5.4 FORMATION OF DIFFERENCE
EQUATION & SOLUTION OF DIFFERENCE
EQUATION

Derive the difference equation fromu, = a+b3"
Solution: u, =a+b3" ————(1)
Replace nbyn+1in (1)
u,, =a+h3"
u,, =a+303" ————(2)
Replace nbyn+2 in (1)
U, =a+hb3"?
u,,=a+9%3" ——-——(3)
From (1), (2) and (3)

u 11

1 3=0

n+2 19
u,(9-3)-1(3u,,, —9,.,) + (U, —U,,,) =0
6u, —3u,,, +9U,,) +U,,; — U, , =0
-4u,.,+10u,,,+6u, =0
+(-2) =|2u,,,-5u,,-3u,=0

u

n+1

u

3. | Form the difference equationy, = Cos(%rj

Solution:
Given y, :cos(%[j -——
Replace nbyn+1in (1)
(n+1)7rj (ﬂ' nﬂj . (n;z}
= CO0S =C0S| —+— |=-8Sin| — | ————(2
yn+1 ( 2 2 2 2 ( )

Replace nbyn+2 in(1)

(n+2)z 2r  nx
Y., = C0S| ~—7~ | =cos| —+—
2 2 2

Voo = COS(ﬂ' + n—ﬂ-j =— COS(n—ﬂ-j
n+2 2 2

yn+2 = _yn from (1)
= yn+2 + yn = 0

Solutions of difference equation using Z-Transforms.
1. Z[y,]=Z[y(n)]=y(2)




2. Z[Yra] =Z[y(n+1)] = 29(2) - 2y(0)
3. Z[ Vo] = Z[Y(n+2)] = Z2y(2) - Z°y(0) - 2y(D)
4. Z[Yn.5]=Z[Y(n+3)]=Z’y(2) - Zy(0) - Z°y(D) - 2y(2)

1. | Solve using Z-transforms technique the differencequation vy, , +4y,., + 3y, =3"with

Yo =0y, =1.
Solution;

yn+2 + 4'yn+1 + 3yn = 3“ .
Taking Z-transform on both sides

Z[ Yo )+ 4Z [ Yoa]+32[¥,]=Z[3"]
[Zy@-290) - 0]+ 4[5(2) - 2] +3y(2) =~
Given y,=y(0)=0,y, = y(1) =1

2°y(2) - z+4zy(2) + 3y(2) :z—fS

(ZZ +4z+3)y(2) =% 47
z-3

(2 +4z+3)y(2) _z+Z7-32
z-3
?-2z
(z-3)(Z° +4z+3)
z(z-2)
(z-3)(z+1)(z+3)
By Partial Fraction,

¥(2) =

¥(2) =

@__  (2-2)
v T3 (e (z+9) @
Now (2_2) = A B ¢

(z-3)(z+1)(2+3) (2-3) (z+1) (z+3)
z—2=A(z+1)(z+3)+B(z-3)(z+3)+C(z+1)(z-3)

Putz=3 = 1=24A :>A:i
24
3
Put z=-1 = -3=-8B :>B:§
-5

Putz=-3 =-5=12C =C-=

(z-2) _1/24  3/8 -5/12

(2-3)(z+1)(z+3) (z-3) (z+1) (2+3)
y(2) 1/24 3/8  -5/12

= z _(2—3)+(z+1)+(z+3)

(z)—i z +§ z 5 z

y 24(z-3) 8(z+1) 12(z+3)

Taking Z* on both sides

O Pl e P
24 z-3] 8 z+1] 12 z+3




1 n 3 n 5 n .71 i _
yn) ==, @+ (0"~ (=3) A { }—a

Solve y:2 — 3yn1— 10w =0, giveny =1,y = 0.
Solution:
Yoz — 3yn+l _1Oyn =0.
Taking Z-transform on both sides

Z[yn+2]_3z[yn+1]_1oz[yn] = Z[O]

[ Zy(2)- 2 y(0) - zy(1) | - 3[ ¥(2) - 2y(0)] - 10y(2) = O
Given y, =y(0) =1y, =y(1)=0

2°y(2) - 7* - 3zy(2) + 3z-10y(2) =0

(22 -32-10)y(2) = 2* -3z

y(z)zi
(22—32—10)
_2(z-3)

D)= D) (z-5)

By Partial Fraction,

yo_ (z-3

2~ (2+2)(2=5) D
(z-3) A B

Now =

(2+2)(z-5) (z+2) (2-9)
z-3=A(z-5)+B(z+2)
Put z=-2 = -5=-7A :Azg
Putz=5 :>2:7B:>B:%

2 z-5

y(z)—§i+gi
7z+2 7z-5

Taking Z'* on both sides

R ENCTES

5 2 z
n=—(-2)"-=5" w27 —|=a"
y(n) =2 (-2)" -2 L_J
Solve the equation y(n+3)—-3y(n+1) +2y(n)=0 given thaty(0)=4, y() =0 and
y(2) =8.
Solution:

Z[y(n+3)]-3Z[y(n+1)]+2Z[y(n)]=Z[0]

[ 2y(2) - 2y(0) - 2 y() - 2/(2) | - 3[ 2¥(2) - 2y(0) ] + 2y(2) = O
Giventhat y(0) =4, y(1) =0




