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3.2 Total Differentiation 

Differentiation of composite functions 

 Type-I 

     If 𝑢 =  𝑓(𝑥, 𝑦) is a function of 𝑥 and 𝑦 where 𝑥 = 𝑓(𝑡) and 𝑦 = 𝑔(𝑡) then      

                            
𝑑𝑢

𝑑𝑡
=

𝜕𝑢 

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑡
 … (1)                       𝑢                                        

   𝑥    y 

    In the differential form, (i) can be written as                                                                                                                                           

                            𝑑𝑢 =
𝜕𝑢 

𝜕𝑥
𝑑𝑥 +

𝜕𝑢

𝜕𝑦
𝑑𝑦     t 

               𝑑𝑢  is called the total differential  of 𝑢. 

 

Example:  

If  = 𝒙𝟐𝒚𝟑 , where 𝒙 =  𝒍𝒐𝒈𝒕 , 𝒚 =  𝒆t   find 
𝒅𝒖

𝒅𝒕
        

Solution:                                                                                                                   

                                
𝑑𝑢

𝑑𝑡
=

𝜕𝑢 

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑡
 … (1)                                         𝑢                     

                        given    𝑢 = 𝑥2𝑦3 ,     𝑥 =  𝑙𝑜𝑔𝑡 , 𝑦 =  𝑒t                𝑥            𝑦                                                                                                                                               

                             
𝜕𝑢 

𝜕𝑥
= 2𝑥𝑦3,    

𝑑𝑥

𝑑𝑡
=

1

𝑡
, 

𝑑𝑦

𝑑𝑡
= 𝑒𝑡                                   t                    

                             
𝜕𝑢

𝜕𝑦
= 3𝑥2𝑦2 

               (1)   ⇒   
𝑑𝑢

𝑑𝑡
= 2𝑥𝑦3.

1

𝑡
+ 3𝑥2𝑦2. 𝑒𝑡 

                      Put  𝑥 =  𝑙𝑜𝑔𝑡 , 𝑦 =  𝑒t    

                                = 2𝑙𝑜𝑔𝑡(𝑒𝑡)3.
1

𝑡
+ 3(𝑙𝑜𝑔𝑡)2(𝑒𝑡)2𝑒𝑡 

                               =
2𝑙𝑜𝑔𝑡.𝑒3𝑡

𝑡
+ 3(𝑙𝑜𝑔𝑡)2𝑒3𝑡  

                          
𝑑𝑢

𝑑𝑡
  = 𝑒3𝑡𝑙𝑜𝑔𝑡(

2

𝑡
+ 3𝑙𝑜𝑔𝑡)   

Example:  

    If 𝒖 =  𝒙𝒚 +  𝒚𝒛 +  𝒛𝒙 , where 𝒙 = 
𝟏

𝒕
 , y = et , 𝒛 = e-t  find 

𝒅𝒖

𝒅𝒕
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Solution:                                                                                              𝑢                    

                                
𝑑𝑢

𝑑𝑡
=

𝜕𝑢 

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑡
+

𝜕𝑢

𝜕𝑧

𝑑𝑧

𝑑𝑡
  … (1)                      𝑥    𝑦     𝑧                    

                Given 𝑢 =  𝑥𝑦 +  𝑦𝑧 +  𝑧𝑥 ,             t 

  𝑥 =  
1

𝑡
 , 𝑦 =  𝑒t , 𝑧 =  𝑒-t                                                                                                                                                         

                        
𝜕𝑢 

𝜕𝑥
= 𝑦 + 𝑧,    

𝑑𝑥

𝑑𝑡
=

−1

𝑡2
 , 

𝑑𝑦

𝑑𝑡
= 𝑒𝑡, 

𝑑𝑧

𝑑𝑡
= −𝑒−𝑡 

                        
𝜕𝑢

𝜕𝑦
= 𝑥 + 𝑧 

                        
𝜕𝑢

𝜕𝑦
= 𝑦 + 𝑥 

        (1)    ⇒  
𝑑𝑢

𝑑𝑡
= (𝑦 + 𝑧) (−

1

𝑡2) + (𝑥 + 𝑧)𝑒𝑡 + (𝑦 + 𝑥)(−𝑒−𝑡) 

          Put  𝑥 = 
1

𝑡
 , 𝑦 = et , 𝑧 = e-t   

                           = (𝑒𝑡 + 𝑒−𝑡) (−
1

𝑡2) + (
1

𝑡
+ 𝑒−𝑡) 𝑒𝑡 + (𝑒𝑡 +

1

𝑡
) (−𝑒−𝑡) 

                      
𝑑𝑢

𝑑𝑡
  =   

−(𝑒𝑡+𝑒−𝑡)

𝑡2
+ (

1

𝑡
+ 𝑒−𝑡) 𝑒𝑡 + (𝑒𝑡 +

1

𝑡
) (−𝑒−𝑡) 

 Example:  

      If  =  𝒙𝒚𝟐 + 𝒙𝟐𝒚 , where 𝒙 =  𝒂𝒕2 , 𝒚 =  𝟐𝒂𝒕   find 
𝒅𝒖

𝒅𝒕
 

  Solution: 

                     
𝑑𝑢

𝑑𝑡
=

𝜕𝑢 

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑡
 … (1)                                                𝑢                               

            Given    𝑢 = 𝑥𝑦2 + 𝑥2𝑦 ,  𝑥 = at2 , 𝑦 = 2at                              𝑥          𝑦                                                                                                                                                                                                                                                                                                                           

          
𝜕𝑢 

𝜕𝑥
= 𝑦2 + 2𝑥𝑦,    

𝑑𝑥

𝑑𝑡
= 2𝑎𝑡  , 

𝑑𝑦

𝑑𝑡
= 2𝑎                                       t                     

                             
𝜕𝑢

𝜕𝑦
= 2𝑥𝑦 + 𝑥2 

            (1)    ⇒     
𝑑𝑢

𝑑𝑡
= (𝑦2 + 2𝑥𝑦)2𝑎𝑡 + (2𝑥𝑦 + 𝑥2)2𝑎 

                                   = (4𝑎2𝑡2 + 4𝑎2𝑡3)2𝑎𝑡 + (4𝑎2𝑡3 + 𝑎2𝑡4)2𝑎 

                                   = 8𝑎3𝑡3 + 8𝑎3𝑡4 + 8𝑎3𝑡3 + 2𝑎3𝑡4  

                                   = 16𝑎3𝑡3 + 10𝑎3𝑡4 

                                   = 2𝑎3𝑡3(8 + 5𝑡) 
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Example:  

