ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY
LINEAR TRANSFORMATION
Definition
Let IV and W be vector spaces over F. A function T:V — W is called a linear

transformation if for all x,y € Vand a € F,

@Tx+y)=Tx)+Ty)
(b) T(ax) = aT (x)

Properties of linear transformation

1.If T is the linear, then T(0) = 0
Proof
T(0)=T(0+0)
T(0) =T(0)+ T(0)
=~ T(0) is zero element of W.
Which implies,
T(0)=0
2.T is linear if and only if T(ax + By) = aT(x) + fT(y); forall x,y e Vand a, 5 € F.

Proof

Assume T is linear.
T(ax + By) =T(ax) +T(By)
=aT(x) + BT (y)

Conversely.

Assume T(ax + By) = aT(x) + BT (y) ... (1)
Puta=1,8=1in(1). Then
Tx+y)=Tx) +TY»)

Puty = 0in(1). Then

T(ax+0) =aT(x)+T(0)
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=aT(x)+0
=aT(y)

~ T is linear.

3. 1f T is linear, then T(x — y) = T(x) — T(v); for all x,y € V Given T is linear
T(x—y) =Tx+ (=)
=T(x)+T(-y)
=Tx)—=T()

Example 1. T: R? — R? is defined by T'(ay, ay) = (2a4 + a,, aq). Verif whether T is a

linear transformation

Sol:x,yeVanda € F
SX = (al' az) and = (bll bZ)

x+y: (al +b1,a2 +b2)
Given
T(al, az) = (2(11 + (12, al)

To prove T is linear, we have to prove

MNTx+y)=Tx) +TYH)
(i) T(ax) = aT(y)

Proof:

f(x) = T(ay,az)
=(2a; + a,,a;)

T'(y)=T(by, by)

=(2b1 + by, b1)
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(i) r(x+y)=T(ay+by,a;+by))
= (2(ay + by) +a, + by,a, + by)
= (2a, + 2b; + a, + by, a; + by)
=(2a; + ay,ay) + (2b; + by, by)

= T(ay,a;) + T(by, by)
=T(X)+T®)

(i) T (ax)=T(aay, aa,)
=(2aa, + aa,, aa,)
=a(2a; + az,a;)
= aT(ay, a,) = aT(x)

~ T:R? = R? is a linear transformation,
Example 2) T: V,(R) — V,(R) is defined by T(ay, a,) = (3a; + 2a + 4a, ). Verify

whether T is a linear transformation.
Sol:x,yeVanda € F
~x = (ay,a;) andy = (by, by)
x+y=1_(a,+by,a,+by)
Given
T(a4,a,) = (3a; + 2a,,3a; — 4a,)
To prove T is linear, we have to prove
OTx+y)=Tx) +TY»)
(i) T (ax) = aT (y)

Proof:
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T(x) =T(ay,a;)
= (3a, + 2a,,3a, — 4a,)
T(y) =T(by,by)
= (3b; + 2b,,3b; — 4b,)

i) Tx+y) =T(a,+bya, +b2))
= (3(ay + by) + 2(ay + by),3(ay + by) —4(ay + by))
= (3a, + 3b; + 2a, + 2b,,3a, + 3b; — 4a, — 4b,)
= (3a, + 2a, + 3b; + 2b,,3a, — 4a, + 3b; — 4b,)
= (3a, + 2a,,3a, — 4a,) + (3b; + 2b,,3b; — 4b,)
=T(ay,a;) + T(by, by)
=T(x) +T(y)
(i) T(ax)=T(aa,,aa,)
:(S(aal) + 2(aa,),3(aa,) — 4(aa2))
=(a(3a; + 2a3),a(3a; — 4ay))
=a((3a, + 2a3),a(3a; — 4ay))
=aT(aq,a,) = aT (x)

T:V,(R) — V,(R) is a linear transformation.

Exmple 3. Define T: R® - R3 by T(ay, ay,a3) = (2a; + a,,a, — as, 2a,+4as ).
Verify whether T is a linear transformation.
Sol: x,yeVanda € F
S X = (al, a,, a3) andy = (bll bz, b3)
X +y = (al + bl,az + bz,ag + b3)

Given
T(al, a,, a3) = (Zal + a,d, — a3,2a2 + 4‘(13)

To prove T is linear, we have to prove
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OTx+y)=Tx)+T(y)
(i) T(ax) = aT (x)
Proof
T(x) = T(ay, az,a3) = (2a; + az,a; — az, 2a; + 4a3)T(y) = T(by, by, b3)
= (2by + by, b, — b3, 2b, + 4b3)
() T(x +y)=T(a, + by,a, + by, a3 + bs)
= (2(a1 + by) + (a; + by), (ap + by) — (az + b3), 2(a, + by) +
4(az + b3))

= (2a; + 2b; + a, + b,,a, + b, —asz — b3, 2a, + 2b, + 4a; + 4b3)
= (2a; + a, + 2b; + b,,a, — a; + b, — b3, 2a, + 4as + 2b, + 4b3)
= (2a4 + ay,a, — a3, 2a, + 4as) + (2b; + by, by — b3, 2b, + 4b3)
= T(ay,ay,az) + T(by, by, b3)
=Tx)+T(y)
(iD)T(ax) =T(aaq, aa,, aas)
=(2aa; + aa,, aa, — aas, 2aa, + 4aas)

:(T[(Zal + (,lz), (Z(az — CI,3), a(zaZ i 4a3))

=a(2ay + ay,a, — a3, 2a, + 4as)
= aT (a4, a,,a3) = aT (x)

-~ T is a linear transformation and hence a linear map on R3.
Example 4. Define mapping T: V5 (F) — V,(F) by T(a4, a,, a3) = (a,,as). Verify
whether T is a linear transformation.

