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GENERAL THEORY OF TRANSMISSION LINES
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Fig: 1.1.1 A long line, with the elements of one of the infinitesimal
sections shown.

From the Fig 1.1.1 consider an infinite length transmission line also an small
element ds which located at a distance of s from the receiving end (ZR). The

sending end voltage and current are Eg and I. The receiving end voltage and
current are ER and IR' The current and voltage at any point is E and |

The voltage in the length ds is dE.

dE =12Zds
dE _
=" A (1)
The current in the length ds is
di=EYds
ar _
=" EY S . .. P ———- (2)
Diff equ (1) and (2)
d?E _ _ dI
From equ(l)...... ek Z =
dz1 dE
From equ(2)...... e
dl dE .
Sub the values of —and — in above equ
ds ds
2
YE _7EY
ds?
2
Z-viz
ds?
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d2E _
) -ZEY =0(3)

daz1
- YIZ=0 (4)
These are the differential equations of transmission line.
From equ(3),
d2
(ﬁ -ZY)E=0
(M?*-ZY)E=0
(m?-Z2Y)=0
m>=zZY
m=+vVZY
The general solution can be written as E = A eVZrs 4 B g~ VZY¥s
......... (5) From equ(4),

d2

(E -ZY)1=0
(M?-ZY)1=0
(m?-2Y)=0
m=zZY
m=+vVZY

The general solution can be written as
| = C eVZVs 4 DgVZYs

where A, B, C, D are arbitrary constants

We need to find the values of A, B, C, D

By using the condition s=0

| = |R

E= ER

Use this condition in equ (5) and (6) From equ (5),
Er=AeY2Y0 + B ¢ VZY0O)

Er =A+B

Fromequ(6), IR =C+D ....... (7)

Diff equ (5) and (6) with.r.to 's’

From equ(b)
2 = AVZY eV + B (ZY) e VPV

[using this formula, e® = a ¥ ]
Z_f = AVZY eV?'s - BZV e V7S
Z—f =1Z, sub in above equ
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1Z = AVZYVeV?'s - B VZVe V7S

|= AVZY eVZ¥s — B\ZY e~VZ¥s

Z
1= A \Fe\/WS-B\Fe—WS
Z —eVEr
VZY _ |Y
(7—\/;)

From equ (6),
= = CVZY eV + D YZYe V7

E Y=CVZYVeV?3+ D VZVe V7S

ar
(; =EY)

E= CVZY eVZ¥s — D \ZY e"VZ¥s

Y
E=C \/%ems ; D\/—f-e—JZ_YS ........

\NZY VA
(7=\E)
At,s=0,E=Egand | = I

sub this values in (8) and (9)
from equ (8),

I R
Ir=A \/;-B\/;

from equ (9),

Er=C \/%-D\/% ........ (11)

from equ (7),

B=Er-A
To find the value of A sub B value in equ (10)
R=A |- (Er-A) |7
lk=A \/;-ER “+A [
R+ Er |- =2A |
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E —
I R
A= S= 4 —F
2|z 2|z
I Z
Ry E
2 2
VA
( v :Zo)
= IRZO _|_ E_R
2 2
Ir Z E
A= R 4 ER
2 2
By using this formula, V = IR
E=1Z
E
| ==
VA
= 2R
R—ZR
sub Ig value in A,
Ep Z E
A= “RZ 4 ER
Zp 2 2
E Z
A==2[1+=2
2 ZR

sub equ (12) in (7),
Ep= =[1+ ZiR 1+B

Er Zo

B:ER_T[1+ZR]
B:ER_E_R_E.E_R
2 Zgp 2
B = E_R_E.E_R
e 2

E Zy
B:TR[l_Z_R]
from equ (7),
Ir=C+D
D=|R-C

sub the above value in (11),

Z Z
ER=C ;-(|R-C)\/;
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25
Er R |7
C= +
22 42
E I
c=Er L&
c= 2 ey
22, 2
(Er = IrZg)
sub Er value in C,
zz 2
c=k [1+ ....... (14)
Zg
D:|R C
D—IR——[1+ ]
O
- R _IrZr
D=lr-7 o
- R _Ir Zr
T2 22
- R 2r
=Ll (15)

sub the A, B, C,D values in (5) and (6),
fromequ (5), E=A eVZ¥s 4+ B g VZVs

E=T[1+2]e e e -2 eV (16)
E_ER [ZR+Z le VZYs ER[ZR Z ]e—\/ﬁs
2 ZR 2 Zg
E= )P+ [ ] e
R R (o]

