ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

VECTOR SPACES

Definition :

Let F be a given field and let V be a non-empty set with addition and scalar

multiplication rules applicable to any u, v €V suchasasumu+v €V and to

any u

€V,a € Faproductau €V . Then V is called a vector space over F if

the following condition hold :

8.

9.

10.

Closure ;forallu,v eV=>u+v €V

Associative :u+(v+w)=(u+v)+wVuv,w €EV.

Identity :u+0=0+u=uforallu €V, thereexist0 € V
Inverse :(-u) +u=0=u+ (-u) there exist -u €V, forallu € V
Commutative :u+v=v+uforallu v eV

Foralla € Fand forallu € V,au € V.

a(u+v)=au+ av, foralla € F for all u, v eV

(o + B)v=av + Pv, forall o, € F and for all v eV

(ap)v = a (Bv), for all a, p €F and for all u, v eV

1.v=vforallv eV

Properties of vector space :

(i)
(1)

0.0=0,0 eV, foralla €F

0.v=0,forallv eV,0 €F
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(i) (o)v=-(av)=a(-v)forallv eF,v eV
(iv av=0,v#0,0=0wherea €F,a €V

(V) a(u-v)=av-—oavforalla € Fandu,v €V

Proof :

(i)  since 0+0 =0 where 0 € V
a(0+0)=aforalla €F
= a0+a0=a0
= a0+a0=a0+0
Hence a 0 = 0 [ by left cancellation law]
(i) since0+0=0where0 €F
(0+0)v=0vforallveVv
= 0v+ 0v=0v
= 0v+0v=0v+0
Hence Ov = 0 [ by left cancellation law]
(il) (a)v=-(av)=a(-v)forallveF,veV
Sincea € F=>-a € Fandv eV, - veV
=a+(-a)=0€F;v+(-v)=0€V
= qv+ (-o)v=[a+ (-a)] v
Forallve V;av+ a(-v) = of[v + (-V)]
Foralla € F

=>qv + (-a)v=0v forallv € V; av + a(-v) = a0 foralla € F
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=qv+ (-a)v=0forallve V;av+a(-v)=0foralla € F
=> (-a)v is the additive inverse of av in V ; a(-V) is the additive
inverse of av in V.
()v=-(av) ;o(-v)=-(av)
iv) av=0,v+0
To prove a=0whereaeF,veV
Letoa # OthenatleF
Consider av =0
s~ ot (av) = ot (0)

= (ala) v=10
= 1v=0

= v =0 which is a contradiction.

Hence a =0
Note : The vector space of V over the field F is denoted as V(F).

()  Cisavector space over a field Cand R

(i) R is avector space over a field R but not in a field C
(i)  Q is a vector space over a field Q.

(iv)  Zis not a vector space over a field R.

(v) ThesetR"={(ai,az,......an) a1 &R} is a vector space over R.
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(vi) The set M2(R) and M2(Q) of 2 X 2 matrices with entries from R and Q
is a vector space over R.

(vii) The set Zy[R] of polynomials with coefficients from Z;, is a vector
space over Z,, where P is a prime.

(viii) Let E be a field and F be a subfield of E. Then E is a vector space over
F.

(ixX) Let Py(t) be the set of all polynomials P(t) over a field F, where the
degree of P(t) is less than or equal to n. i.e.,

P(t) =ap+ay t +.....+ant".

PROBLEMS UNDER VECTOR SPACE
Example 1. Prove that R X R is a vector space aver R under addition and
multiplication defined by (xq, x,) + (y1, V) = (%1 + ¥4, x, + y,) and
a(xq, x3) = (axq, ax;)
Sol: Letx,yeV=RXR
Then x = (x4, x,)

y=1Yy2)

Where x;, x,y,V, € R

x+y=(x;,%)+ ,y2)

= (x; +y1,x, +¥,) ERXR
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Lletae Fandx € Y

ax = a(xq, x;)

= (ax;,ax,) € R X R.

Therfore vector addition and scalar multiplications are true in R X R.