      If 𝒛 = 𝒔𝒊𝒏−𝟏(𝒙 − 𝒚) , where 𝒙 =  𝟑𝒕 , 𝒚 =  𝟒𝒕3   find 
𝒅𝒛

𝒅𝒕
 

Solution:                                                                                               𝑧                                                                                                                                                                                                                                                                                                        

                       
𝑑𝑧

𝑑𝑡
=

𝜕𝑧 

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡
 … (1)                                          𝑥          𝑦                    

                        Given   z =𝑠𝑖𝑛−1(𝑥 − 𝑦) ,  𝑥 =  3𝑡 , 𝑦 =  4𝑡3                 𝑡                                                                                                                                                          

                             
𝜕𝑧 

𝜕𝑥
=

1

√1−(𝑥−𝑦)2
  ,      

𝑑𝑥

𝑑𝑡
= 3  , 

𝑑𝑦

𝑑𝑡
= 12𝑡2 

                              
𝜕𝑧 

𝜕𝑦
=

1

√1−(𝑥−𝑦)2
(−1)    

                              (1)   ⇒  
𝑑𝑧

𝑑𝑡
=

3

√1−(𝑥−𝑦)2
 −

12𝑡2

√1−(𝑥−𝑦)2
    

                                                 =  
3(1−4𝑡2)

√1−(𝑥−𝑦)2
    

                                          =  
3(1−4𝑡2)

√1−(3𝑡−4𝑡3)2
    

                                           =  
3(1−4𝑡2)

√1−9𝑡2−16𝑡6+24𝑡4
    

                                           =  
3(1−4𝑡2)

√(1−𝑡2)(1−4𝑡2)2
 

                                           =  
3(1−4𝑡2)

(1−4𝑡2)√(1−𝑡2)
   

                                           =  
3

√1−𝑡2
 

 Type-II 

     If 𝑧 =  𝑓(𝑥, 𝑦) is a function of x and y where x and y are the functions 

 of 𝑢 and 𝑣 such that                                                                             𝑧                    

                         
𝜕𝑧

𝜕𝑢
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑢
                                                  𝑥        𝑦                                                

                            
  𝜕𝑧

 𝜕𝑣
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑣
                                             𝑢       𝑣   𝑢      𝑣                                                                                          

Example: 

     If 𝒈(𝒙, 𝒚)  =  𝝍(𝒖, 𝒗) where 𝒖 =  𝒙𝟐 − 𝒚𝟐 an𝒅 𝒗 =  𝟐𝒙𝒚 then prove that                    

 
𝝏𝟐𝒈

𝝏𝒙𝟐
+

𝝏𝟐𝒈

𝝏𝒚𝟐
= 𝟒(𝒙𝟐 + 𝒚𝟐)(

𝝏𝟐𝝍

𝝏𝒖𝟐
+

𝝏𝟐𝝍

𝝏𝒗𝟐
)      
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 Solution: 

                     Given  𝑢 =  𝑥2 − 𝑦2 , 𝑣 =  2𝑥𝑦 

                                 
𝜕𝑢 

𝜕𝑥
= 2𝑥,     

𝜕𝑣 

𝜕𝑥
= 2𝑦      

                                 
𝜕𝑢

𝜕𝑦
= −2𝑦,    

𝜕𝑣

𝜕𝑦
= 2𝑥                                         g(𝜓)                   

               
𝜕𝑔

𝜕𝑥
=

𝜕𝜓 

𝜕𝑢

𝜕𝑢

𝜕𝑥
+

𝜕𝜓

𝜕𝑣

𝜕𝑣

𝜕𝑥
 … (1)                                                 𝑢        𝑣                                                       

      
  𝜕𝑔

 𝜕𝑦
=

𝜕𝜓 

𝜕𝑢

𝜕𝑢

𝜕𝑦
+

𝜕𝜓

𝜕𝑣
 … (2)                                                        𝑥       𝑦   𝑥      𝑦                                                   

(1)    ⇒    
𝜕𝑔

𝜕𝑥
=

𝜕𝜓 

𝜕𝑢
2𝑥 +

𝜕𝜓

𝜕𝑣
2𝑦  

               
𝜕𝑔

𝜕𝑥
 = 2(𝑥

𝜕𝜓 

𝜕𝑢
+ 𝑦

𝜕𝜓

𝜕𝑣
)   

           
𝜕2𝑔

𝜕𝑥2
 =  

𝜕

𝜕𝑥
( 

𝜕𝑔

𝜕𝑥
)   =   2(𝑥

𝜕 

𝜕𝑢
+ 𝑦

𝜕

𝜕𝑣
)  2(𝑥

𝜕𝜓 

𝜕𝑢
+ 𝑦

𝜕𝜓

𝜕𝑣
)  

                                    = 4 [𝑥2 𝜕2𝜓

𝜕𝑢2
+ 2𝑥𝑦

𝜕2𝜓

𝜕𝑢𝜕𝑣
+ 𝑦2 𝜕2𝜓

𝜕𝑣2
] … (3) 

      (2)    ⇒  
𝜕𝑔 

𝜕𝑦
=

𝜕𝜓 

𝜕𝑢
(−2𝑦) +

𝜕𝜓

𝜕𝑣
2𝑥  

                     
𝜕𝑔

𝜕𝑦
 = 2(−𝑦

𝜕𝜓 

𝜕𝑢
+ 𝑥

𝜕𝜓

𝜕𝑣
)   

           
𝜕2𝑔

𝜕𝑦2
=

𝜕

𝜕𝑦
( 

𝜕𝑔

𝜕𝑦
)   =   2(−𝑦

𝜕 

𝜕𝑢
+ 𝑥

𝜕

𝜕𝑣
)  2(−𝑦

𝜕𝜓 

𝜕𝑢
+ 𝑥

𝜕𝜓

𝜕𝑣
)  

