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5.1 KINEMATICS — RECTLINEAR AND CURVILINEAR MOTION
Kinematics is the study of motion without reference to the cause of motion, i.e. force.
* Rectilinear motion is motion along a straight line.

* Throughout our discussion, all objects will be treated as particles.

* The rotational motion of objects is not considered. Only their translational motion
in two dimensions either rectilinear or curvilinear will be discussed

Rectilinear kinematics deals with the following variables
a) Position

b) Displacement

c) Distance travelled

d) Velocity

e) Acceleration

a) Position:

* To define position of a particle moving along a straight line, only one co-ordinate
Is sufficient as that line can be chosen as the X or Y-axis.

* Thus motion of a particle in a straight line is a one dimensional problem.

* An origin has to be chosen on that line and a direction on one side of that origin
has to be taken as positive.

* Generally, for a horizontal line (the X-axis) the right side of origin is taken positive
and left side negative. For a vertical line, above the origin is taken positive and below
the origin negative. For inclined line, one can use a sign convention according to
convenience.

« Position is a vector quantity as it has both magnitude and direction.

* In one-dimension, vector quantities are represented by scalars with positive or
negative sign representing their direction.

* For example, a position of - 5 m on a horizontal line indicates a position 5 m to the
left of the origin.
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b) Displacement:
« It is defined as the change in position. Displacement is also a vector quantity.
Displacement = Final position - Initial position.

* Note that the position is defined at a particular instant of time, whereas
displacement is defined in a finite, non-zero time interval.

* The displacement and position at a particular time will be same if the particle starts
from origin, i.e, the initial position is zero.

* For motion along the horizontal, if final position is to the right of the initial position
the displacement will be positive. For vertical motion, displacement is positive when
final position is above the initial position and negative when final position is below
the initial position.

c¢) Distance travelled :

* It is positive scalar quantity which represents the total length of the path covered
by the particle.

* [t can be obtained from displacement.

* The magnitude of displacement in any time interval is equal to the distance
travelled only when the particle keeps travelling in the same direction throughout
that time interval.

 If the particle changes direction, split the time interval into suitable smaller
intervals so that in each smaller interval, the partical travels in a particular direction.

* The total distance travelled can then be obtained by adding magnitudes of
displacements in all these intervals.

* To illustrate the difference between the three quantities - position, displacement
and distance travelled, consider a particle starting from position x; at time tj,
travelling to the right to reach position x; at time t, and then travelling to the left to
reach position x; at time t; as shown in Fig. 9.1.1.
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* Then, at time t3, position = Xs.
Displacement = x3 - X3

Distance travelled = | x2- X1 | + | X3 - X2|
d) Velocity:

« If a particle has displacement Ax in a time interval At, then the average velocity is
given by

Vav = AF ‘ . .. 9.1.1)

 The instantaneous velocity, which is generally referred to as velocity is given by
instantaneous velocity =
Ax

v

o= B |
T ar s, D)

i

* Velocity is a vector quantity and in rectilinear motion will be represented by a
scalar with positive or negative sign indicating its direction.

* The magnitude of velocity is known as speed.
e) Acceleration :

« If the velocity of particle changes by Av in a time interval At, the average
acceleration is given by
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2 = A '
v = R 4 ... (9.13)

e

* The instantaneous acceleration, generally referred to as acceleration is given by

Lim
a = At->0 %:i

i
a . (9.14)

i
dt

d2x |

a= —

e : < ol gy

» The above equation can also be written as

dv dx _ dv
.................... d dt = ax "’
dmp 2 |
. .. (9.16)

* The acceleration is a vector quantity and in rectilinear motion, it will be represented
by a scalar with positive or negative sign indicating its direction.

» The term deceleration is used to indicate that the speed (the magnitude of v) is
decreasing.

« If 'V and 'a' are in same direction it is acceleration whereas if 'v' and 'a' are in
opposite directions, there is deceleration.

* For example, when an object is thrown upwards (initial velocity upwards) then the
object gets decelerated as the acceleration due to gravity is downwards. When an
object is thrown downwards it gets accelerated as the initial velocity and the
acceleration are both directed downwards.

 Thus if 'a' and 'v' have the same sign, it is acceleration and if they have opposite
sign, it is deceleration.
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* Problems in kinematics of rectilinear motion can be broadly classified into the
following types:

1) Variable acceleration where functions are given relating any two of the four
variables position, velocity, acceleration and time.

1) Motion with constant acceleration. This type includes motion under gravity.

1ii) Variable acceleration when functions are not known or the function changes from
one-time interval to another. In such cases, motion diagrams are used which are
graphs relating any two of the four variables.

iv) Dependent motion where variables for one object are related to variables of
another object.

V) Relative motion.

2. Variable Acceleration

When functions relating any two of the four variables are given, use basic definitions
(equations (9.1.2), (9.1.4), (9.1.5) and (9.1.6)) and differentiate or integrate the
functions to obtain relations for the required variables.

