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INNER PRODUCT
Definition: Let V be a vector space over a ficld F, An inner producton IV is a
function from V X V — F that assigns, to ever ordered pair of vectors x and y in
V', ascalar in F, denoted by (x, y) such that for all x, y,z € V and scalar a« € F
the following axioms hold:
I;:{(x,x) >01ifx #0

ILii{x+z,y) =(x,y)+ (2,¥)
I3:{ax,y) = a(x,y)

1,: (x,y) = (y, x), where the bar denotes the complex conjucation.

Note:

For real numbers i.e., F = R, the complex conjugate of a number is itself. Then
I3 reduces to
(x,y) = (¥, x)
Properties of inner product:
If V is an inner product space, then for x,y,z € VV and scalar a € F the
following statements are true.
(i) {x,0) = (0,x) = 0
(ii) (x,x) =0ifandonly if x = 0
(iii) (x, ay) = a(x, y)
(iv) (x,y + 2) = (%, ¥) + (x,2)
(V) (x,y) =(x,z) forall x e V, then y = z.
Proof:

(1) (0,x) =(0+0,x)
=(0,x)+(0,x)=0
~(x,0) =(0,x)=0=0

(i) (x,x) =0ifandonly ifx =0

Letx = 0. Then (x,x) = (0,0) =0

We know that (x,x) > 0ifx # 0
Obviously (x,x) = 0 ifand only if x = 0.
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(iii)
(x,ay) =(ay,x)

= a(y,x)

= a(y,x)

=a(x,y)
“Aax,y) =a(x,y) =(y+2zx)

(V)xy+2z) =y x)+(zx)+(x,2)

= (X,_'y + Z) = (X,y> + (X,Z)
(iv) (x,y+2)=(y +zx)
= x)+{(z,x)=(xy)+ (x2) - (x,y +2) =(x,y)+ (x,2)
(v) Assume (x,y) = (x,z)...(1), forall x e V

Consider (x,y —z) = (x,y)—(x,2)

= (x,y) — (x, y)[ From (iv)]
=0..(2)

Take x = y — z, we get,

(y—zy—-2z)=0
>y—z=0

S>y=z
If x # y, then from (2), we get

Eitherx =00ory—z =0

% Y = 7

Definition: Inner product space
A vector space endowed with a specific inner product is called product space.
Standard inner product of F™

Letx,y € F*. Thenx = (aq,ay,..,a,) andy = (by, by, ..., b,,). The inner
(x,y) = aiby + ayb, + -+ anby
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is called standard inner product on F™,
Standard inner product of R™
Let x,y € R™. Then x = (aq, a,, ...,a,) and y = (by, by, ..., b,). The inner

(x,y) = ayb; + a,b, + -+ a, b, is called standard inner product on R™.

3.1.1. PROBLEMS UNDER INNER PRODUCT SPACE

1. Letx = (aq,ay, ...,a,),y = (bq, by, ..., b,) € F*. Define inner product
(x,y) = a;b;y + a,b, + -+ + a,b,. Verify F* is an inner space.

Sol: Letx,y,zeVand a € F.

Letx = (aq, ay, ...,a,);y = (by, by, ..., b,) and z = (cq, ¢y, ..., Cy)

Given (x,y) = a;b; + a;b, + - + a, by,
Li:(x,x) >0ifx #0
(x,x) =a,a1 +aza, +- -+ a,a,

= las|?> + |az|? + - + |a,|* > 0 [+ a; # 0 for some i]
s{x,x) >01ifx#0

(x,x) =a a7 +aya; + -+ a,a,
= la;|* +laz|* + -+ lag|* > 0
S (,x)>0ifx #0
Li{x +z,y) = (x,y) +(z,y)
x+z=1(ayay, .., a,) +(c1,¢3 - ,¢cy) = (a; + c1,a3 +C3, ...,a, + Cp)
(x +zv) = (a; + c))b; + (ay + ¢;)by + -+ (a, + ¢,)b, = a,b; + a,b, +
o4 apby + c1by + by + -+ €2+ x, %)
= a1b; +ayb, + -+ a,b, + c1by + c3by + -+ by,
= (xy)+{z)
(x+2zy) =y +{zy)
I3: (ax,y) = a(x,y)
We have x = (aq, ay, ..., a,).
~ax = (aay,aa; + -+, aa,)(axy) = aa;by + aazb, + -+ + aayb,

= a(alb_l + aZb_Z + et ana) = a(x,y) (ax,y) = Cl(X,y)
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14: (x,y) = (y;x)(x;)’) = Cl1b_1 + aZb_Z + -t anE<xly>