2’y(z)-42° -8z-3zy(2) +12z+2y(2) =0
[23 ~3z+ 2] y(2) =47° -4z

47° -4z

2-3z+2
4z(7° -1)

(z-1)?*(z+2)

425’7/?(”1) .ca®—b® = (a+b)(a—b)
(z-D*"(z+2)

4z(z+1)
Y= e 2)
By Partia Fraction
y(z2)  4(z+))
z  (z-1)(z+2)

4z+1) A N B
(z-D(z+2) S z-1 z+2
4(z+1)=A(z+2)+B(z-1)

Put z=1= 8=3A= Azg

y(2) =

¥(2) =

y(2) =

Putz=-2—=-4=-3B= B=

y(z) 8/3+ 4/3
z z-1 z+2

S A

_8,4 o Pt A
y(n)_3+3( 2) - Z { } a

Using Z-transform solve y(n) + 3y(n—-1)—-4y(n—-2) =0,n> 2 given that
y(0) =3and y(1) =-2

Solution:

Given y(n)+3y(n-1)-4y(n-2)=0,n>2

Replacen by n+ 2, weget
y(n+2)+3y(n+1)—-4y(n)=0

Taking Z transforms on both sides
Z[y(n+2)]+3Z[y(n+1)]-4Z[y(n)]=Z[0]

[ Z2y(2) - 2°y(0) - zy(1) |+ 3[ 2y(2) - 2y(0)] - 4y(2) = O
Giventhat y(0) =3and y() = -2

[zzy(z) -37 + 22] +3[2y(2)-3z]-4y(2)=0

[22 +3z—4] y(2)-3z2°+2z-92=0

[22 +3z—4] y(2) =32° + 7z

y(z):ﬂ
Z+3z-4
By Partia Fraction
y(z)  3z+7  3z+7
z  Z2+3z-4 (z+4)(z-1)




3z+7 A . B
"(z+4)(z-1) z+4 z-1
3z+7=A(z-1)+B(z+4)
Put z=1=10=5B = B=2
Put z=—4—= -5=-5A= A=1
y(2) 1 2
z :z+4+z—1

z z
)=—+2——
¥(2) z+4 z-1

Z'[y(2)]=2" [?24} 42771 [i}

z-1

y(N) = (=4)" + 2()" = 2+ (<4)" ozt [i} —a"
Z—a

Solve using Z-transforms technique the differenceqaiation u,,, + 6u,,, +9u, = 2" with
u,=u,=0.
Solution:
u,.,+6u,,+9u, =2"
Assume u=y
Yoo+ 6Yna +9Y, =2" Yo =¥ =0
Taking Z-transform on both sides

Z[Yoin |+ 6Z[ Y]+ 92[ Y, ] = Z[Zn]

[2y(@)~2y(0) - (D) |+ 6[(2) - (0)]+ 9y(2) =~
Given y, =y(0)=0;y, =y()=0

2y(2) +62y(2) +9y(2) =2%2

(22+62+9)y(z):i
z-2
z
(z-2)(* +62+9)
z
y(2)= (z—2)(z+3)?
By Partial Fraction,
y(2) _ 1
z  (z-2)(z+93)?
1 A B C
Now = + + .
(z-2)(z+3)* (z-2) (z+3) (z+3)

1= A(z+3)" +B(z-2)(z+3)+C(z-2)
Put z=2 = 1=25A :>A=i
25

Put z=-3 = 1=-5C :>C=_€1

y(2) =

Equating co-efft. of z* onbothsides = A+B=0=B=-A = B:—2—15




e
y(2 __25 25 , 5
z  (z-2) (z+3) (z+3)

Taking Z'* on both sides

g Lol 2 ][ 2] 1, 2

£ [y(z)]_252 L—z} 25Z [z+3} 5Z {(z+3)2}
V) = (2 - (-3~ N3 zl[ (Z_Za)z} gz 2 e
U = (@) e (37 -Zn(-3"| u=y

Using Z-transform method solve y(k +2) + y(k) = 2 given that y, =y, =0.
Solution:

Given y(k+2)+y(k)=2; y,=V,=0.

Assumek=n

y(n+2)+y(n)=2

Taking Z-transform on both sides

Z[y(n+2)]+Z[y(n)]=2Z[1]

|2V -Zy(0) -0 |
Giventhat y, =y, =0.

z
+y(2)=2—
y2)=2——

(2 +)y(@) ===
z-1
2z
(z-)(Z*+1)
y(2) _ 2
z  (z-)(Z+)
By partia fraction
2 A B Cz
Now, 5 = +— +—
(z-D(z2+) z-1 z+1 z°+1
2=AZ"+1)+B(z-1) +Cz(z-1)
Pu z=1 = 2=2A = A=1
Puz=0 = 2=A-B=B=A-2=B=-1
Equating co-efft. of zZ’onbothsides = 0=A+C=C=-A=C=-1
y(zg 1 -1 A
D)= =
@ z z-1 Z+1 7+1
z z v
7)) = _ _
¥ z-1 Z+1 Z*+1
Taking Z* on both sides

¥(2) =

z

Zy(@]=2" L—_J - Zl[

y(n) = ()" —1" sin%”—l” cos

. Nr aV/4
n)=1-sin— —cos—
y(n) > 5

z
ZZ+1

Nz

2

o

22

z +1}

y(K) =1—sink7ﬂ—cos

kz




