝑘

𝜋
(𝜋 − 0) = −𝑘 + 𝑘 = 0 

 

𝑎𝑛 =
1

𝐿
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝐿
 𝑑𝑥 =

1

𝜋
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝜋
 𝑑𝑥

𝜋

−𝜋

𝐿

−𝐿

 

                                                     =
1

𝜋
∫(−𝑘) cos 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫(𝑘) cos 𝑛𝑥 𝑑𝑥

𝜋

0

 

                                                      =
−𝑘

𝑛𝜋
sin 𝑛𝑥]−𝜋

0

+
𝑘

𝑛𝜋
sin 𝑛𝑥]

0

𝜋

 

                                                      =
−𝑘

𝑛𝜋
[sin 0 − sin(−𝑛𝜋)] +

𝑘

𝑛𝜋
[sin 𝜋𝑛 − sin 0] = 0 

𝑏𝑛 =
1

𝐿
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝐿
 𝑑𝑥

𝐿

−𝐿

=
1

𝜋
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝜋
 𝑑𝑥

𝜋

−𝜋

 

                                                   =
1

𝜋
∫(−𝑘) sin 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫(𝑘) sin 𝑛𝑥 𝑑𝑥

𝜋

0

 

                                                    =
𝑘

𝑛𝜋
cos 𝑛𝑥]

−𝜋

0

−
𝑘

𝑛𝜋
cos 𝑛𝑥]

0

𝜋

 

                                                   =
𝑘

𝑛𝜋
[cos 0 − cos(−𝑛𝜋)] −

𝑘

𝑛𝜋
(cos 𝑛𝜋 − cos 0) 

                                                   =
𝑘

𝑛𝜋
[1 − cos(𝑛𝜋)] −

𝑘

𝑛𝜋
(cos 𝑛𝜋 − 1) 

                                                   =
2𝑘

𝑛𝜋
[1 − cos(𝑛𝜋)] 

                                                  =
2𝑘

𝑛𝜋
(1 − (−1)

𝑛
) = {

0 ,        if 𝑛 is even

4𝑘

𝑛𝜋
,        if 𝑛 is odd

 



we can write the even- indexed and odd-indexed coefficients separately as 

𝑏(2𝑛) = 0, for 𝑘 = 1,2, ⋯ and 𝑏(2𝑛−1) =
4𝑘

(2𝑛−1)𝜋
, for 𝑘 = 1,2, ⋯ 

∴ 𝑓(𝑥) =
𝑎0

2
+ ∑ [𝑎𝑛 cos

𝑛𝜋𝑥

𝐿
+ 𝑏𝑛 sin

𝑛𝜋𝑥

𝐿
]

∞

𝑛=1

 

             = ∑ 𝑏(2𝑛−1) sin
(2𝑛 − 1)𝜋𝑥

𝜋

∞

𝑛=1

 

              = ∑
4𝑘

(2𝑛 − 1)𝜋
sin(2𝑛 − 1)𝑥

∞

𝑛=1

 

              =
4𝑘

𝜋
sin 𝑥 +

4𝑘

3𝜋
sin 3𝑥 +

4𝑘

5𝜋
sin 5𝑥 + ⋯ 

 

 

 

 

 

 

 

 

Half Range Fourier series 

 

A half range Fourier sine or cosine series is a series in which only sine terms or 

only cosine terms are present, respectively. When a half range series 

corresponding to a given function is desired, the function is generally defined 

in the interval (0, 𝐿), which is half of the interval (−𝐿, 𝐿), and then the function 

is specified as odd or even, so that it is clearly defined in the other half of the 

interval, (−𝐿, 0). 



For half range Fourier sine series (odd functions): 
 

𝑎0 = 0  

 

𝑎𝑛 = 0  

 

𝑏𝑛 =
2

𝐿
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝐿
 𝑑𝑥 

𝐿

0

 

 

𝑓(𝑥) = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝐿

∞

𝑛=1

,            𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿  

 

For half range Fourier cosine series (even functions): 
 

𝑎0 =
2

𝐿
∫ 𝑓(𝑥) 𝑑𝑥 

𝐿

0

 

 

𝑎𝑛 =
2

𝐿
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝐿
 𝑑𝑥 

𝐿

0

 

 

𝑏𝑛 = 0  

 

𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛 cos

𝑛𝜋𝑥

𝐿

∞

𝑛=1

,            𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿  

 

 

 

 

 



Problem 6: Determine the half range Fourier sine series corresponding to: 

𝑓(𝑥) = 𝐿 − 𝑥, 𝑓𝑜𝑟 0 < 𝑥 < 𝐿. 

 

Solution: 

A Fourier series consisting of sine terms alone is obtained only for an odd 

function. Hence, we extend the definition of 𝑓(𝑥) so that it becomes odd. 

