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BUCKINGHAM Pl THEOREM - DIMENSIONLESS PARAMETERS -
SIMILITUDE AND MODEL STUDIES DISTORTED AND UNDISTORTED
MODEL

If the number of variables involved in a physical phenomenon are known, then the
relation among the variables can be determined by the following two methods.
* Reyleigh’s method
* Buckingham’s Pi-theorem

Reyleigh’s method

This method is used for determining the expression for a variable which depends upon
maximum three or four variables only. If the number of independent variables is more
than five then it becomes difficult to find expression for dependent variable.

Eet X, X5, Xy —————==— X ,are the variables imvolved in a physical problem. Let X, be the
dependent variable and X, X ———————— X are independent variable upon which X, depends.

X, =/lX,, X;———————- X,)

Le fi(X, X Xy———————— X,)=0- - —- (i)

Buckingham’s Pi-theorem

If there are n variables (independent and dependent) in a physical phenomenon and these
variables contain m fundamental dimensions (M,L,T) then the variables are arranged into

(n-m) dimensionless terms. Each term is called = term.

Let X, X0 X3 ———————— Xn, , are the variables involved in a physical problem. Let
X1 be the dependent variable and X;, X — — - — - — — — Xn , are independent variable
upon which X; depends.

X1__f|:_‘t'1,X.~ ________ X.u}

Le (X, XX, ———————— X )=0 e (i)

Equation (i) is dimensionally homogeneous equation. It contains n variables. If there are
m fundamental dimensions then according to Buckingham’ © — Theorem, eqn.(i) can be
written in terms of number of dimensionless groups or © — terms in which number of © —
terms is equal to (n-m). Hence eqgn.(i) becomes

Sl my, my———————— T, )=0 - ] ) e (i)
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Each = term is dimensionless and independent of the system. Division or multiplication
by a constant does not change the character of the = — term. Each © — term contains m+1
variables, where m is number of fundamental dimensions and is also called repeating
variables. Let in the above case X,, X; ,X4 are repeating variables if fundamental
dimension m (M, L, T) = 3 then each &t — term is written as

=X, XXX,
=X, XXX

F L 1 1

roily - I, o
T :_"11-:|_'51..1I:X':\.

R—ml P L 1

= X, - - (i)

Each term is solved by the principle of dimensional homogeneity and values of a; ,b; ,c;
etc are obtained. These values are substituted in the eqn. (iii) and values of m; T, m3— —
————— T n-m,, are obtained. These values are substituted in eqn. (ii). The final equation
for the phenomenon is obtained by expressing any one of the m — terms as a function of
others as

Method of selecting repeating variable:

1. As far as possible dependent variable should not be selected as repeating variable.

2. Repeating variables should be selected in such a way that one variable contains
geometric property (such as length |, diameter d, height H etc), other variable contains
flow properties (such as velocity, acceleration etc.) and the third variable contains fluid
properties (such as viscosity, density etc)

3. Selected repeating variable should not form dimensionless group.

4. Repeating variables together must have same number of fundamental dimensions.

5. No two repeating variables should have the same dimension. For most of the
fluidmechanics problems the choice for the repeating variable may be

(i) dyy .p (ii) Ly ,p (iii) Ly ,u (iv) d,y ,p

PROBLEM 1: A partially submerged body is towed in water. The resistance R to its
motion depends on the density p , viscosity u of water, length L of the body, velocity V
of the body and acceleration g due to gravity. Show that the resistance to the motion can

be expressed in the form of
_ 2 u ""H]
R=pLVg |:(pVL} [vl. }

Soln. The resistance R depends on p,u,L,V, g

Al 3303, Fluid mechanics and pumps



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

R=Kp".p" .. v'. ¢ (i)

Substituting the dimensions on both sides of the equation (i),
MLT ? = KIML™Y . (ML'T Y L (LT Y (LT ™F

Equating the powers of M, L, T on both sides

Power of M, l=a+ b
Power of L, l==3a-b+c+d+e
Power of T, —2=-b-d=-2e.

There are 5 unknowns and 3 equations. Expressing the three unknowns in terms of two
unknowns (u and g) . Hence express a, ¢ and d in terms of b and e. Solving we get

a=1-~#b

d=2—-b-2¢

c=l+3a+b-d-e=14+3(1-b)+b—-(2-b-2e)-¢
=143-3b+b-24+b+2e—e=2—-b+e

Substituting these values in equation (i), we get

R=Kpl-h.“,!].£2 b—FHLvazt’_gf
=Kpl> . V. (p Wit vl (L v L g

PROBLEM 2: The resisting force R of a supersonic plane during flight can be
considered as dependent upon the length of the aircraft L, velocity V, air viscosity p, air
density , and bulk modulus of air k. Express the functional relationship between the
variables and the resisting force.

Solution. The resisting force R depends upon
(1) density, [, (i) wvelocity, V,
(1if) wviscosity, [, (iv) density, p,
{(v) Bulk modulus, K.

R=AI" V. p. p* . K* (i)

Substituting the dimensions on both sides of the equation (i),
MLT? = AL" (LT " . (ML'T " . (ML . (ML'T %

Equating the powers of M, L, T on both sides,

Power of M, l=c+d+e
Power of L, l=a+b-c-3d-¢
Power of T, —2==bh=¢=2e,
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There are five unknowns but equations are only three. Expressing the three unknowns in terms of
two unknowns (i and K).