                                     =  4 [ 𝑦2 𝜕2𝜓

𝜕𝑢2
− 2𝑥𝑦

𝜕2𝜓

𝜕𝑢𝜕𝑣
+ 𝑥2 𝜕2𝜓

𝜕𝑣2
] … (4)       

      (3) + (4)    ⇒  
𝜕2𝑔

𝜕𝑥2
+

𝜕2𝑔

𝜕𝑦2
 = 4{(𝑥2 + 𝑦2)

𝜕2𝜓

𝜕𝑢2
+ (𝑥2 + 𝑦2)

𝜕2𝜓

𝜕𝑢2
}     

                                               = 4(𝑥2 + 𝑦2)(
𝜕2𝜓

𝜕𝑢2
+

𝜕2𝜓

𝜕𝑣2
)    

                                Hence  proved.  

Example:  

      If 𝒇 is a function of 𝒙 and 𝒚 then 𝒙 = 𝒆u𝒔𝒊𝒏𝒗 and 𝒚 =  𝒆u𝒄𝒐𝒔𝒗, show that                    

 
𝝏𝟐𝒇

𝝏𝒖𝟐
+

𝝏𝟐𝒇

𝝏𝒗𝟐
= (𝒙𝟐 + 𝒚𝟐) (

𝝏𝟐𝒇

𝝏𝒙𝟐
+

𝝏𝟐𝒇

𝝏𝒚𝟐) = 𝒆𝟐𝒖 (
𝝏𝟐𝒇

𝝏𝒙𝟐
+

𝝏𝟐𝒇

𝝏𝒚𝟐)    (OR) 

                                    
𝝏𝟐𝒇

𝝏𝒙𝟐
+

𝝏𝟐𝒇

𝝏𝒚𝟐
= 𝒆−𝟐𝒖(

𝝏𝟐𝒇

𝝏𝒖𝟐
+

𝝏𝟐𝒇

𝝏𝒗𝟐
)            

 Solution: 
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                     Given 𝑥 = 𝑒𝑢𝑠𝑖𝑛𝑣 , 𝑦 =  𝑒𝑢𝑐𝑜𝑠𝑣 

                     
𝜕𝑥 

𝜕𝑢
= 𝑒𝑢𝑠𝑖𝑛𝑣,     

𝜕𝑦 

𝜕𝑢
=  𝑒𝑢𝑐𝑜𝑠𝑣                                                                                  

                       
𝜕𝑥

𝜕𝑣
= 𝑒𝑢𝑐𝑜𝑠𝑣,

𝜕𝑦

𝜕𝑣
 = − 𝑒𝑢𝑠𝑖𝑛𝑣                                              𝑓                      

                    
𝜕𝑓

𝜕𝑢
=

𝜕𝑓 

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝑢
 … (1)                                            𝑥        𝑦                                                                        

                   
  𝜕𝑓

 𝜕𝑣
=

𝜕𝑓 

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝑣
 … (2)                                       𝑢       𝑣   𝑢     𝑣                                   

        (1)    ⇒   
𝜕𝑓

𝜕𝑢
=

𝜕𝑓 

𝜕𝑥
𝑒𝑢𝑠𝑖𝑛𝑣 +

𝜕𝑓

𝜕𝑦 
𝑒𝑢 𝑐𝑜𝑠𝑣 

                       
𝜕𝑓

𝜕𝑢
= 𝑥

𝜕𝑓 

𝜕𝑥
+ 𝑦

𝜕𝑓

𝜕𝑦
   

           
𝜕2𝑓

𝜕𝑢2
=

𝜕

𝜕𝑢
( 

𝜕𝑓

𝜕𝑢
)   = (𝑥

𝜕 

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑦
)  (𝑥

𝜕𝑓 

𝜕𝑥
+ 𝑦

𝜕𝑓

𝜕𝑦
)  

                                    = [𝑥2 𝜕2𝑓

𝜕𝑥2
+ 2𝑥𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
+ 𝑦2 𝜕2𝑓

𝜕𝑦2
] … (3)     

          (2)    ⇒  
𝜕𝑓

𝜕𝑣
=

𝜕𝑓 

𝜕𝑥
𝑒𝑢cosv −

𝜕𝑓

𝜕𝑦
 𝑒𝑢  𝑠𝑖𝑛𝑣 

                      
𝜕𝑓

𝜕𝑣
= 𝑦

𝜕𝑓 

𝜕𝑥
− 𝑥

𝜕𝑓

𝜕𝑦
   

           
𝜕2𝑓

𝜕𝑣2
=

𝜕

𝜕𝑣
( 

𝜕𝑓

𝜕𝑣
)   = (𝑦

𝜕 

𝜕𝑥
− 𝑥

𝜕

𝜕𝑦
)  (𝑦

𝜕𝑓 

𝜕𝑥
− 𝑥

𝜕𝑓

𝜕𝑦
)  

                                   = [𝑦2 𝜕2𝑓

𝜕𝑥2
− 2𝑥𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
+ 𝑥2 𝜕2𝑓

𝜕𝑦2
] … (4)   

     (3) + (4)  ⇒  
𝜕2𝑓

𝜕𝑢2
+

𝜕2𝑓

𝜕𝑣2
= (𝑥2 + 𝑦2)

𝜕2𝑓

𝜕𝑥2
+ (𝑥2 + 𝑦2)

𝜕2𝑓

𝜕𝑦2
     

                                            = (𝑥2 + 𝑦2) (
𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2)          

 [∵ 𝑥2 = 𝑒2𝑢𝑠𝑖𝑛2𝑣, 𝑦2 = 𝑒2𝑢𝑐𝑜𝑠2𝑣] 

                                           = 𝑒2𝑢(
𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2
)  

                     ∴  
𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2
= 𝑒−2𝑢( 

𝜕2𝑓

𝜕𝑢2
+

𝜕2𝑓

𝜕𝑣2
)    

Example:  

