ROHINI COLLEGE OF ENGINNERING AND TECHNOLOGY

UNIT-IV

FOURIER TRANSFORMS

Fourier sine and cosine transforms:

Fourier sine Transform
We know that the Fourier sine integral is

2 o0 o0
fix)= — [ sinix. | f(t) sinAt dt.d.
T 0 0

Replacing A by s, we get
2 o0 o0
f(x)= — [ sinsx. [ f(t) sinst dt. ds.
0 0

T

It follows that if

Fo(s) = @2/ m) [ f(t) sinst dt..
0

e, Fs) = V(2/n) fo;(x) sinsx dx. (1)
0

then f(x) = V(2/7) was(s) sinsx_ds. (2)
0
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The function Fs(s), as defined by (1), is known as the Fourier sine transform of f(x).
Also the function f(x), as given by (2),is called the Inverse Fourier sine transform of
Fs(S) .

Fourier cosine transform

Similarly, it follows from the Fourier cosine integral

2 » o
fx)= —— | cosAx. | f(t) cosit dt.d.
T 0 0
that if Fe(s) = V@2/n) | f?ox) cossx dx. (3)
0
then  f(x) = \(2/n) fooFc(s) cossx ds. (4)
0

The function F¢(s), as defined by (3), is known as the Fourier cosine transform of
f(x). Also the function f(x), as given by (4),is called the Inverse Fourier cosine
transform of F(s) .

Properties of Fourier sine and cosine Transforms

If Fs(s) and Fc(s)are the Fourier sine and cosine transforms of f(x) respectively, the
following properties and identities are true.

(1) Linearity property
Fs[af(x) +bg(x) ] =aFs{f(x) }+ b F{g(x)}.

and Fclaf(x)+bg(x)]=aF{f(x)}+bF{g(x)}
(2) Change of scale property

Fs[f(ax) ] = (1/a) Fs[s/al.
and  Fc[f(ax)]=(1/a) Fc[s/a].
(3) Modulation Theorem
i Fs[f(x)sinax]=(1/2) [ Fc (s-a) - Fc (s+a)].

i. Fs[ f(x) cosax ] =(1/2) [ Fs (s+a) + Fs (s-a)].
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ii. Fe[ f(x) cosax]=(1/2) [ Fc (s+a) + Fc (s-a) ].

iii.  Fc[f(x)sinax] =(1/2) [ Fs(s+a) - Fs (s-a) .

Proof
The Fourier sine transform of f(x)sinax is given by

Fo[ f(x) sinax ] =V(2/ ) foo(f(x) sinax) sinsx dx.
0

= (1/2) N2/ )] ?(x) [cos(s-a)x —cos(s+a)x] dx.
0
=(1/2) [ Fc (s-a) = Fc (s+a) ].

Similarly, we can prove the results (ii), (iii) & (iv).

(4) Parseval’s identity

[o'e} 0

[ Fels) Gels) ds = | f(x)g(x)dx .
0 0

0 o0

| Fsls) Gs(s) ds = | f(x) g(x) dx .
0 0

0

f

0

F) R dse | |2 o .
0

I 1 Fufs) Pds = Ioo|f(x)2dx.
0 0

Proof

[ee]

[ Fe(s)Ge(s) ds =] I::(S) N2/ 7) [ glt) :osst dt] ds
0 0 0

= Ioog(t) N2/ )| Fjs) cosst ds] dt
0 0

0

= | g(t) f(t) dt
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o0

ie., TFC(S) Ge(s) ds = | f(x) g(x) dx .
0 0

Similarly, we can prove the second identity and the other identities follow by settingg(x) =
f(x) in the first identity.

Property (5)
If Fs(s) and Fc(s) are the Fourier sine and cosine transforms of f(x) respectively, then
d
(i) Fs{ x f(x) } =- — F(s) .
ds
d
(i) F{xf(x)} =- — Fqs) .
ds

Proof
The Fourier cosine transform of f(x),

ie., F(s) = V(2/m) | f(x) cossx dx.
0
Differentiating w.r.t s, we get

d o0
— [Fe(s)] = N2/ 7) | f(x) f=xsinsx } dx.ds

-N(2/ ) .[(O)i f(x)) sin sx dx.
0

T Fs{x f(X)}

d
i.e., Fx f(x)} = -—— {Fs)}
ds

Similarly, we can prove
d
F{x f(x)} = - —— {Fs) }ds
Example 8

Find the Fourier sine and cosine transforms of e and hence deduce the inversionformula.
The Fourier sine transform of f(x) is given by