1 Under addition

A;: Commutativity: x +y =x +y,Vx,y ER X R
x+y=(x,x2)+1,¥2)

= (0 +y1, %2 +¥2)

= +x,¥2 +x3)

= (Y1, ¥2) + (x4, x3)

=x+tYy
“xXx+y=x+y,Vx,y ERXR

A,: Associativity: x + (y+2z)=(x+y)+ 2z, Vx,y,ZER XR

Let x,y,z € R X R. Then

x = (x1,%),y = V1, ¥7)22 = (21, 23)

Where X1,X2,V1,¥Y2,421,2Z>y ER

x+ (y+2z) = (x,x) + [, y,) + (21, 25)]
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= (1, x2) + Oy + 21,2 + 22)
= (21 + 1 + 20, %5 + (92 + 22))
= (g +y1) + 21, (3 + y3) + 23)
=(x1 + y1, %2 + ¥2) + (21, 22)
= ((xpxz) + 0’1:3’2)) + (21, 23)
=(x+y)+tz

x+(y+z)=(x+y)+zVx,y,ZERXR

Aj: Existence of Identity: There exists 0 € R X R snch that

x+0=x,VxERXR

Let0 € R. Then 0 = (0,0) € R X R.
x+0 = (x1,x) + (0,0
=(x; +0,x, +0)

= (x1, %)

=X
0 = (0,0) is the zero clement of R X R
A,: Existence of Inverse: For all x inR X R, there exists —x € R X R, such that

x+(—x)=0
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Letx € R XR
& x = (x4, x,), where x;,x, € R
Which implies — x4, —x, € R
= —x = (—x1,—x,) ER XR
x + (=x) = (3, x3) + (=21 — x3)
= (1 — X1, X3 — X3)

= (0,0)

x+(—x)=0
=>Inverse of x is —x

ie, inverse of (xq,x,) is (—xq, —x5)

I1 Under scalar multiplicatiou:

Mi:a(x+y)=arx+ay;Ya€Rand Vx,y ER XR
a(x+y) =alx; +y1x; +y,)
= (alx; + y1), alxz +¥,))

= (ax; + ay; —ax, + ay,)
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= (axy, axy) + (ayy, ay,)
= a(xy,x2) + a(y1,y2)
=ax + ay

~a(x+y)=ax+ayVa€ RandVx,y € R X R

M,: (a + B)x = ax + Bx, Va,f € R,Yx E R X R
(@ + B)x = (u+ pB)(x1, x2)
= ((a + B)x1(a + B)xz)
= (axq + Bxq, ax, + fx3)
= (axq, axy) + (Bxq, Bx5)
= a(xq,x5) + B(xq1,x5)
= ax + Bx
(a+B)x = ax + Bx,Va, B € R,Vx € R X R
My:a(Bx) = (aB)(x),Ya,,B € R,¥x € R X R
a(Bx) = a(B(xy, x2))
= a(Bx1, Bx;)

= (0!(,3361), 05(,3352))
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= ((@B)x1, (aB)x,)

= (CZ,B) (xb x2)

= (ap)(x)

~a(fx) = (af)(x)Va,f ER, VX ER XR

My:1.x=x,YVx€RXRand1 €R

1.x = 1(x1, xz)
= (1.x1, 1x2)
= (xpxz) =X

l.x=x,VxERXRand1 €R

Therefore V = R X R Is a vector space over R.

Example 2. Prove that F™ is a vector space over a field F under addition and
muitiplication defined by (x, x5, ..., X)) + V1, V2, ooy Y) = (X1 +y1, x5 +
Vo, ey X + Vi) aNd a(xq, X5, ..., X)) = (@xq, @xy, ..., ax,)

Letx,y eV =F"

Then x = (x4, X3, .., X))

Y= 1Yz V)

where x1, X5, ..., X, V1, Vo2, oo, Y € F
x+y=0q+y,x+Yy ., X, +y,) EF"

Leta € Fand x € F™
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ax = a(xq, Xy, ., Xp)
= (axy, axy, ..., ax,) € F™

Therefore vector addition and scalar multiplications are true in F™.
I. Under addition