      If 𝒛 is a function of 𝒙 and 𝒚 where  𝒙 = 𝒆𝒖 + 𝒆−𝒗 and 𝒚 =  𝒆−𝒖 − 𝒆𝒗, show that                      

𝝏𝒛

𝝏𝒖
−

𝝏𝒛

𝝏𝒗
= 𝒙

𝝏𝒛

𝝏𝒙
− 𝒚

𝝏𝒛

𝝏𝒚
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 Solution: 

                     Given   𝒙 = 𝑒𝑢 + 𝑒−𝑣 ; 𝑦 =  𝑒−𝑢 − 𝑒𝑣 

                            
𝜕𝑥 

𝜕𝑢
= 𝑒𝑢,        

𝜕𝑦 

𝜕𝑢
= −𝑒−𝑢 

                      
𝜕𝑥

𝜕𝑣
= −𝑒−𝑣,          

𝜕𝑦

𝜕𝑣
 =  −𝑒𝑣                                             𝑧                  

                    
𝜕𝑧

𝜕𝑢
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑢
 … (1)                                             𝑥        𝑦                                                          

 
  𝜕𝑧

 𝜕𝑣
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑣 
 … (2)                                                        𝑢       𝑣   𝑢     𝑣                                                       

          (1)    ⇒    
𝜕𝑧

𝜕𝑢
=

𝜕𝑧 

𝜕𝑥
𝑒𝑢 −

𝜕𝑧

𝜕𝑦
𝑒−𝑢 

         (2)    ⇒   
𝜕𝑧

𝜕𝑣
= −

𝜕𝑧 

𝜕𝑥
𝑒−𝑣  −

𝜕𝑧

𝜕𝑦
𝑒𝑣                                                                

        (1) − (2)   ⇒   
𝜕𝑧

𝜕𝑢
−

𝜕𝑧

𝜕𝑣
=

𝜕𝑧

𝜕𝑥
(𝑒𝑢 + 𝑒−𝑣) −

𝜕𝑧

𝜕𝑦
(𝑒−𝑢 − 𝑒𝑣) 

                              = 𝑥
𝜕𝑧

𝜕𝑥
− 𝑦

𝜕𝑧

𝜕𝑦
 

                                Hence  proved.  

Example:  

     If 𝒖 =  𝒆x𝒔𝒊𝒏𝒚 𝒘𝒉𝒆𝒓𝒆  𝒙 = 𝒔𝒕2 and 𝒚 =  𝒔2𝒕 find  
𝝏𝒖

𝝏𝒔
 𝒂𝒏𝒅 

𝝏𝒖

𝝏𝒕
 

Solution: 

                     Given  𝑢 = 𝑒𝑥𝑠𝑖𝑛𝑦 ,   𝑥 = 𝑠𝑡2 , 𝑦 =  𝑠2𝑡 

                        
𝜕𝑢 

𝜕𝑥
= 𝑒𝑥𝑠𝑖𝑛𝑦 ,     

𝜕𝑥 

𝜕𝑡
= 2𝑠𝑡      

                       
𝜕𝑢

𝜕𝑦
= 𝑒𝑥𝑐𝑜𝑠𝑦 ,    

𝜕𝑦

𝜕𝑡
= 𝑠2                                                𝑢                    

               
𝜕𝑢

𝜕𝑠
=

𝜕𝑢 

𝜕𝑥

𝜕𝑥

𝜕𝑠
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑠
… (1)                                                 𝑥           𝑦                                                               

                
  𝜕𝑢

 𝜕𝑡
=

𝜕𝑢 

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑡 
  … (2)                                            𝑠       𝑡   𝑠        𝑡                                 

     (1)    ⇒     
𝜕𝑢

𝜕𝑠
= 𝑒𝑥𝑠𝑖𝑛𝑦 x 𝑡2 + 𝑒𝑥𝑐𝑜𝑠𝑦 x 2𝑠𝑡    

    (2)  ⇒    
𝜕𝑢

𝜕𝑡
= 𝑒𝑥𝑠𝑖𝑛𝑦 x 2𝑠𝑡 + 𝑒𝑥𝑐𝑜𝑠𝑦 x 𝑠2    

Example:  
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      If 𝒖 = (
𝒚−𝒙

𝒙𝒚
,

𝒛−𝒙

𝒙𝒛
) show that 𝒙𝟐 𝝏𝒖

𝝏𝒙
+ 𝒚𝟐 𝝏𝒖

𝝏𝒚
+ 𝒛𝟐 𝝏𝒖

𝝏𝒛
= 𝟎 

Solution: 

              Let r = 
𝑦

𝑥𝑦
−

𝑥

𝑥𝑦
 = 

1

𝑥
−

1

𝑦
 ,  s = 

𝑧

𝑥𝑧
−

𝑥

𝑥𝑧
 = 

1

𝑥
−

1

𝑧
 

                          
𝜕𝑢

𝜕𝑥
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑥
 … (1) 

                         
  𝜕𝑢

 𝜕𝑦
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑦 
 … (2)                                                                  

                         
𝜕𝑢

𝜕𝑧
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑧
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑧
 … (3)              