 

 

 

 

 

 

 

 

 

 

Taking the period 𝑇 = 2𝐿 

Since the function is odd then:𝑎0 = 0 and 𝑎𝑛 = 0 

 

𝑏𝑛 =
2

𝐿
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝐿
 𝑑𝑥 

𝐿

0

=
2

𝐿
∫(𝐿 − 𝑥) (sin

𝑛𝜋𝑥

𝐿
)  𝑑𝑥 

𝐿

0

 

                                =
2

𝐿
[(𝐿 − 𝑥) (

 − cos (
𝑛𝜋𝑥

𝐿
)

(
𝑛𝜋
𝐿

)
) − (−1) (

− sin (
𝑛𝜋𝑥

𝐿
)

(
𝑛𝜋
𝐿

)
2 )]

0

𝐿

 

                                =
2

𝐿
[

𝐿

𝑛𝜋
(𝑥 − 𝐿) (cos (

𝑛𝜋𝑥

𝐿
)) −

𝐿2

𝑛2𝜋2
( sin (

𝑛𝜋𝑥

𝐿
))]

0

𝐿

 

 

                                 =
2

𝐿
(

𝐿

𝑛2𝜋2
) [𝑛𝜋(𝑥 − 𝐿) (cos (

𝑛𝜋𝑥

𝐿
)) − 𝐿 sin (

𝑛𝜋𝑥

𝐿
)]

0

𝐿

 

                                 = (
2

𝑛2𝜋2
) [0 − 𝑛𝜋(0 − 𝐿)(cos 0) −𝐿 sin (

𝑛𝜋𝐿

𝐿
) + 𝐿 sin 0] 

                                 = (
2

𝑛2𝜋2
) [𝑛𝜋𝐿] =

2𝐿

𝑛𝜋
 



 

∴ 𝑓(𝑥) = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝐿

∞

𝑛=1

,            𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿 

 

              = ∑ (
2𝐿

𝑛𝜋
) sin

𝑛𝜋𝑥

𝐿

∞

𝑛=1

 

 

             = (
2𝐿

𝜋
) sin

𝜋𝑥

𝐿
+ (

2𝐿

2𝜋
) sin

2𝜋𝑥

𝐿
+ (

2𝐿

3𝜋
) sin

3𝜋𝑥

𝐿
+ ⋯ 

 

Problem 7: Determine the half range Fourier cosine series corresponding to: 

𝑓(𝑥) = 𝐿 − 𝑥, 𝑓𝑜𝑟 0 < 𝑥 < 𝐿. 

 

Solution: 

A Fourier series consisting of cosine terms alone is obtained only for an even 

function. Hence, we extend the definition of 𝑓(𝑥) so that it becomes even. 

 

 

 

 

 

 

 

 
Taking the period 𝑇 = 2𝐿 

Since the function is even then:  𝑏0 = 0 

 

𝑎0 =
2

𝐿
∫ 𝑓(𝑥) 𝑑𝑥

𝐿

0

=
2

𝐿
∫(𝐿 − 𝑥) 𝑑𝑥

𝐿

0

=
2

𝐿
[𝐿 𝑥 −

𝑥2

2
]

0

𝐿

=
2

𝐿
(𝐿2 −

𝐿2

2
) =

2

𝐿
(

𝐿2

2
)

= 𝐿 

𝑎𝑛 =
2

𝐿
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝐿
 𝑑𝑥 

𝐿

0

=
2

𝐿
∫(𝐿 − 𝑥) cos

𝑛𝜋𝑥

𝐿
 𝑑𝑥 

𝐿

0

 



                                 =
2

𝐿
[(𝐿 − 𝑥) (

 sin (
𝑛𝜋𝑥

𝐿
)

(
𝑛𝜋
𝐿

)
) − (−1) (

− cos (
𝑛𝜋𝑥

𝐿
)

(
𝑛𝜋
𝐿

)
2 )]

0

𝐿

 

 

                                 =
2

𝐿
[

𝐿

𝑛𝜋
(𝐿 − 𝑥) ( sin (

𝑛𝜋𝑥

𝐿
)) −

𝐿2

𝑛2𝜋2
( cos (

𝑛𝜋𝑥

𝐿
))]

0

𝐿

 

                                 =
2

𝐿
(

𝐿

𝑛2𝜋2
) [0 − 𝑛𝜋(𝐿 − 0) sin(0) − 𝐿 cos(𝑛𝜋) + 𝐿 cos(0)] 

                                = (
2

𝑛2𝜋2
) [−𝐿 cos(𝑛𝜋) + 𝐿] 

 

                                 = (
2𝐿

𝑛2𝜋2
) [1 − (−1)𝑛] = {

0 ,          if 𝑛 is even

4𝐿

𝑛2𝜋2
,        if 𝑛 is odd

 

∴ 𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛 cos

𝑛𝜋𝑥

𝐿

∞

𝑛=1

,            𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿 

 

              =
𝐿

2
+ ∑ 𝑎(2𝑛−1) cos

(2𝑛 − 1)𝜋𝑥

𝐿

∞

𝑛=1

 

              =
𝐿

2
+ ∑ (

4𝐿

(2𝑛 − 1)2𝜋2
) cos

(2𝑛 − 1)𝜋𝑥

𝐿

∞

𝑛=1

 

 

             =
𝐿

2
+ (

4𝐿

(1)2𝜋2
) cos

𝜋𝑥

𝐿
+ (

4𝐿

(3)2𝜋2
) cos

3𝜋𝑥

𝐿
+ (

4𝐿

(5)2𝜋2
) cos

5𝜋𝑥

𝐿
+ ⋯ 

 

             =
𝐿

2
+ (

4𝐿

𝜋2
) cos

𝜋𝑥

𝐿
+ (

4𝐿

9𝜋2
) cos

3𝜋𝑥

𝐿
+ (

4𝐿

25𝜋2
) cos

5𝜋𝑥

𝐿
+ ⋯ 

 