= a,b; + ayb, + -+ apb, = a;b; + azb, + - + @, b,
= byl + by@; + + + bply = (1, %) = (x,¥) = (¥, %)
2. Consider the vector space R™. Prove that R™ is an inner product space
with inner product (x,y) = a;b; + a;b, + --- + a,,b,
where x = (a4, a,, ...,a,) and y = (b4, b,, ..., b,).
Sol: Letx,y,zeVanda € F.
Let x = (a4, ay, ..., a,);y = (by, by, ..., by) and z = (cq, Cy, .., Cp)
Given (x,y) = a;b; + a,b, + .-+ a, b,
Li:(x,x)>0ifx #0
(x,x) = aiaq +ayay; + -+ aya,
=a?+a%+--+a2>0][a; #0forsomei]
S (x)>0ifx#0
L:(x+2zy)=(xy)+{(z,y)x +z=(a,,ay,...,a,) + (c1,C3, ..., Cr)
=(ay +c,ay +cyy e,y +cp)(x 4+ 2,y)
= (ay + c1)by + (ay + c3)by + -+ + (a, + c,)by,
= a.by + ayby + -+ a,b, + ¢1by + c3b; + -+ + ¢ by,
=Yy +{zy)x+2,y) =(x,¥) + (2, ¥)]z: (ax, y) = a(x,y)
We have x = (aq, ay, ..., ay).

_ )(ax,y) = aa,b; + aazb; + -+ aayb; x,y)

ax = (aaq,aay, ..., aa, — alashy + ayb, + ) " a{x,y
=~ {ax,y) = a(x, y)

Iy (x,y) = (v, x)

(x,y) =a,;by + ayb, + -+ a, b,

(x,y) =a;b; +a,b, +--+a,b,
= a,b; + a,b, + -+ a, b,
= bya, + bya, + -+ b,a,

= (¥, x)

“6y) = (,x)
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Hence R™ is an inner product space.
3. Prove that R? is an inmer product space with an inner product defined
by (x,y) = a;b; — a;b; — a;b, + 2a,b, where x = (aq,a,); y = (bq, by).
Sol; Letx,y,z € R?and a € F
Lat x = (ay,a;);y = (by, by) and z = (cy, ¢3)
Given (x,y) = a;b; — ayby — a1b, + 2a,b,
Ii;{(x,x) >0ifx #0
(x,x) = a;a; — a,a; — a,a, + 2a,a, = a? — 2a,a, + 2as
= a? — 2a,a, + a5 + a3
=(a;—ay,)*+a3>0[va; #0ora, # 0]
S{,x)>0ifx #0
L {x + z,y) = (x,¥) + (z,y)x + z = (a1, a3) + (¢1,¢3)
=(ay +c,a, +c)){x+Z,y)
= (a; + ¢1)by — (az + )by — (ag + ¢1)b; + 2(a; + ¢;)b,
= a.by + ¢1by — ayby — c3by — a1by — c1by + 2a,b, + 2¢,b,
= a.by — ayb; — a1b; + 2a,b, + c1by — c3by — c1by + 2¢5b,
=Xyt (zy) - x+2y) = (x,y) +(2)

I3: (ax, y) = a(x, y)
We have x = (aq,a;)
~ax = (aaq,aa,)

(ax,y) = aa;by —aa,b; — aa;b, + 2aa,b,
= a(albl - a2b1 - albz + Zazbz)
= alx,y)

~A{ax,y) = a(x,y)
Iy {x, y) = (¥, x)
(x,y) = a1by —azby —aib; + 2a;,b,
(x,y) =a.b; —a,b; —a;b, + 2a,b,
= a,b; —ay,by — a;b, + 2a,b,
= b,a; — bya, — a,by + 2bya,
= (¥, x)
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4. Let V be the set of all real functions defined on the clo interval [0, 1]. The

inner product on V is defined by (f, g) = f_llf(t)g(t) Prove that V(R) is
an inner product space.
Sol:

Letf,gheVanda €F.

Hence R? is an inner product space with the given inner product.

1
Givend e j F(Og()dt
0
Li(f, f)> 0iff £ 0

1
Fn=| FOF @

1
- [ 1r@rde>o
1

S ) > 0if f % 0
Li(f +h g)={f,g9)+(hg)

1

(f +hg) =J [f () + h(D]g(t)dt

-1

1 1
- j f(t)g(t))dt+ j h(©)g(D)de
) s

=(f,9) +(h, g)

“Af +hg)=(f,9)+(hg)
I3:{af, g) = a{f, 9)

1
(af,g) = f (@Ot
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ot IRICTIOL

= a(f,9)
~A{(af,9) = alf,9)
Ly:{f,9) =49, )

1
9= | rog@a
L
T = F©Og@
1
- O

1
=f _a@r e

=49, /)
~(f,9) =49, 1)

Therefore V(R) is an inner product space.
5. Let H be the vector space of all continuous complex value functions on

[0, 1]. Show that V is a complex inner product space with is product

(f.9)==J, F(DgDat.
Sol:
Letf,gheVanda€F.