          Here r =   
1

𝑥
−

1

𝑦
   ,  s =   

1

𝑥
−

1

𝑧
     

                  
𝜕𝑟 

𝜕𝑥
= −

1

𝑥2
 ,     

𝜕𝑠 

𝜕𝑥
= −

1

𝑥2
      

                  
𝜕𝑟

𝜕𝑦
=

1

𝑦2
 ,    

𝜕𝑠

𝜕𝑦
= 0     

                  
𝜕𝑟 

𝜕𝑧
= 0 ,     

𝜕𝑠 

𝜕𝑧
=

1

𝑧2
          

       (1) ⇒ 
𝜕𝑢

𝜕𝑥
= −

1 

𝑥2

𝜕𝑢

𝜕𝑟
−

1

𝑥2

𝜕𝑢

𝜕𝑠
   

               𝑥2 𝜕𝑢

𝜕𝑥
= −

𝜕𝑢

𝜕𝑟
−

𝜕𝑢

𝜕𝑠
   

           (2) ⇒ 
𝜕𝑢

𝜕𝑦
=

1 

𝑦2

𝜕𝑢

𝜕𝑟
+ 0

𝜕𝑢

𝜕𝑠
   

                      𝑦2 𝜕𝑢

𝜕𝑦
=

𝜕𝑢

𝜕𝑟
                  

         (3) ⇒     
𝜕𝑢

𝜕𝑧
= 0

𝜕𝑢

𝜕𝑟
+

1

𝑧2

𝜕𝑢

𝜕𝑠
   

                       𝑧2 𝜕𝑢

𝜕𝑧
=

𝜕𝑢

𝜕𝑠
              

 (1)  + (2) + (3)   ⇒  𝑥2 𝜕𝑢

𝜕𝑥
+ 𝑦2 𝜕𝑢

𝜕𝑦
+ 𝑧2 𝜕𝑢

𝜕𝑧
= −

𝜕𝑢

𝜕𝑟
−

𝜕𝑢

𝜕𝑠
+

𝜕𝑢

𝜕𝑟
+

𝜕𝑢

𝜕𝑠
    

                                                                           = 0 

                                         Hence  proved.                                

Example:  

      If 𝒖 =  𝒇(𝒙 − 𝒚, 𝒚 − 𝒛, 𝒛 − 𝒙) show that 
𝝏𝒖

𝝏𝒙
+

𝝏𝒖

𝝏𝒚
+

𝝏𝒖

𝝏𝒛
= 𝟎 

Solution:                                             
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              Let 𝑟 =  𝑥 − 𝑦 , 𝑠 =  𝑦 − 𝑧, 𝑡 =  𝑧 − 𝑥   

         ∴   𝑢 =  𝑓(𝑟, 𝑠, 𝑡) where   𝑟 =  𝑥 − 𝑦 , 𝑠 =  𝑦 − 𝑧, 𝑡 =  𝑧 − 𝑥                       

               
𝜕𝑢

𝜕𝑥
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑥
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑥
 … (1)                                   u                                                                                             

                
  𝜕𝑢

 𝜕𝑦
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑦
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑦
 … (2)                          r            s         t              

               
𝜕𝑢

𝜕𝑧
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑧
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑧
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑧
  … (3)     

                                                                                     𝑥    𝑦    𝑧   𝑥   𝑦   𝑧    𝑥   𝑦    𝑧 

                                                        

          Given  𝑟 =  𝑥 − 𝑦 ,     𝑠 =  𝑦 − 𝑧,      𝑡 =  𝑧 − 𝑥         x   y  z   x  y                  

                  
𝜕𝑟 

𝜕𝑥
= 1 ,    

𝜕𝑠 

𝜕𝑥
= 0  ,  

𝜕𝑡 

𝜕𝑥
= −1      

                  
𝜕𝑟

𝜕𝑦
= −1 ,  

𝜕𝑠

𝜕𝑦
= 1 ,  

𝜕𝑡

𝜕𝑦
= 0     

                  
𝜕𝑟 

𝜕𝑧
= 0 ,    

𝜕𝑠 

𝜕𝑧
= −1, 

𝜕𝑡

𝜕𝑧
= 1           

        (1) ⇒    
𝜕𝑢

𝜕𝑥
=

𝜕𝑢 

𝜕𝑟
1 +

𝜕𝑢

𝜕𝑠
0 +

𝜕𝑢

𝜕𝑡
(−1)        

                          =
𝜕𝑢 

𝜕𝑟
−

𝜕𝑢

𝜕𝑡
        

       (2) ⇒   
𝜕𝑢

𝜕𝑦
=

𝜕𝑢 

𝜕𝑟
(−1) +

𝜕𝑢

𝜕𝑠
1 +

𝜕𝑢

𝜕𝑡
0        

                         = −
𝜕𝑢 

𝜕𝑟
+

𝜕𝑢

𝜕𝑠
        

      (3) ⇒ 
𝜕𝑢

𝜕𝑧
=

𝜕𝑢 

𝜕𝑟
0 +

𝜕𝑢

𝜕𝑠
(−1) +

𝜕𝑢

𝜕𝑡
1        

                                  = −
𝜕𝑢 

𝜕𝑠
+

𝜕𝑢

𝜕𝑡
        

 (1)  + (2) + (3)   ⇒  
𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
+

𝜕𝑢

𝜕𝑧
  = 

 𝜕𝑢 

𝜕𝑟
−

𝜕𝑢

𝜕𝑡
−

𝜕𝑢 

𝜕𝑟
+

𝜕𝑢

𝜕𝑠
−

𝜕𝑢 

𝜕𝑠
+

𝜕𝑢

𝜕𝑡
  

                                = 0 

                        Hence proved 

Example:  

       If u = 𝒇 (
𝒙

𝒚
,

𝒚

𝒛
,

𝒛

𝒙
) show that 𝒙

𝝏𝒖

𝝏𝒙
+ 𝒚

𝝏𝒖

𝝏𝒚
+ 𝒛

𝝏𝒖

𝝏𝒛
= 𝟎 

 Solution:                                             
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              Let 𝑟 =  
𝑥

𝑦
 , 𝑠 =  

𝑦

𝑧
, 𝑡 =  

𝑧

𝑥
                                                   𝑢                  

         ∴   𝑢 =  𝑓(𝑟, 𝑠, 𝑡) where   𝑟 =  
𝑥

𝑦
 , 𝑠 =  

𝑦

𝑧
, 𝑡 =  

𝑧

𝑥
         r        𝑠          𝑡                                 

               
𝜕𝑢

𝜕𝑥
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑥
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑥
 … (1)               x y z    x y z   x y z                                                                                                       

                
  𝜕𝑢

 𝜕𝑦
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑦
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑦
 … (2)                                                  

               
𝜕𝑢

𝜕𝑧
=

𝜕𝑢 

𝜕𝑟

𝜕𝑟

𝜕𝑧
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑧
+

𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑧
 … (3)                                            