A; : Commutativity: x + y =y + x,Vx,y € F"
x+y =, +y,%+ Y5, 0 X0 + V)
= (yl + X1, Y2 + X2,y YVn + xn)

= (Y1, Vo, s V) + (X1, X5, oo, X3)

=y+x

xX+y=y+x,Vx,y€F"
A,: Associativity: x + (y+2z) = (x+y)+ 2z, Vx,y,z € F"
Letx,y,z € F". Then

X = (x1;x2; "-;xn))y =3 ()’1;}’2; ---;yn);Z = (Z:[;ZZJ '--;Z‘n)

Where X1, X, s X, Y1, Y20 0 Y 21,22, - Zn EF
X+ (v +2) =, %0, 00, %) V1, Y2, e Y0) + (24, 25, .. Z,)]
=S (xl, X7, ...,xn) + (yl + Z1,Y2 + Zy, iy Yn + Zn)

= (x1 + O+ 2z, x+ 2 +22), 0 x0 + (0 + Zn))
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= ((X1 +y1) + 2z, (i +y2) + 25,0, (X +y) + Zn)

=1 +y, %+ Vo, e, X + V) + (29,25, ..., 2p,)

= (Cep, %20 eor %0) + 1, Y20 s V) + (24, 23, v, 21)
=(x+y)+z

~x+W+z) =(x+y)+zVx,y,z€F"

A5 : Existence of Identity: There exists 0 € F™ such that
x+0=0+x=x,Vx EF"
Let0 € F. Then 0 = (0,0,...,0)) € F"
x+ 0= (xq,x5,...,x,) + (0,0, ...,0)
=(x;+0,x,+0,..,x, +0)

= (X1, Xpp =y Xg)
=X
0 = (0,0, ...0) ) is the zero element of F*
A, : Fxistence of Inverse: For all x in F™, there exists —x in F™ such that
(—x)+x=0

Let x € F".
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ax = (xq, Xy, o0, Xp); Where x, x5, ..., x, € F;

Which implies —x;, —x5; ..., —x, € F
—x = (—x; — X3, ..., —Xp) € K"
x4+ (=x) = (xg, %, e, Xp) + (=214 — X5 o .o ,—Xn)
= (X1 — X1, X3 — X3 + -+, Xy — Xp)

= (0,0, ...,0)

=>Inverse of x is - x
ie, inverse of (xq, x5, .., X)) IS (—x; — X5, ..., —X;)
I1 Under scalar multiplication:

M, =a(x+y)=ax+ay,Va € FandVx,y € F¢
a(x+y) = alx +y1%; + Y2 o, Xn + Yn)
= (a(x1 +y1),alez + y3), ., alxn + }’n))
= (ax; + ay,, ax, + ay, ... ,ax, + ayy,)
= (axy, ax;) + (ayy, aysz), ..., (ax, + ay,)

= a(xy,x,) + a(yy, y2), ..., (ax, + ay,)

ax + ay
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~a(x+y)=ax+ay,Va € FandVx,y € F"

M,:(a+B)x=ax+fxa B €EF,Vx€F"
(a+B)x = (a+ L)(xq1, x5, o) Xp)
= ((a + B)x1(a + B)xa, ..., (@ + f)xy)
= (ax; + Bxy, axy + Bxy, ..., ax, + Bxy,)
= (axq, axy, ..., axy) + (Bxqy, fx3, ..., BXn)
= a(xq, X3, o, %) + B(xq, X3, v, Xp)
= ax + fx
~(a+B)x = ax + Bx,Va,B € F,Vx € F"
My a(Bx) = (aB) (x),a,B € F,¥x € F"
a(Bx) = a(B(xy, xz, e, Xz))
= a(Bxq, Bxy, ..., BXy)
= (a(Bxy), a(Bxy), ..., a(Bxy))
= ((@B)x1, (aP)xz, ..., (aB)%n)
= (aB)(x1, X2, ., Xp)

= (ap)(x)
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~a(fx) = (af)(x),Va,B € F,Vx € F"

My:l.x=x,VxE€F*and1 €F

1.x =1.(xq, x5, oo, Xp)

= (1.x4,1.%5,...,1 - xp,)

: ) annm :
(X1, X9, ey Xp) = X

~l.x=x,Vxe€F*and1 € F

~ F™ is a vector space over F.