Express the values of a, b and d in terms of ¢ and e.
Solving, d=1-c-e
b=2-c¢c-2e
a=l-b+c+3d+e=1-2-c-2e)+c+3(l-c—-e)+e
l1-24+c+2e+c+3-3c-3e+e=2-c.

Substituting these values in (i), we get
R=A [2—( : VZ—(‘—zt’ X M(‘ . pl—(‘—t" . K('

=AP .V p ViR p ). (VL pt K9

) - L s K P
=ALVe (PVL] '(lﬂ”z]

PROBLEM 3:Using Buckingham’  — Theorem show that velocity through circular
orifice is given by

v =J2gH ¢(%L}

pVH

where H is head causing flow, D is diameter of the orifice, p is coefficient viscosity, p

Solution. Given :
Vis a function of H, D, |\, p and g

V=f(H1. D+ I-In Fh g}urfl {vi H* D*I""" phg]: U
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s mass density and g is acceleration due to gravity

.~ Total number of variable, n =6 wel 1)
Writing dimension of each variable, we have
V=Ll H=L D=L pu=ML'T ', p=ML> g=LT"
Thus number of fundamental dimensions, m = 3
. Number of m-terms =n-m=6-3=3.
Equation () can be written as f, (7, ®,, T3) = 0 ()
Each mt-term contains m + 1 variables, where m = 3 and is also equal to repeating variables. Here V

is a dependent variable and hence should not be selected as repeating variable. Choosing H, g, p as
repeating variable, we get three n-terms as

m,o= HY g pf .V

n,=H" .g" p%.D

m, = HY . g™ . p% .
First m-term m, = HY . gh . pt.V
Substituting dimensions on both sides

ML T = 1 L Hh L MT O (LTt h
Equating the powers of M, L, T on both sides,

Power of M, 0=c, s~ =0
Power of L, O=a,+b,-3c¢c,+1, a,:-b,+3cl-1=—l-_]=_:;.
Power of T, 0=-2b,-1, b, =_%

Substituting the values of @, b, and ¢, in 7,

m, = HYg*. p’. V= —

JeH
Second T-term n,=H?.g" . p*. D

Substituting the dimensions on both sides,
MLOT" = L% (LT3 (ML . L
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Equating the powers of M, L, T,

Power of M, 0=rc, : c,=10
Power of L, 0=a,+b, —1f2+1 a, =—by+3c,-1=-1
Power of T, 0=-2b,, by, =0

Substituting the values of a,, b,, ¢, in T,

n2=H".g°p0.D=£

=
Third w-term M, = H® . g™ . p= .
Substituting the dimensions on both sides
ML'T" = L% (LT . (ML) ML'T™!
Equating the powers of M, L, T on both sides
Power of M, O=cy+1, Soc3=—1
Power of L, O=a3+b3-3c3-1, . a3=-by+3c;+1 =%—3+ 1 =—%
Power of T, ==2by-1, b3=—%
Substituting the values of ay, by and ¢4 in Ty,
o= g2 2 =+
3 8 p .M 7D Q/S_
= = [Multiply and Divide by V]
Hp ./jgH HpV ,gH

B - S A
Hpv ! o !

Substituting the values of m;, @, and 1, in equation (if),

S V__.2  *
f'( oH H Hpv]"ﬂ“IJg_H"‘P[H’“] HpV]

or V=,2gH ¢[H ij| Ans.

Multiplying by a constant does not change the character of n-terms.

Al 3303, Fluid mechanics and pumps



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

MODEL STUDIES

Model: Model is the small scale replica of the actual structure or machine. It is not
necessary that models should be smaller than the prototypes (although in most of the
cases it is), they may be larger than the prototypes.

Prototype: The actual structure or machine

Model analysis: Model analysis is the study of models of actual machine.
Advantages:

* The performance of the machine can be easily predicted, in advance.

» With the help of dimensional analysis, a relationship between the variables influencing
a flow problem in terms of dimensional parameters is obtained. This relationship helps
in conducting tests on the model.

* The merits of alternative designs can be predicted with the help of model testing. The
most economical and safe design may be, finally, adopted.

Type of forces acting in the moving fluid

Inertial force: it is equal to the mass and acceleration of the moving fluid.

F, = pAV”

Viscous force: it is equal to the shear stress due to viscosity and surface area of the
flow.It present in the flow problems where viscosity is having an important role to play.

it L
F =1TA = — A = — A
N #dy ﬂd

Gravity force: product of mass and acceleration due to gravity.
F; =pALg
Pressure force: product of pressure intensity and flow area.

F = pA

P
Surface tension force: product of surface tension and the length of the surface of the

flowing fluid.
F.=od

Ry

Elastic force: product of elastic stress and area of the flow.
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F, = Elastic stress X Area = KA

Classification of model

* Undistorted models: are those models which are geometrically similar to their prototype.
In other words the scale ratio for the linear dimensions of the model and itsprototype are
the same.

* Distorted models: are those models which are geometrically not similar to its prototype.
In other words the scale ratio for the linear dimensions of the model and itsprototype are
not same.

For example river: If the horizontal and vertical scale ratios for the model and the
prototype are same then it is undistorted model. In this case the depth of the water in the
model becomes very small which may not be measured accurately.

Thus for cases distorted model is useful.
The followings are the advantages of distorted models

v The vertical dimension of the model can be accurately measured
v" The cost of the model can be reduced
v" Turbulent flow in the model can be maintained

Though there are some advantage of distorted models, however the results of suchmodels cannot be directly
transferred to prototype
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