           Given  𝑟 =  
𝑥

𝑦
 ,       𝑠 =  

𝑦

𝑧
,       𝑡 =  

𝑧

𝑥
                                            

                   
𝜕𝑟 

𝜕𝑥
=

1

𝑦
 ,    

𝜕𝑠 

𝜕𝑥
= 0  ,  

𝜕𝑡 

𝜕𝑥
= −

𝑧

𝑥2     

                  
𝜕𝑟

𝜕𝑦
= −

𝑥

𝑦2 ,  
𝜕𝑠

𝜕𝑦
=

1

𝑧
 ,  

𝜕𝑡

𝜕𝑦
= 0     

                  
𝜕𝑟 

𝜕𝑧
= 0 ,    

𝜕𝑠 

𝜕𝑧
= −

𝑦

𝑧2, 
𝜕𝑡

𝜕𝑧
=

1

𝑥
    

(1) ⇒    
𝜕𝑢

𝜕𝑥
=

𝜕𝑢 

𝜕𝑟

1

𝑦
+

𝜕𝑢

𝜕𝑠
0 +

𝜕𝑢

𝜕𝑡
(−

𝑧

𝑥2)        

                      =
1

𝑦

𝜕𝑢 

𝜕𝑟
−

𝑧

𝑥2

𝜕𝑢

𝜕𝑡
         

               𝑥
𝜕𝑢

𝜕𝑥
=

𝑥

𝑦

𝜕𝑢 

𝜕𝑟
−

𝑧

𝑥

𝜕𝑢

𝜕𝑡
 … (4)                                      

  (2) ⇒   
𝜕𝑢

𝜕𝑦
=

𝜕𝑢 

𝜕𝑟
(−

𝑥

𝑦2) +
𝜕𝑢

𝜕𝑠

1

𝑧
+

𝜕𝑢

𝜕𝑡
0        

                 = −
𝑥

𝑦2

𝜕𝑢 

𝜕𝑟
+

1

𝑧

𝜕𝑢

𝜕𝑠
         

                𝑦
𝜕𝑢

𝜕𝑦
= −

𝑥

𝑦

𝜕𝑢 

𝜕𝑟
+

𝑦

𝑧

𝜕𝑢

𝜕𝑠
 … (5)           

 (3) ⇒    
𝜕𝑢

𝜕𝑧
=

𝜕𝑢 

𝜕𝑟
0 +

𝜕𝑢

𝜕𝑠
(−

𝑦

𝑧2) +
𝜕𝑢

𝜕𝑡

1

𝑥
        

                 = −
𝑦

𝑧2

𝜕𝑢 

𝜕𝑠
+

1

𝑥

𝜕𝑢

𝜕𝑡
         

                   𝑧
𝜕𝑢

𝜕𝑧
= −

𝑦

𝑧

𝜕𝑢 

𝜕𝑠
+

𝑧

𝑥

𝜕𝑢

𝜕𝑡
 … (6)          
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(4) + (5) + (6)  

⇒ 𝑥
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
+ 𝑧

𝜕𝑢

𝜕𝑧
   =  

𝑥

𝑦

𝜕𝑢 

𝜕𝑟
−

𝑧

𝑥

𝜕𝑢

𝜕𝑡
−

𝑥

𝑦

𝜕𝑢 

𝜕𝑟
+

𝑦

𝑧

𝜕𝑢

𝜕𝑠
−

𝑦

𝑧

𝜕𝑢 

𝜕𝑠
+

𝑧

𝑥

𝜕𝑢

𝜕𝑡
  

                                                    = 0 

                                              Hence Proved 

 

 Example:  

     Prove that  
𝝏𝟐𝒛

𝝏𝒙𝟐
+

𝝏𝟐𝒛

𝝏𝒚𝟐
=

𝝏𝟐𝒛

𝝏𝒖𝟐
+

𝝏𝟐𝒛

𝝏𝒗𝟐
 where 𝒙 = 𝒖𝒄𝒐𝒔𝜶 − 𝒗𝒔𝒊𝒏𝜶, 

𝒚 = 𝒖𝒔𝒊𝒏𝜶 + 𝒗𝒄𝒐𝒔𝜶                                    

                                                            (OR) 

By changing independent variables 𝒖 and 𝒗 to 𝒙 and 𝒚 by means of the relation 𝒙 =

𝒖𝒄𝒐𝒔𝜶 − 𝒗𝒔𝒊𝒏𝜶, 𝒚 = 𝒖𝒔𝒊𝒏𝜶 + 𝒗𝒄𝒐𝒔𝜶 , show that 
𝝏𝟐𝒛

𝝏𝒖𝟐
+

𝝏𝟐𝒛

𝝏𝒗𝟐
 transforms into 

 
𝝏𝟐𝒛

𝝏𝒙𝟐
+

𝝏𝟐𝒛

𝝏𝒚𝟐
                                                                               

Solution:                                                                                                                    

                      
𝜕𝑧

𝜕𝑢
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑢
 … (1)                                    𝑧                                    

    
  𝜕𝑧

 𝜕𝑣
=

𝜕𝑧 

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑣
 … (2)                                               𝑥          𝑦       

        𝑥 = 𝑢𝑐𝑜𝑠𝛼 − 𝑣𝑠𝑖𝑛𝛼, 𝑦 = 𝑢𝑠𝑖𝑛𝛼 + 𝑣𝑐𝑜𝑠𝛼           𝑢        𝑣    𝑢      𝑣                               

        
𝜕𝑥

𝜕𝑢
= 𝑐𝑜𝑠𝛼,                

𝜕𝑦

𝜕𝑢
= 𝑠𝑖𝑛𝛼 

       
𝜕𝑥

𝜕𝑣
= −𝑠𝑖𝑛𝛼 ,              

𝜕𝑦

𝜕𝑣
= 𝑐𝑜𝑠𝛼 

          (1) ⇒  
𝜕𝑧

𝜕𝑢
=

𝜕𝑧 

𝜕𝑥
𝑐𝑜𝑠𝛼 +

𝜕𝑧

𝜕𝑦
𝑠𝑖𝑛𝛼        

                       
𝜕2𝑧

𝜕𝑢2
=

𝜕

𝜕𝑢
( 

𝜕𝑧

𝜕𝑢
)  =  (

𝜕 

𝜕𝑥
𝑐𝑜𝑠𝛼 +

𝜕

𝜕𝑦
𝑠𝑖𝑛𝛼) (

𝜕𝑧 

𝜕𝑥
𝑐𝑜𝑠𝛼 +

𝜕𝑧

𝜕𝑦
𝑠𝑖𝑛𝛼)  