F{f(x)} = V(2/m) | f(x)O:insx dx.
0
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o0

Now , F{e®} = V(2/n) | e™sinsx dx.
0
e (- asinsx —s cossx)
= \(2/ n)
a2 +¢2
0
s
= V(2/ n) ,if a>0
a?+s?
The Fourier cosine transform of f(x) is given by
F{f(x)} = V(2/7) | f(x) cossx dx.
0
Now , F{e*} = \/(2/ ) | e cossx dx.
0
e® (- acossx + S sinsx)
= N(2/ n)
al+s? 0
a
= \(2/ n) ,if @>0
a’+s?
Example 9
X, for O<x<1
Find the Fourier cosine transform of f(x) = 2 —x, forl<x<2
0, forx>2
The Fourier cosine transform of f(x),
1 2
i.e., Fe{f(x)}= V(2/ ™ | xcossx dx.+(2/ np [(2- x)cossx dx.
1 sinsx 2 sinsx
= \@2/n) | x d +A@2/n) [(2-x%) d
[ S ' S
sinsx COSSX 0
= N@2/n)  x - 1) - 3 2
S S cossx
sinsx
+@2/m) (2-x%) - (-1 + -
S s*
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sins
=(2/ n) {— +

€os2s
+ - -
SZ

Example 10
Find the Fourier sine transform of e* .|H|ence show that

m>0.
The Fourier sine transform of f(x) is given by

Fo{f(x)} = N2/ 7) | f(x) Osoinsx dx.
0

= \(2/ 7) fwe"‘ sinsx dx.
0

COsSsS

sins

cos2s

SZ

f

X sinmx

1+x?

e™ ( -sinsx — s cossx)
= N(2/ m) {

1452

S
=V2/n)_

1+s?

Using inversion formula for Fourier sine transforms, we get

®© S
N@2/7) N2/ ) } sin sx ds.
0

1+s2

Replacing x by m,

» - Ssinms
e™=(2/7) f — ds

0 1+SZ

w X sinmx
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=(2/n) | ——— dx
0 1 + X2
» X Ssinmx me™m
Hence, [ ————— dx =
0 1+x2 2
Example 11
X
Find the Fourier sine transform of and the Fourier cosine transform of
aZ+X2
X
To find the Fourier sine transform of ,
aZ+x?
We have to find Fs{e®}.
Consider, Fs{e™} = \/(2/ ) [ e sinsx dx.
0
s
= \(2/n)

a’+s?

Using inversion formula for Fourier sine transforms, we get

0 S
e =4(2/n) | 2/ sinsx ds.
0 a’+s?
% S Sinsx e ™
i.e., A N, ,a>0
0
s? + 32 2
Changing x by s, we get
w X Sinsx me?
g —=dx's (1)
X%+ a’ 2
X - X
Now Fs =N2/n) | sinsx dx
2 + 22 0 VAR
ne-as
=\(2/ n) , using (1)
2
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= (n/2) e

Similarly,for finding the Fourier cosine transform of

, we have to findF{e™®}.

0

Consider, F{e®} = \/(2/ ) [ e cossx dx.
0
a
= (2/n)
a’+s’

Using inversion formula for Fourier cosine transforms, we get

®© d
e =AN2/n) | N@2/n) cossx ds.
s a2 +s?
%  COSSX e
ie., f——— ds =
0 52432 2a
Changing x by s, we get
w  COSSX ne®
[ —————"dx = (2)
O x*+a? 2a
1 © 1
Now, Fe = V2/n) | cossx dx
e o  x+a’
ﬂ:e—as
=~(2/ 1) , using (2)
2a
e—as
=\(n/2) —
a
Example 12
22
Find the Fourier cosine transform of e®* and hence evaluate the Fourier sine transform
22
of xe? X

22
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The Fourier cosine transform of e® * is given by

& )
uassﬂvs OPTIMIZE OUT gpREAY

W
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d
But, Fo{x f(x)} = - —— Fe(s)
ds
2 2 d 1 2 2
Fs{xe’a x} - _ - e-s/4a ,by(1)
ds a\2
1 2 2
= - es/%(-s/2a%.a
\2
S 2 2
- e-s/4a .
242. a3

Fe[1/Vx]= 1/7s
and Fo[1/Vx]=1/s

This shows that 1/ VX is self-reciprocal.
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