1 1
Given (f, 9 = 5 fo F(Og(O)dt

Li{f,f) > 0if f # 0
(f,f)>0forf 0

— 1 1 —d
(f,f)—gfof(t)f(t) t

=— [, If®©)2dt >0
~(f,f)>0iff+0
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1 _
Li(f +hg) = (f,9) + (. g)f +h.g) = 5= f, (f + (D9t
1 4 —
= %fo = [f (@) +h(®]g®)dt
1 1 —_— 1 1 —
- %fo f(®)gDdt + %fo h(®)g®)dt = (f,g) + (h, g)
~Af +h g)=(f,9) +(hg)Ms:(af,g) = a(f,g)Xaf,g)
1 1 _— 1 1 —
= 5—-Jo @9t = a— [, f(Dg(D)dt = alf, g)
~(af,g) = alf,gMs: (f, 9) = (9. f)(f. 9)

1 1 e
= [ FOFOET, 5) = 5- [, FOFD1e

Therefore IV (C) is an inner product space.

3.1.2. NORM OF A VECTOR
Definition
Let IV be an inner product space and let x € V then norm or length of x is || x ||

and is defined by |l x II= /{x, x)

9. Find the norm of the following vectors in V3 (R) with, inner product:

(0)(1,1,1),(b)(1,2,3),(c)(3,—4,0),(d)(4x + 5y) where x =

(1,-1,0)andy =(1,2,3)

Sol:

Let x=(ai,az, az) ; y=(b1, by, b3) € V3 (R)
Thestandardinnerproductspaceis

(x,y) ={x,y) = a;by + ayb, + azb;
“(xx)=a?+di+dd

(@)Let x = (1,1,1)
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Ix 1% = (x,x)
=12+1%2+12
=3

>lxll =+3

(b) Let x = (1,2,3)

Ilx 12 = (x,x)
=12 +22+ 3%
=14

Slxll =14

(c) Let x = (3,—4,0)

IS =" 1) - 0
=9+ 16
=25
>lxll =5
(d) Letu = 4x + 5y
= 4(1,-1,0) + 5(1,2,3)
= (4,—4,0) + (5,10,15)
= (9,6,15)
lul? = (uu)
=92 4+ 62 + 152
= 342
Slull =342

10. Find the norm of the following vectors in Euclidean space R3with

standard inner product (a)u = (2,1,-1), (b)v = Gg —i)
Sol:
(@) Letu = (2,1,—-1)

|l ull?= 2% + 12 + (—1)?

=6

I li= V6
1 2 1
(o) Letv =(5.5.—7)

I v I?= 6% + 8% + (=3)?
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=109

I v lI=v109
11. Find the norm of the following vectors in F3 with standard inner
product: x = (1 +1,2,i),y = (3i,2+3i,4).Find@ lx I, ()l y I, (c) |
x+y ll, (d){x,y)
Sol: Letx,y,z € F3
Let x = (aq,a,,a3);y = (by, by, b3)

(x,y) = a;by + azb, + a3b_3

(x,x) = |a1|2 + |az|2 + |Cl3|2
(@) x> = (xx)
Then = |1+ i]*+|2)* + |i]?
Sol: =12+ 1%+ 2% + 12
=\
lxll =v7

®) Iy I =y
= |3i]* + |2 + 3i|* + |4/|?
=32 +22+3% 447
=9+4+4+9+ 16
= 38

lyll =+v38
O©Ox+y =Q+1i210)+@3i2+3i,4)

= (1+4i,4+3i,4+10)

lx+yI? =|1+4i]>+|4+3i]*>+ |4 +i|?
=1°+4°+4° + 3> +42 +1°
=59

lx+yl = /59

d) (x,y) =(1+1i7210),3i 2+ 3i4))
= (1+)(3i) + 2(2 + 3i) + i4
=14+ )(=3i)+2(2—30)+4i
=—-3i+3+4—-6i+4i
=7—-5i
12. Let V be an vector space of polynomials with the inner product given by