                                        = 𝑐𝑜𝑠2𝛼  
𝜕2𝑧

𝜕𝑥2
+   

𝜕2𝑧

𝜕𝑥2
𝑠𝑖𝑛2𝛼 + 2  

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 … (3)       

          (2) ⇒ 
𝜕𝑧

𝜕𝑣
= −

𝜕𝑧 

𝜕𝑥
𝑠𝑖𝑛𝛼 +

𝜕𝑧

𝜕𝑦
𝑐𝑜𝑠𝛼        
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𝜕2𝑧

𝜕𝑣2
=

𝜕

𝜕𝑣
( 

𝜕𝑧

𝜕𝑣
)  =  (−

𝜕 

𝜕𝑥
𝑠𝑖𝑛𝛼 +

𝜕

𝜕𝑦
𝑐𝑜𝑠𝛼) (−

𝜕𝑧 

𝜕𝑥
𝑠𝑖𝑛𝛼 +

𝜕𝑧

𝜕𝑦
𝑐𝑜𝑠𝛼)  

                                     = 𝑠𝑖𝑛2𝛼  
𝜕2𝑧

𝜕𝑥2
+  

𝜕2𝑧

𝜕𝑥2
𝑐𝑜𝑠2𝛼 − 2  

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 … (4)       

   (3) + (4)    ⇒   
𝜕2𝑧

𝜕𝑢2
+

𝜕2𝑧

𝜕𝑣2
  

=   𝑐𝑜𝑠2𝛼  
𝜕2𝑧

𝜕𝑥2
+  

𝜕2𝑧

𝜕𝑥2
𝑠𝑖𝑛2𝛼 + 2  

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛2𝛼  

𝜕2𝑧

𝜕𝑥2
+

                                                          
𝜕2𝑧

𝜕𝑥2
𝑐𝑜𝑠2𝛼 − 2  

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼      

                                        =    (
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
)(  𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼 )    

                                        =    
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
 

                                        Hence  proved. 

Differentiation of Implicit Function 

               If 𝑢 =  𝑓(𝑥, 𝑦)  =  𝑐 be a given implicit function of 𝑥 and 𝑦 then 

                                     𝑑𝑢 =
𝜕𝑢 

𝜕𝑥
𝑑𝑥 +

𝜕𝑢

𝜕𝑦
𝑑𝑦 … (1)   

                                       
𝑑𝑢

𝑑𝑥
=

𝜕𝑢 

𝜕𝑥
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑥
 

              Given 𝑢 =  𝑐   ⇒    
𝑑𝑢 

𝑑𝑥
= 0     

                                   0 =
𝜕𝑢 

𝜕𝑥
𝑑𝑥 +

𝜕𝑢

𝜕𝑦
𝑑𝑦    

                                     
𝜕𝑢 

𝜕𝑦
𝑑𝑦 = −

𝜕𝑢

𝜕𝑥
𝑑𝑥                          

                                       
𝑑𝑦 

𝑑𝑥
= −

𝜕𝑢

𝜕𝑥
𝜕𝑢

𝜕𝑦

   

 Example:  

      Find   
𝒅𝒚 

𝒅𝒙
   if 𝒙3+𝒚3 =  𝟑𝒂𝒙𝒚          

Solution:   

                                Let 𝑓 =   𝑥3+𝑦3 − 3𝑎𝑥𝑦     

                                   
𝜕𝑓 

𝜕𝑥
= 3𝑥2 − 3𝑎𝑦                                                
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𝜕𝑓 

𝜕𝑦
= 3𝑦2 − 3𝑎𝑥       

                                  
𝑑𝑦 

𝑑𝑥
= −

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

      = −
3(𝑥2−𝑎𝑦)

3(𝑦2−𝑎𝑥)
         

                              
𝑑𝑦 

𝑑𝑥
 = −

(𝑥2−𝑎𝑦)

(𝑦2−𝑎𝑥)
              

Example:  

     Find   
𝒅𝒚 

𝒅𝒙
   when 𝒚𝒔𝒊𝒏𝒙 =  𝒙𝒄𝒐𝒔𝒚 

Solution:   

                  Let 𝑓 =   𝑦𝑠𝑖𝑛𝑥 −   𝑥𝑐𝑜𝑠𝑦   

                       
𝜕𝑓 

𝜕𝑥
= 𝑦𝑐𝑜𝑠𝑥 − 𝑐𝑜𝑠𝑦                                                

                       
𝜕𝑓 

𝜕𝑦
= 𝑠𝑖𝑛𝑥 + 𝑥𝑠𝑖𝑛𝑦      

                     
𝑑𝑦 

𝑑𝑥
= −

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

            

                      
𝑑𝑦 

𝑑𝑥
= −

(𝑦𝑐𝑜𝑠𝑥−𝑐𝑜𝑠𝑦)

(𝑠𝑖𝑛𝑥+𝑥𝑠𝑖𝑛𝑦)
      

Example:  

    If 𝒖 =  𝒙𝒍𝒐𝒈(𝒙𝒚) where x3+y3+3xy=1 then find 
𝒅𝒖 

𝒅𝒙
   

Solution: 

                            
𝑑𝑢

𝑑𝑥
=

𝜕𝑢 

𝜕𝑥
+

𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑥
 … (1)    

                              𝑢 =  𝑥(𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑦)  =    𝑥𝑙𝑜𝑔𝑥 + 𝑥𝑙𝑜𝑔𝑦 

                            
𝜕𝑓 

𝜕𝑥
= 𝑥 (

1

𝑥
) + 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑦                                                

                             
𝜕𝑓 

𝜕𝑦
= 𝑥 (

1

𝑦
)      

                    Given 𝑥3+𝑦3+3𝑥𝑦 = 1 

                 Differentiating with respect to ‘𝑥’ 