Sol: x,yeVanda € F

QX = (al, az, a3),y = (bly bZJ b3)

x+y= (a1+b1,a2 +b2,a3 +b3)
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Given

T(aq,az,a3) = (az; asz)

To prove T is linear, we have to prove
OTx+y)=Tx)+TH)
(i) T(ax) = aT (x)

Proof:

T(x) = T(ay,az,a3) = (az,a3)T(y) = T(by, by, b3) = (by, b3).

(i) Tx+y) =T(a; +by,a; + by,a3 + b3)
= (az + by, az + b3)
= (az,as) + (by, b3)
= T(ay,ay, az) + T(by, by, b3)
=T(x)+T()

()T (ax) = T(aaq, aa,, aas)
= (aay, aas)
= a(ay, as)
= aT(aq,a,,az)

= aT(x)

=~ T is a linear transformation.
Example 5. Show that for 0 < 8 < 2m,the transformation given by Ty: R?
R? Ty(a,b) = (acos @ — bsin 8, asin 6 + bcos 0) is linear
Sol: x,y e R?anda € F
~x =(ay,by),y = (az, by)x +y = (ar + ap, by + by)
Given
To(a,b) = (acos @ — bsin 8, asin 8 + bcos 0)
To prove T is linear, we have to prove

OTEx+y) =T +TW)
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(i) T(ax) = aT (x)

Proof
T(x) =T(ay,by)
= (aycos 6 — bysin b, a;sin 6 + by cos )

T(y) = T(ay, by)
= (a,cos 8 — b,sin 6, a,sin 6 + b,cos )

(1) T(x + y) - T(a1 + az, b1 + bz)
= ((ay + az)cos 6 — (by + by)sin 6, (a; + a;)sin 6 + (by + by)cos )

= (a,cos 6 + a,cos@ — b;sin@ — b,sin 0, a;sin6 + a,sin & — b;cos — b,cos H)
= (a,cos 6 — b;sin 6, a,sin 6 + b,cos 0)

+ (a,cos @ — bysin 6, a,sin @ — bycos0) = T(x) + T(y)
(ii) T(ax) = T(aa,, ab,)

= (aa;cos 0 — ab;sin 6, aa,sin 6 + ab;cos6)

Example 9. Let M(R) be the vector space of all 2 x 2 matrices over R and B be a fixed
non-zero element of M (R). Show that the mapping T: M(R) — M(R) defined by
T(A) = AB + BA,VA € M(R) is a linear transformation.
Sol:
LetA,C e M(R)and a € R
Given
T(A) = AB + BA,VA € M(R) for a fixed non-zero element B of M(R)

To prove F is linear, we have to prove
MWF(A+C)=F(A)+F(C)

(i) F(aA) = aF(A)

Proof:



T(A) = AB + BAT(C) = CB + BC
(i) T(A+C)=(A+C)B+B(A+C)

=AB + (CB+ BA+ BC

= (AB + BA) + (CB + BC)

= T(A) + T(C)

(ii) T(aA)=( aA)B+B(aA)
=a(AB+BA)
=aT(A)

~ T is a linear transformation.
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Example 14. Prove that there exists linear transformation T: R?> — R3 such that
T(1,1) = (1,0,2) and T(2,3) = (1, —1,4). What is T(8,11)?

Sol: Let us express (1,1) and (2,3) as a linear combination of the standar basis vectors

e; = (1,0) and e, = (0,1) of R?
(1,1) = 1(1,0) + 1(0,1) = 1e; + le,
= 61 + 62 (1)

(2,3) =2(1,0) + 3(0,1) = 2¢; + 3e,
= 2eq +3e; ... (2)

Given

T(1,1) = (1,0,2)

= T(e; +e,) = (1,0,2) [ from (1)]

= T(e;) +T(ey) = (1,0,2) ... (3)

Also given

T(2,3)=(1,-14)
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= T(2e; +3e,) =(1,-1,4) [ from (2)]
= 2T(e;) +3T(ey) = (1,—-1,4) ...
Solve (3) and (4)

(3) X 2 = 2T (e;) + 2T(e,) = (2,0,4)
4)  =>2T(e;) +3T(e,) = (1,—1,4)
Subtracting — T(e,) = (1,1,0)
T(e,) = (—1,—1,0)
(3) = T(e) + (—1,-1,0) = (1,—1,4)
= T(ey) = (1,—1,4) — (—1,-1,0)
T(e;) = (2,0,4)

To find the linear transformation:
Let (a;,a,) € R% Then

(ay,az) = a1(1,0) + a;(0,1)
= a,e; + aye,
T(x,y) =T(a,e, + aze;)
= a;,T(ey) + a,T(e;)
=a,(2,04) +a,(—1,—-1,0)
T(ay, a;) = (2a; — a3, —ay, 4a,)
T(8,11) = (5,—11,32)

Example 15. Is there a linear transformation T: R® - R? such that T(1,0,3) = (1,1) and
T(—-2,0,—6) = (2,1)?