* For example, if velocity is given as a function of time,
v =f(t)

then to get position 'x' in terms of 't', use v = dx/dt = f(t),
* Separate the variables,

dx = f(t) dt

and integrate to obtain relation between 'x' and 't'.

* One can use either definite or indefinite integration. If definite integration is used,
to obtain an equation for x in terms of t, use limits of integration as say xo to x for
the variable 'x' and t, to t for the variable 't where xo and t, are then two initial values.

1] e
[ ax = [ fivar
1) to ~
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» If indefinite integrals are used, the constant of integration has to be calculated usin
some given conditions and then resubstituted to get the required equation.

» If acceleration is given as a function, either a = dv/dt or
a = dv/dx has to be used. In such cases we have to use that equation which enables
us to separate the variables.
_ , d ' , :
s Ifa= fift) then a =a-?hastobeused. If a =f2(x)thena=vg-§hastobeused. ;

o If a=_f5(v) then we have to use either a.= %f— or

dv o : ;
mp depending upon whether a relation between 'v’ and 't' is required or a
relation between 7' and 'x'. o
» While solving problems, the following concepts will be useful:

1) Displacement and position are same when starting position is origin. Hence in
situations where starting position is not known, it is convenient to take the starting
position as origin.

I1) The magnitude of displacement is equal to distance travelled only when particle
keeps travelling in the same direction.

1) Whenever particle changes its direction in rectilinear motion, its velocity at that
instant becomes zero. At the point where particle changes direction, it reaches its
maximum or minimum value of position co-ordinate 'x'.

[ dx/dt=0

v=0

iv) Condition for maximum or minimum velocity is
dv/dt=0,ie,a=0

v) To calculate distance travelled, first put v = 0 to find whether particle changes
direction or not in the given time interval.

vi) A linear relation between two variables, say when v varies linearly with t, is of
the form

v=mt+c.
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vii) When a vector quantity is proportional to another vector quantity, the constant
of proportionality can be either positive or negative depending upon directions of
the two vectors.

CURVILINEAR MOTION

The motion of a particle is said to be curvilinear when it moves along a curved path.
Curvilinear motion can be either in two or three dimensions. We will be limiting our
discussions only to the two dimensional curvilinear motion.

* This motion can be analyzed using rectangular components, normal and tangential
components or radial and transverse components.

Position, Velocity and Acceleration in Curvilinear Motion

 For a particle moving along a curved path in a plane, the position, velocity and
acceleration are vector quantities.

* Consider a particle moving along a curved path as shown in Fig. 9.5.1. If the
-

particle is at point 'P" at time 't', then its position is defined by vector VECWOLR

which is directed from O to P.

Fig. 9.5.1

* Let the particle be at position P' at time t + At.
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— - -

The position vector at P'is ¥ + Ar where Ar s the change in position i.e.
-

displacement of the particle represented by the vector PP'.

* The distance travelled As is the length of arc PP'.

.....................................................

e = AT ~ ... (95.1)

......................................................

will be the average velocity and the instantaneous velocity is

% e g AT o BT

im
At-0 At dt

A A AP BN A Ak e bt M

+{952)

->

* The magnitude of Uis called speed.
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Fig. 9.5.3

-

As At — 0, P'is very close to P and the direction of Aris tangential to the curve.

* Hence velocity of the particle is always tangential.

Aﬁ: 38 — UA
;’.B
E’.A
- Fig. 9.5.4

* Consider velocity vectors at two points A and B as shown in Fig. 9.5.3. They are
redrawn from a common point as shown in Fig. 9.5.4.
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* The change in velocity is

b d - ->

AV = VB—=UVA

* The average acceleration is

S B |
Aagv = F e (9.5.3)

and instantaneous acceleration is

Y R, AT &0 - .. (954)

* The three vectors are shown in Fig. 9.5.5. Note that the O velocity is tangential
whereas acceleration is not.

Fig. 9.5.5

Solved Examples

1.A ball is projected vertically upwards with a velocity of 20 m/s. Two seconds later,
a second ball is projected vertically upwards with a velocity of 16 m/s. Find the
height above the surface at which the two balls meet.

Solution:
For the first ball,

u=20m/s, a=-9.8 m/s?
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Let h = Height above the surface at which the two balls meet
t = Time for the first ball when they meet

7s=h

§ = ut+2at :

h = 20t+%(—9.81)t2

-
U]

. : s 2 A .v i .
20¢—-4.905¢ wee A1)

For the second ball,

u\

16 m/s, s=h, a=—“'9.81 m/sz,

Time t—2

1
S = Ut+ — 2:
+2at.

=
I

- 16(t—2')+%(-9.81Xt-2)2
h = 16¢-32-4.905(+2 4t +4)

. 2.
3562 t—4.905¢2 —51.62 w (2)

-~
Tl

From equations (1) and (2),

20t - 4,905 t? = 35.62 t — 4.905 t? - 51.62
51.62 = 15.62t

[1t=23.30474

Substitute in equation (1)

h =20 x 3.30474 - 4.905 x 3.304742
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2.A stone is dropped into a well. The sound of the splash is heard 3.63 seconds
later. How far below the ground is the surface of water in the well? Assume the
velocity of sound as 331 m/s.