(f.g) = [, OGOt Let () = t + 2 and g(£) = £2 — 2t — 3 find (i)
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(f,g) () 1L £ 1.
Sol:
1
Lettf,9) = [ g
01
(i) = f (t + 2)(t%2 — 2t — 3)dt
0
1
=J (t3 —2t% — 3t + 2t?> — 4t — 6)dt
0
1
= j (t3 -7t —6)dt
1(:)4 7t2 3
= [Z‘T_ 6t]0
T
B
¥
U4
ii)
I£1% =(f.f)
1
- jo [F(O1de
1
=J (t + 2)2dt
0

1
=J (t? + 4t + 4)dt
0

3 4¢2 1
==+t at
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13. For any non-zero vector, x € V. prove that y = ""7" Is a vector such that

Iy ll= 1.
Sol: Consider
Y T x 0
1 1 ( )
= : X, X
o I x|
Gy = — x|
) = X
>y I x 12
lyl? =1
Iyl =1

Theorem 3.1: In an inner product space V,
Mlxl=0and |l xlI=0ifandonly ifx =0
(i) I ax = |a]|]|x]||
Proof:
(i)

Il x = /(x, x)

Il x II?= (x,x) = 0
Il x I?=0

Il x =0
Also (x,x) = 0ifandonly if x = 0
Therefore || x I?= 0 ifand only if x = 0

(i)
lax I? = (ax,ax)
= a(x, ax)
= aa(x, x)
= la|® Il x |I?
lax |l =a|llxI

Theorem 3.2: [Schwarz's inequality]
For any two vectors x and y in an inner product space V,

K, YY) <l x 1l yll
Proof:



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Ifx =0, then || x |[= 0.
Sy I=0... (1)
Also (x,y) =(0,y) =0
~ Gy = 0. (2).
From (1) and (2)
[, v =1 Ny |l
So the result is true.

Letx 0. Then|l x ||I> 0

il e
Therefore 12 positive number

Consider the vector

_ , o7

IRARTTIE

B (¥, x) (¥, x)
w, w) _<y_uxuf“y_nxu20

_ 00\ (X x)  (yx)
_Wy*wyumﬁv ) e e

_ 2 Inner Product ~ {yx) (¥, xKy.x)
=l e ) e ) e %)
Cyy

B (3 B A ) 241
llx 1% llx1|% llxil*
ly - [ )2 o ? | K p)I? [+ 22 = |2]?]
Il x 112 I x 112 I x 112
|(x, y)I?
w, W) =l y IIP= ———-
(v W) =y =5
|(x, )17
2 >0
Iy W= 2

I x 1121y 12— |{x,y)|> = 0
I x 1121y 122 [{x, y)12 1K v)12 <IEx 120y 1
ey I x Nyl
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Theorem 3.3: [Triangle inequality]
For any two vectors x and y in an inner product space V,
lx+yl<ilxll+lyl.
Proof:
Using the norm of vectors we have
lx+y 1?7 =(x+yx+y)

=(x,x) + (x,y) + (y,x) + (¥, )
=l x I1*+ (x,y) + (x, y)+1 y II?
=]l x II?+ 2Re(x, y)+ll ¥ I [ z + Z = 2Re(2)]
<l x 1174+ 2|, y)|+1 y I* [+ Re(z) < |z|]
<l x 12+ 2 Il x Il y | +1I y II* [ By Shwarz's inequivality ]

< (lxll +Il ylD2

lx+y 12 <UlxIl+Ilyl)?
lx+yll <lxIl+Iyl

Theorem 3.4 : [Parallelogram law]

For any two vectors x and y in an inner product space V,

Il x+y I +1l x —y II?= 2(ll x II* +1l y 1I*). What does this equation state
about parallelograms in R? ?

Proof:

Ix+yl? =&+y,x+y)

=(x,x) + (x,y) + (¥, x) + (v, )
=l x 124+ (x,y) + %, y+1Il y II?
= x 124+ 2Re(x, y)+1l y II? ... (1)

and
lx—ylI? ={(x—yx—y)
= (x,x) — (,¥) = (¥, x) + (¥, ¥)

=l x 1= [{x,y) + (x, »)]+1l y II?
=|l x = 2Re{(x, y)+l y I1* ...(2)

W+@)=
ITx+y > +lx—=yI*P=2Ux 1>+ 21y I*) ...(3)
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Let 0ABC be a parallelogram with sides of length 04 =|| x || and OC =]l y Il in
R?. Therefore the length of the hypotenuses of 0ABC are AC =|| x + y |l and
OB=Ix—yl

(3) = 0B? + AC? = 0A% + AB* + BC? + CA?[+ |0A| = |BC|,|AB| = |CO|]
Therefore sum of the squares of the two diagonals is equal to the sum of squares

of four sides.