Sol: Let us express (1,0,3) and (—2,0, —6) as a linear combination of the R3
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standard basis vectors e; = (1,0,0) and e, = (0,1,0) and e; = (0,1,0) of R3.
(1,0,3)=1(1,0,0) + 0(0,1,0) + 3(0,0,1)
=e; + Oe, + 3e3
=e; + 3e3 ... (1)
(=2,0,—6) = —2(1,0,0) + 0(0,1,0) — 6(0,0,1)

=—2e; + 0e, — 6e;
=—2e; —6e3... (2)
T(1,0,3) =(1,1)
=>T(e; + 3e3) = (1,1) [ from (1)]
=>T(ey) + 3T (e3) = (1,1) ... (3)

Also given

T(-2,0,—6) = (2,1)
T(—2e; — 6e3) = (2,1)) [ from (2)]
= —2T(e;) — 6T (e;) = (2,1)) -(4)

solve (3) and (4)

(3) X2 => 2T(ey) +6T(ey) = (2,2)
(4) > —2T(ey) — 6T (e;) = (2,1)
Adding 0=(43)
It is not possible.

Therefore there is no linear transtormationtion with the given data’s.

Example 16. Find a linear transtormationtion T:R3 — R3 such that T(1,1,1) =
(1,1,1),7(1,2,3)=(-1,-2,3) and find T(1,1,2)=(2,2

Sol: Let us express (1,1,1),(1,2,3) and (1,1,2) as a linear combination basis vectors
e;=(1,0,0), e,=(0,1,0) and e;=(0,0,1) of R®
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(1,1,1) =1(1,0,0) +1(0,1,0) +1(0,0,1) = 1eq + 1e, + 1e;
=e; +e,+es... (1)
(1,2,3) =1(1,0,0) +2(0,1,0) + 3(0,0,1) = 1eq + 2e, + 3e;3
=e; + 2e, +3e3... (2)
(1,1,2) = 1(1,0,0) + 1(0,1,0) + 2(0,0,1) = 1e; + 1e, + 2e5

=€ +62 +e3 (3)

Given

T(1,1,1) = (1,1,1)
=>T(e; +e,+e3) =(1,1,1) [from(1)]
= T(e,) +T(ey) + T(e3) = (1,1,1) ... (4)

Also given
T(1,2,3) =(-1,-2,3)
= T(ey + 2e, + 3e3) = (—1,—2,3) [from (1)
= T(ey) + 2T (e,) + 3T(e3) = (—=1,-2,3) ... (5)
Also given
T(1,1,2) = (2,2,4)

= T(e; + e, +2e3) = (2,2,4) [ from (1)]
= T(e;) + T(ey) + 2T (e3) = (2,2,4) ... (6)
Solve (4), (5) and (6)

4) =2T(ey) +T(ey) + T(e3) = (1,1,1)
¢ T(ey) + T(ey) + 2T (e3) = (2,2,4)
© =) = cL-1-3)

Subtracting
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T(es) = (1,1,3)
4) = T(e) + T(ey) + (1,1,3) = (1,1,1)
= T(e;) + T(e,) = (1,1,1) — (1,1,3)
= (0,0,-2) ...(7)
(5)= T(ey) + 2T (ey) +3(1,1,3) = (=1,-2,3)
= T(ey) + 2T(e;) + (3,3,9) = (—1,-2,3)
= T(e;) + 2T(e;) = (-1, -2,3) — (3,3,9)
= (—4,-5,-6) ...(8)
Solve (7) and (8)
(7) = T(ey) + T(e,) = (0,0,—2)

T(e)+2T(e;)=(—4,—5,—-6)

Subtracting(6) = —T(ey)=(4,54)

T(e;) = (—4,-5,—4)

(7) = T(ey) + (—4,-5,—4) = (0,0,-2)
= T(e;) = (0,0,—2) — (—4,—5,—4)
T(ey) = (4,5,2)

To find the linear transformation:

Let (x,y,z) € R3. Then
(x,vy,z) =x(1,0,0) +y(0,1,0) + z(0,0,1)

= xe; +ye, + zeg



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

r(x,y,z) =T(xes +ye, + zes)
= xT(e;) + yT(e,) + zT (e3)
= x(4,5,2) + y(—4,-5,—-4) + z(1,1,3)
= (4x,5x,2x) + (—4y,—=5y,—4y) + (z,2,3z2)

T(x,y) =(4x—4y+25x—5y+2z2x —4y + 32)