Example 3. Prove that set of complex numbers is a vector space over field
R.

Sol: V=C={(x+1iy)/x,y € R}

Letx,y € C

Thenx = x; +iy;, vy = x, + iy,

Where x1,¥y1,%5,¥, € R

Addition of vectors is defined by

x+y=(x;+iy)+ (x; +iy;)

=x1+x2+i(y1+y2)EC

Scalar multiplication is defined by

Fora e Randx € C
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ax = a(x; + iy,)

= axq +iax, € C

Therefore vector addition and scalar multiplications are true in C.
1. Under Addition
Aq: Commutativity: x +y =y + x,Vx,y € C
x+y=0q+x)+i(y; +y2)
= (% +x) + iy, + 1)
= (xz +iyz) + (xq +iy1)
=yt+x

“x+y=y+xVx,y€ecC
A,: Associativity: x + (y+2) = (x+y)+ 2z, Vx,y,z€C

Letx,y,z €C

SX=x1+ Yy =X+ 0Y,,Z = x3 Y3

x+ (y+2) = +iy) + [(; +iyz) + (x3 + iy3)]
=(xq +iyy) + [(xz + x3) + i(y2 + y3)]

=(x1 + (x; + x3)) + i()’1 + (v, + Y3))



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

=((ey + x5) +x3) + i((y1 +v2)y3)
=[Ceq 4+ x2) + i1 +y2)] + (x3 + iy3)
=[Cey + iy1) + (3 + iyy)] + (23 + iy3)
=(x+y) +z

x+(y+z2)=x+y)+zVx,y,z€C
A, : Existence of Identity: There exists 0 € C such that

x+0=x,VEC
Let0€eER.Then0=0+4+i0€C
x+0=(xq+iy;)+(0+i0)
=x;,+0+i(y; +0)

=x1 +ly1

0 = 0 + i0 is the zero element of C

A, : Existence of Inverse: For all x in C, there exists —x in C such that

(—x)+x=0
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Let x € C. Then
X = Xq + iyl, Whel‘e X1, V1 ER

Which implies —x;,y — { €R
W—x=-x,+i(-y;) €C
x+ (—x) = (% +iy) + (—x1 + i(‘)ﬁ))
=2x, — % +i(y1 — y1)
=0+i0
=0

~ Inverse of x is —x

i.e. inverse of x; + iy, is —x; + i(—=y;)

I1. Under scalar multiplication

Miy:a(x+y)=ax+ay,Va € Rand Vx,y € C
a(x+y) = allx +x3) + iy +y2)]

= a(x; + x3) + ia(y, +y;)

= (ax; + axy) + i(ay; + ay,)

= (axy + iay;) + (ax, + iay,)
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= a(x; + iy1) + alx; + iy;)
=ax +ay
~a(x+y)=ax+ax,Ya €ERand Vx,y € C

My: (a+ B)x = ax + fx,Va, €ER,Vx EC
(a+p)x = (a+p)x +iy,)

= (a+ B)x, +i(a + By

= ax, + fx; + i(ay; + By1)

= (ax; + iay;) + (Bxy +ify1)

= a(xy +iy;) + f(xq +iyp)

= ax + Bx

~(a+p)x=ax+px,Va,f ER,VXEC

Msda(Bx) = (aB)(x),Ya,B € R,Vx € C
a ()& = a(B(x; + iy1))

= a(Bxy + iByy)

= a(fx,) + ia(By,)

= (af)x, + l(af)y1
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= (af)(x1 +iy;)

= (ap)x

~a(fx) = (af)x,VYa,p € R,Vx € C

My:l.x=x,Yx€Cand1 €R

1l.x=04i0)(x; +iy;)

= X1 + l}’1

~1l.x"=x,VxeCand1l €R

=~ C Is a vector space over R.



