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Co-ordinate Systems

In order to describe the spatial variations of the quantities, we require using
appropriate co-ordinate system. A point or vector can be represented in
a curvilinear coordinate system that may be orthogonal or non-orthogonal.

An orthogonal system is one in which the co-ordinates are mutually
perpendicular. Non-orthogonal co-ordinate systems are also possible, but their
usage is very limited in practice .

Let u = constant, v = constant and w = constant represent surfaces in a coordinate
system, the surfaces may be curved surfaces in general. Furthur, let

N ~ n

b % . % and %»

be the unit vectors in the three coordinate directions(base vectors). In a general
right handed orthogonal curvilinear systems, the vectors satisfy the following
relations :
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These equations are not independent and specification of one will automatically
imply the other two. Furthermore, the following relations hold
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A vector can be represented as sum of its orthogonal components,A Aathard,a,
................... (1.15)

In general u, vand wmay not represent length. We multiply u, v.and w by
conversion factors h1,h2 and h3 respectively to convert differential changes du,
dv and dw to corresponding changes in length dl1, dI2, and dI3. Therefore
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dl = a,di, +a,dl, +a, dl
= hdua, + hdva,+hdwa,

In the same manner, differential volume dv can be written as dv = hl}'?h!d“d"dwand differential

N

area ds; normal to % js given by, ds, = %@dde. In the same manner, differential areas normal to

N N

2 ad .
unit vectors %» and % can be defined.

In the following sections we discuss three most commonly used orthogonal co-
ordinate systems, viz:

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system

Cartesian Co-ordinate System :

In Cartesian co-ordinate system, we have, (u,v,w) = (X,y,z). A point P(x0, y0, z0)
in Cartesian co-ordinate system is represented as intersection of three
planes x = x0, y = y0 and z = z0. The unit vectors satisfies the following relation:
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In cartesian co-ordinate system, a vector A can be written as s A ¥, 4, ta, A‘. The dot and

cross product of two  vectors Aand Bcan be written as follows:

AB-AB +4B+4B, (1.19)
AxB =a,(4,8,- AB,) +a,(AB, - AB)+a(AB,~ 4B,
S BT
=14, 4 A
B, B, B,
.................... (1.20)
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Since x, y and z all represent lengths, h1=h2= h3=1. The differential length, area
and volume are defined respectively as

dl=dra,+dya,+dza, (1.21)
ds: =dvdza,
dsy = dxdz a’;
ds: =dxdya,
BO=AUNE i (1.22)

Cylindrical Co-ordinate System :

For cylindrical coordinate systems we have @, v, w) = (r,¢,z)a point P(r°’¢°'2°)is determined as
the point of intersection of a cylindrical surface r = rg, half plane containing the z-axis and making an

angle o= %; with the xz plane and a plane parallel to xy plane located at z=z, as shown in figure 7
on next page.

In cylindrical coordinate system, the unit vectors satisfy the following relations

s — e N i n + N
A vector 4 can be written as, 4 AP a,*4ya, . ' (1.24)

The differential length is defined as,

di=a,dp+pdpa,*dzas h=lh=ph=1 . (1.25)
2px(’1\¢ =23

@pXas =ap

3:X8, =y

..................... (1.23)
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Fig 1.7 : Cylindrical Coordinate System

Differential areas are:

X
Fig 1.8 : Differential Volume Element in Cylindrical Coordinates

Transformation between Cartesian and Cylindrical coordinates:
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—r N N ~
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Let us consider s Rl | 'Axls to be expressed in Cartesian co-ordinate as
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. In doing so we note that and it

applies for other components as well.
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A=Aa, ~Acosg-A,sng

) S ¢ A,-E%-A,sm;onq,cos@ ,,,,,,,,, (1.29)
” A=A -4

Fig1.9 : Unit Vectors in Cartesian and Cylindrical Coordinates

These relations can be put conveniently in the matrix form as:

A, cos$g —smg O||A4,
A |=|sing cosg Of|4,
4] 1o 0 1]|4 (1.30)

A, 4y and 4 o mselves may be functions of ©»# 42 5

x=pcosg
y = psing
b I (1.31)
p =z +y’
¢ = tan-l Z
x
The inverse relationshipsare: 2z =z = . (1.32)
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Spherical Polar Coordinate System

Fig 1.10: Spherical Polar Coordinate System

Thus we see that a vector in one coordinate system is transformed to another
coordinate system through two-step process: Finding the component vectors and
then variable transformation.

Spherical Polar Coordinates:
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For spherical polar coordinate system, we have, @V:W)=(.8,8) A point P(ro. 6. %)

represented as the intersection of

(i) Spherical surface r=rg

(i) Conical surface 6=§ ,and

(iii) half plane containing z-axis making angle o= with the xz plane as shown in the figure 1.10.

n n n
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N N N
Ay *a,= a,
N " n
CFaL A T (1.33)

The unit vectors satisfy the following relationships:
The orientation of the unit vectors are shown in the figure 1.11.
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" Orientation of Unit Vectors

Fig 1.11: Orientation of Unit Vectors
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— o " & n & ~
A vector in spherical polar co-ordinates is written as : A=4 ot ba, rie, and
di =a,dr+a,rd6+a,rsin 6d¢

For spherical polar coordinate system we have h;=1, h,= r and hy=" sin@

X

Fig 1.12(a) : Differential volume in s-p coordinates
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Fig 1.12(b) : Exploded view

With reference to the Figure 1.12, the elemental areas are:

ds, =3 sin 6d6dpa,

ds, =rsinBdrdgpa,

-t T (1.34)
and elementary volume is given by
dvo=r'sinfdrdédg (1.35)

Coordinate transformation between rectangular and spherical polar:
With reference to the Figure 1.12, the elemental areas are:
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Fig 1.13: Coordinate transformation

- i o + n + n
Given a vector A=4at4atdia, in the spherical polar coordinate system, its component in
the cartesian coordinate system can be found out as follows:

A= Za: = A sin Gcos P+ A, cosfcos@— A, sin ¢
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Similarly,
4 'Z% = 4 sinfsin g+ 4, cosOsin p+ Aycosp (1.38a)
A =Aa,=Acos8-Asnd (1.38b)
The above equation can be put in a compact form:

A, sinfcosPd cosdcosg® -—-sing||A4,

A |=|sinfsing cosfsing cosg ||4

4 cosd TR O A o (1.39)

The components A A and Ay selves will be functions of 7>8and @ r,8and ¢, related to

x,y and z as:

x=rsinfcos @
y=rsin8sin

z=rcosé (1.40)

FENETTIEE o eonmmessramemesssn (1.41a)
8=cos™ - 22 -

e O . (1.41b)
¢>-tan'lz

R R (1.41c)
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Using the variable transformation listed above, the vector components, which are
functions of variables of one coordinate system, can be transformed to functions
of variables of other coordinate system and a total transformation can be done.
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