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Freqguency Domain Specifications

What is Frequency Response?

The response of a system can be partitioned into both the transient response and
the steady state response. We can find the transient response by using Fourier
integrals. The steady state response of a system for an input sinusoidal signal is
known as the frequency response. In this chapter, we will focus only on the
steady state response.

If a sinusoidal signal is applied as an input to a Linear Time-Invariant (LTI)
system, then it produces the steady state output, which is also a sinusoidal signal.
The input and output sinusoidal signals have the same frequency, but different
amplitudes and phase angles.

Let the input signal be —
r(t) = Asin(wot)
The open loop transfer function will be —
G(s) = G(jw)

We can represent G(jw) in terms of magnitude and phase as shown
below.

G(jw) = |G(jw)|£G(jw)
Substitute, w = wy in the above equation.
G(jwo) = |G(jwo)|£G(jwo)
The output signal is

c(t) = A|G(jwo)|sin(wot + £2G(jwy))
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e The amplitude of the output sinusoidal signal is obtained by
multiplying the amplitude of the input sinusoidal signal and the
magnitude of G(jw) at w = wy.

® The phase of the output sinusoidal signal is obtained by adding
the phase of the input sinusoidal signal and the phase of G(jw}
at w = wy.

Where,

® A is the amplitude of the input sinusoidal signal.

® g is angular frequency of the input sinusoidal signal.

We can write, angular frequency wg as shown below.
Wy = 27rf0

Here, fy is the frequency of the input sinusoidal signal. Similarly, you
can follow the same procedure for closed loop control system.

Frequency Domain Specifications

The frequency domain specifications are resonant peak, resonant frequency and
bandwidth.

Consider the transfer function of the second order closed loop control system as,
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C(s) w2

T(s) = —
(s) R(s) 5?4+ 26w,s+ wl

Substitute, s = jw in the above equation.

w2
T(jw) = *
(3) (jw)? + 20w, (jw) + w2
2 2
Wh Wy
= T'(jw) = =
(Jw) —w? + 2w, +wd 2 (1_ > Qm)
_ 1
= T(jw) =

2 . 280
(1-5)+i (%)
Let, di = u Substitute this value in the above equation.
1

Tv) = T8 1 8w
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Magnitude of T'(jw) is -
1
V(1 —u?)? + (26u)?

M = |T(jw)| =

Phase of T'(jw) is -

20
/T(jw) = —tan™* (1 _1;2)

Resonant Frequency

It is the frequency at which the magnitude of the frequency response
has peak value for the first time. It is denoted by w,. At w = w,., the
first derivate of the magnitude of T(jw) is zero.

Differentiate M with respect to u.

% — —% (1 —u?)?+ (26u)?] g [2(1 — u?)(—2u) + 2(26u)(26)]
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dM 1 =3
= — = ——[(1—u?)? + (26u)?] T [du(u® — 1+ 26%)]
du 2
Substitute, u = u, and % == 0 in the above equation.

0= —% [(1—u2)® + (26u,)?] -3 [u,(u? — 1+ 26°)]

= du,(u2 —1+2§%) =0
= ul—1+282 =0
= y2=1-—2§
= u, = /1 — 26°

Substitute, u, = LL:— in the above equation.
w
L — /1252
wﬂ-

= w, = w,1/1— 2§°

BM 3451 BIO CONTROL SYSTEMS



ROHINI COLLEGE OF ENGINEERING

Resonant Peak

It is the peak (maximum) value of the magnitude of T[jw). It is
denoted by M.

At u = u,, the Magnitude of T'(jw) is -

Mo— 1
\/(l —u?)? + (26u,)?
Substitute, u, = /1 — 262 and 1 — u2 = 262 in the above equation.
1

\/(252)? + (2071 — 267)2

1

25y/1 — 42

Resonant peak in frequency response corresponds to the peak
overshoot in the time domain transient response for certain values of
damping ratio d. So, the resonant peak and peak overshoot are
correlated to each other.

M, —

= M, =
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Bandwidth

It is the range of frequencies over which, the magnitude of T'(jw) drops
to 70.7% from its zero frequency value.

At w = 0, the value of u will be zero.

Substitute, u = 0 in M.

1
M = =1

V(1= 0%)2+ (25(0))?

Therefore, the magnitude of T'(jw) is one at w = 0.

At 3-dB frequency, the magnitude of T'(jw) will be 70.7% of magnitude
of T'(jw) at w = 0.

e, at w=wp, M = 0.707(1) = %

1

1
M = =
N V2 \/(1 —u?)? + (26up)?

= 2= (1—u2)?+ (26)%u}
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Let, u;f =T
= 2=(1—-z)*+(20)%

= z?+ (4% -2)z—1=0

_ —(46% —2) + /(46 — 2)? +4
2

= T

Consider only the positive value of x.

z=1-28%+,/(28 —1)*+1

=z =1-262+,/(2 - 487 + 45%)

LU.E
Substitute, z = ul = —
ME
L —1-28% 4, /(2 45° + 45°)
wn

= wp = wn¢1—252+ \/{2—452 + 454)

Bandwidth ey in the frequency response is inversely proportional to the rise time t,
in the time domain transient response.
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