Solution:

Let x = Depth of the well.

Then displacement of stone s = -x

Negative sign is for downward displacement.

a=-g=-9.81 m/s?, t = Time and u = 0 for the stone.

3 xft+%at2
1 2
~x = 0+3(~981)t
x = 4905 t2 18 L

As total time is 3.63 s for stone to reach the water surface and sound to come up, the
time for sound will be 3.63 - t.

As sound travels with constant velocity,
Distance travelled = Velocity x Time
X =331 x (3.63 - t).

‘x = 120153 - 331 ¢ . 3 - . (2)

From equations (1) and (2),
4,905 t> = 1201.53 - 331 t
4.905t% + 331t - 1201.53 =0
[11=3.45335s,-70.94s

As t cannot be negative,
t=3.4533s

] From equation (1),
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ix = 585 m

3.Two roads (N-S and E-W) cross at right angles at an intersection as shown in
Fig.. Car A is travelling east at constant speed 36 km/h while car B, initially 35 m
from intersection starts from rest and travels south at an acceleration 1.2 m/s?
(uniform). Find position, velocity and acceleration of car B relative to car A six
seconds after car A just crosses the intersection.

Solution:

Att=0, car A is at the intersection and B is 35 m behind the intersection. Att=6s,
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SA = qut=(36x%)(6)
s4 = 60m

Sg = uB't+'2-ﬂB't2= 0""';"(12)(62)

Sp = 21.6 m

] Att =6 m, distance of B from the intersection will be 35 -21.6 =13.4 m

The position vectors of A and B at t = 6 can be written, taking the intersection as
origin, as :

VA = 607 -
rp = 134

Position of B with respect to A is

Ead

TRA = Tp— T4
FB/A = 134;—60;

Foa =4~ 601 +134

rya = V607 +1342 = 61.48m

0 = tan-l(l%i) = 126° >

"1 Position of B w.r.t. Ais
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i

 Fya = 6148m,126° —x
At b = 68 |

| S8 5
; VA = %xﬁt = 107 m/s .

9
o
i

Q
>~
]

-72j m/s

vp — vA = (-7.2])- (101)

Q
=
b
[

uga = —10i-72j

= {102 +7.22 = 1232 m/s

-]
1}

7.2 :
-1 — ] — Kk °

12.32 m/s, 35.75° »~

EUB/A =
apa = 0; ap=—12]

aBA = AB—aA= _1’2’

- aB/A = 1.2 n'l/sz *

ug + agt = 0+ (1.2)(6) = 7.2 m/s

4.Two stones A and B are projected from the same point at inclinations of 45° and
30° respectively to the horizontal. Find the ratio of the velocities of projection of
A and B if the maximum height reached by them is the same.

Solution:

The maximum height reached by a projectile is given by

ME3351 ENGINEERING MECHANICS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

2 ot

u“sin“a
H = 22
. For A, u'=uA, a = 45°
uisinz45
- T | 5 k1)
For B, u=ug, a=30°
u% sin? 30 | |
H = ~ 25 | )

Dividing equation (1) by equation (2),

uisin245
SRk w7l
ugsin® 30
sin30--1-' and 'sin45;- 1
2 'A V2
1
2
1 =
2 1
| Wi o_ 1
uz 2

5. A particle is projected with an initial velocity of 60 m/s, at an angle of 75° with
the horizontal. Determine

a) The maximum height attained by the particle

b) Horizontal range of particle
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c¢) Time taken by the particle to reach highest point
d) Time of flight

Solution :
| 2 sin? 60% sin? 75
5 . _ u-sm-a _
a) Maximum height H = ——— 2% T
H=12m
f. T o u?sin2a  60%sin(2 X 75)
b) Horizontal range R = - =
R = 18349m
pigti & : - Chnd lem dind T - usina
¢) Time takg\ by the Bgrhde‘to reach highest point is ¢ = = = Z
s ES _ 60sin75 -
' 9.81 -
t = 59s

d) Time of flight T=2¢ = 2% 59

I T =18s

A cricket ball thrown from a height of 1.8 above ground level at an angle of 30°
with the horizontal with a velocity of 12 m/s is caught by a fielder at a height of
0.6 m above the ground. Determine the distance between the two players.

Solution:

The equation of path is,
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= xtanar gx2
y = 2u? cos? a
Here : y = “121 x=7?

g=9.81, a=30° u=12m/s

2 s
~12 = xtan30 - ot
2X 12“ cos“ 30
28T tan3oxx-12 = 0
2X 144 cos“ 30
| x = 1453 m, -182m
x cannot be negative P
¥ = 1453 m
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