                              3𝑥2 + 3𝑦2 𝑑𝑦

𝑑𝑥
+ 3 (𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 × 1) = 0 

                               3𝑥2 + 3𝑦2 𝑑𝑦

𝑑𝑥
+ 3𝑥

𝑑𝑦

𝑑𝑥
+ 3𝑦 = 0 
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𝑑𝑦

𝑑𝑥
(3𝑦2 + 3𝑥) = −3(𝑥2 + 𝑦) 

                                                          
𝑑𝑦

𝑑𝑥
=

−3(𝑥2+𝑦)

3(𝑦2+𝑥)
 

                                                         
𝑑𝑦

𝑑𝑥
=

−(𝑥2+𝑦)

(𝑦2+𝑥)
 

(1) ⇒  
𝑑𝑢

𝑑𝑥
= 1 + 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑦 −

𝑥

𝑦
(

𝑥2+𝑦

𝑦2+𝑥
) 

                                                

Exercise:  

 1. If  =  𝑠𝑖𝑛 (𝑥𝑦2) , where 𝑥 =  𝑙𝑜𝑔𝑡 , 𝑦 =  𝑒t   find 
𝑑𝑢

𝑑𝑡
           

  Ans : 𝑦2 (
1

𝑡2
+ 2𝑥) cos (𝑥𝑦2) 

 2. If  = 𝑥3𝑦2 + 𝑥2𝑦3 , where 𝑥 =  𝑎𝑡2 , 𝑦 =  2𝑎𝑡   find 
𝑑𝑢

𝑑𝑡
       

  Ans: 8𝑎5𝑡6(4𝑡 + 7) 

 3. If 𝑧 = 𝑥2 + 𝑦2 , where 𝑥 =  𝑡3 , 𝑦 =  1 + 𝑡2   find 
𝑑𝑧

𝑑𝑡
             

   Ans: 6𝑡5 + 4𝑡3 + 4𝑡 

 4. If 𝑢 = 𝑦4𝑥3𝑧2 , where 𝑥 =  𝑡2 , 𝑦 =  𝑡3 , 𝑧 =  𝑡4   find 
𝑑𝑢

𝑑𝑡
 

 5.   If z is a function of x and y and u and v are other two variables such that  

       u = ℓ𝑥 + 𝑚𝑦, v = ℓ𝑦 − 𝑚𝑥 prove that  
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
= (ℓ2 + 𝑚2) (

𝜕2𝑧

𝜕𝑢2
+

𝜕2𝑧

𝜕𝑣2) 

 6. Prove that  
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
=

𝜕2𝑧

𝜕𝑢2
+

𝜕2𝑧

𝜕𝑣2
 where 𝑥 = 𝑢𝑐𝑜𝑠𝛼 − 𝑣𝑠𝑖𝑛𝛼, 

      𝑦 = 𝑢𝑠𝑖𝑛𝛼 + 𝑣𝑐𝑜𝑠𝛼  

 7. If 𝑢 is a function of x and y where 𝑥 = 𝑒𝑟𝑐𝑜𝑠𝜃, 𝑦 = 𝑒𝑟𝑠𝑖𝑛𝜃 

      𝑥
𝜕𝑢

𝜕𝜃
+ 𝑦

𝜕𝑢

𝜕𝑟
= 𝑒2𝑟 𝜕𝑢

𝜕𝑦
 

 8. If 𝜑 is a function of 𝑢 and 𝑣 also 𝑥 and 𝑦 then 𝑢 = 𝑒x𝑠𝑖𝑛𝑦 and 𝑣 =  𝑒x𝑐𝑜𝑠𝑦  prove  

that 

  
𝜕2𝜑

𝜕𝑥2
+

𝜕2𝜑

𝜕𝑦2
= (𝑢2 + 𝑣2) (

𝜕2𝜑

𝜕𝑢2
+

𝜕2𝜑

𝜕𝑣2 ) 

 9. If 𝑔(𝑠, 𝑡)  =  𝑓(𝑠2 − 𝑡2, 𝑡2 − 𝑠2) show that 𝑡
𝜕𝑔

𝜕𝑠
+ 𝑠

𝜕𝑔

𝜕𝑡
= 0 
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10. If 𝑤 =  𝑓(𝑢, 𝑣) where u =  𝑥 + 𝑦 , 𝑣 =  𝑥 –  𝑦 then show that 
𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑦
= 2

𝜕𝑤

𝜕𝑢
 

11. If 𝑢 = 𝑓(𝑥2 + 2𝑦𝑧, 𝑦2 + 2𝑥𝑧) then prove that  

 (𝑦2 − 𝑧𝑥)
𝜕𝑢

𝜕𝑥
+ (𝑥2 − 𝑦𝑧)

𝜕𝑢

𝜕𝑦
+ (𝑧2 − 𝑥𝑦)

𝜕𝑢

𝜕𝑧
= 0 

12. Find 
𝑑𝑦

𝑑𝑥
 for the following: 

      a) (𝑐𝑜𝑠𝑥)𝑦 = (siny)𝑥                                                           Ans: 
−𝑦𝑡𝑎𝑛𝑥+𝑙𝑜𝑔𝑠𝑖𝑛𝑦

𝑙𝑜𝑔𝑐𝑜𝑠𝑥−𝑥𝑐𝑜𝑡𝑦
 

      b) 𝑥𝑦 = 𝑦𝑥                                                                            Ans: 
−𝑦𝑥𝑦−1+𝑦𝑥𝑙𝑜𝑔𝑦

𝑥𝑦𝑥−1−𝑥𝑦𝑙𝑜𝑔𝑥
 

      c) 3𝑥2 + 𝑥𝑦 − 𝑦2 + 4𝑥 − 2𝑦 + 1 = 0                               Ans: 
−(6𝑥+𝑦+4)

𝑥−2𝑦−2
 

      d) 𝑎𝑥2 + 𝑏𝑦2 + 2ℎ𝑥𝑦 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0                  Ans: 
−(2𝑎𝑥+2ℎ𝑦+2𝑔)

2𝑏𝑦+2ℎ𝑥+2𝑓
 

 


