ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Problems under Ergodic Process:

1. Let (t) = A, where A is a random variable. Prove that {(t)} is nota

mean ergodic.
Solution:
Given (t) = A, where A is a random variable

To Prove {(t)} is a mean ergodic, we have to prove

[X(®)] = limX

T—oc0

The ensemble mean of {(t)} is given by,
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The time average is given by,

1 T r
X=_ [x()dt = L [Adt

T 2T 2T
-T -T
T A
—Afac=21" =_(@n=4
2T 2T T 2T
-T

From (1)nd (2)

[X(®)] # limX

T— o0

~ {(t)} is not mean Ergodic.

2. A random process has sample functions of the form X(t) = A cos(mt +

0), where m is constant and A is a random variable with mean zero and

variance one and @ is also a random variable that is uniformly distributed

between 0 and 2. Assume that the random variables A and 0 are

independent. Prove that X(t) is a mean ergodic process?

Solution:

Given (t) = A cos(wt + 8), where A is a random variable with mean zero .
~(A)=0,E(4?) =1

6 is uniformly distributed between 0 and 27
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1
f(@)=—;0<0<2m
2T

To Prove {X(t)} is Mean Ergodic.

we have to prove

The ensemble mean of {X(t)} is given by,
[X(t)] = E[A cos(wt + 0)]

= [A] cos(wt + 0) since A and 6 are independent R.V'S
= AX@i...) o (i

The time average is given by,

1 T Acos(wt+ 0)dt

2T f—T
=4 T cos(wt+ 0)dt
o1’ =T

A sin(wt+0) r

2T ) -T

X= __ [sin(wT + 6) — sin(—wT + 6)]
T 2Tw

lim X= lim i [sin(wT + 0) — sin(—wT + 8)]
T—o T T—o0 2Tw

From (1)nd (2) ,E[X(®)] = lim™X%

T—o0
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=~ {(t)} is a mean Ergodic Process.

Correlation Ergodic Process:

Let {X(t)} be a random process. The ensemble auto correlation function is

Rx(t1, t2) = E[X(t1)X(t2)]

The time auto correlation functionis X = = (&) X(t +r)dt

T orJ-r

A process {X(t)} is said to be correlation ergodic if Ryx(t(,t2) = lim X

T—o0

Problems under Correlation Ergodic Process:

1. Given a WSS random process {(t)} = 10 cos(100t + ), where 0 is

uniformly distributed over (—m, ). Prove that (t) is a correlation ergodic.

Solution:

Given {(t)} = 10 cos(100t + 6)

1
= (0) = —,—n<0<m7

2T

Ryx(t,t +r) = E[X(t)X(t + 1)]
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= [10 cos(100t + 8) 10cos (100(t + r) + 6)]

= " [cos(100t + ) cos (100t + 1007 + )]
2

= 50 [cos(100t + 8 + 100t + 1007 + 8) + cos (100t + 6 — 100t —

1007 — 60)]
= 50 [cos(200t + 26 + 1007) + cos (—1007)]

= 50 [cos(200t + 26 + 1007) + cos (100r)]

= 50 cos (100r) + °° *"cos (200t + 1007 + 26)6
2edo

25 sin (200t+100c+20) 27
= 50 cos (1007) + —[
T

2 0

23
= >0 cos 1007 +— [sin (200¢ + 1007 + 4m) — 5in(200t + 1007 — 0)

25
= 50 cos 1007 + —— [sin (200¢ + 100r) — sin(200¢ + 1007)]
A
Ry(t,t +r) = 50cos 100r

Let X= * .7 X(¢) X(t +7)dt
T ord-r

T T
= — /50 cos(1007)dt + 50 [_;cos(200¢ + 1007 +26)dt]

1 sin (200t + 1007 + 20) "

[50 cos(1007) t]"; + 50 [ 500 1}
T

E{
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50
= % {[50 cos(1007) (T = (=T)] + — [sin (200¢ + 1007 + 26) —
sin (200(=T) + 1007 + 26)] )

1
= o {[50 cos(1007) (27)]

1
+ 7 [sin (200t + 1007 + 28) — sin (—200T + 1007 + 26)] }

lim X= lim i {[50 cos(1007) (2T)]
T—o0 T T—o0 2T

1
+ 7 [sin (200¢ + 1007 + 26) — sin (—200T + 1007 +26)] }

1 1
= lim —50 cos(1007) (2T) + lim — [sin (200t + 1007 + 26)
T—o0 ZT T—00 8T

— sin (=200T + 1007 + 26)]

1
= lim 50 cos(100r) + lim _ [sin (200t + 1007 + 26)
T—c0 T—o00 8T
— sin (—200T + 100r + 26)]
= 50cos100r + 0

= 50 cos 100r

Rx(t,t+7r)=1lim X

T—c0

Hence (t) is a correlation ergodic.

2. Find the ACF of the periodic time function (t) = A sinmt.
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Solution:

Since periodic time function X(t) is given, we use time auto correlation

function.

The ACF of the process is given by Rx(ty, t2) = li;n X

To find lim ¥

T—c0

1 T
X=_ [X(@®) X(t+7r)dt

Y St
-T

T
1
= e [ A sinwt A sin(wt + wr)dt
-T

A? g
& o7 [ sinwt sin(wt + wr)dt
-T

T
AZ
= aT J[cos(wt — wt — wr) — cos(wt + wt + wr)]dt

1.

AZ
= e J[cos(—wr) — cosRwt + wr)]dt
-T

2 sin(2wt + wr) r

= —[coswr(t)r —( ) ]
4T T L

2w
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A? sinRwT + wr) N sin(—2wT + wr)]
= 2T) —
AT [cosw(2T) 0 0
_A? . A?  sinQRwT + wr) N sin(—2wT + 0)7”)]
gt 0s0@D+ 3r - 20 20

The ACF of the process is given by

Ry(tq, tz) = lim —Xv

T—c0

=__coswr + lim —_[—
2 T—oo 2w 2w

A? A2 sinQRwT + wr) 4 sin(—2wT + a)r)]

2
Rx(ty, t2) = o cosQRr
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