_E_R zR+z JZTS Zr=Zo 1 _—JZYS
e 1| e e | (17)
from equ (6), | = C eV?Ys + De~V2Ys
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_Il[l_l_é] emS_FIi[l_Z_R]e_ms ........ (18)
2 Zo 2 Zo
I Zo+Z I Zg—Z -
I:%[ oZO R] ems+%[%]e VZYs
|k [ZO+ZR eVZ¥S 4 & [ Zo"Zry 1 _Zr ]e—x/ﬁs]
2 2 Zo ZO+ZR
IR Z +Z Zr—Z, -
| = 2R[ 0] R] [ \/_S — % [ﬁ]e \/ﬁs] ........ (19)

equ (17) and (19) are the first form of voltage and current.
equ (16) may be rearranged as

=22 [[14 22178 4 [1- 2 V7S
2 1 Zg Zg
2 L ZR ZR
=E7R 'e\/Z_YS_|_ o —VZYS 4 % [e\/Z_YS _ e—\/z_ys]]
- R
for example,
0 -0
cosh@ =2 +2e
6_ ,-6
sinh = =—2
sub in above equ,
E=R
2

E = EgcoshvZYS + 222 sinhvZY'S
R

sub the Zr value in above equ,
E = EgcoshVZYS + E[IER]" sinhvZYS

IR

E = EgcoshvZ¥S + 2% sinhy/ZYS

R

E = EgcoshvZYS + Iy Z, sinhvZYS = (21)
The same procedure will be followed for the current equ,
equ (18) will be,
| = IpcoshVZYS + £ sinhVZ¥YS .. (22)
o
equ (21) and (22) are the second form of voltage and current at any point on
a transmission line.
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PHYSICAL SIGNIFICANCE OF TRANSMISSION LINE (or)
INFINITE LINE (or) THE TWO STANDARD FORM FOR INPUT
IMPEDANCE OF THE TRANSMISSION LINE TERMINATED BY
AN IMPEDANCE Zk.

From the Fig 1.1.2 the equation for the current and voltage may be written

for the sending end current 'ls' of a line of length 'I' is,

S
{f zds zds |e'—$ $=0

Es @ g 1/ds é Zs

= | J
I~ =
Fig: 1.1.2 A length | taken from an infinite line
The sending current equation is given by,
ls = IgcoshVZY. 1 + =2 sinhVZY. ! [Er = Ig Zg]
o

Sub Eg value in above equ,

Is = IgcoshVZY.l + IRZZR sinhvZY.l
0

ls = Ig [coshvZY.l + 2 sinhVZV.1| ... (1)
(0]

The sending voltage equation is given by,

Es = EgcoshvZY.l + Ij ZysinhvZY.l

[Er = Ir Zg]
— Er
[k = 5"
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Sub I value in above equ,

Es = ErcoshvZY. 1 + “220sinhvZY .1
R

Es = Eg [coshVZY.1 + “2sinhVZY.1| .. )
R
Since, We know that,

Propagation Constant y = VZY

Characteristic Impedance Z, = \/%

Sub y value in equ (1) and (2),

From equ (1),

Is =Ig [cosh vyl + 2R sinh yl] ....... (3)
Zo

From equ (2),

Es = Eg [cosh vyl + 29 inh yl] ....... (4)

ZR

Input Impedance Z = ? [E =1Z]
S

Zo .
B ER[cosh yi+ asmh yl]

Zs =
ZR .
I [cosh yl+% sinh yl]
Zpcosh yl+ Zgsinh yl
— ZR
S = “#R | Zpcosh yl+Zp sinhvyl
Z Z 5 ~
Zo
Er = IrZR
Er
7o =R
R Ir
Zgrcosh yl+ Z,sinh yl Zo
Zs = Zg .
Zg Zopcosh yl+Zg sinh yl
_ Zrcosh yl+ Zgsinh yl
Zs = Zo |22 v e ()
ocosh yl+Zp sinh yl
This is the first standard form of input impedance of the transmission line.
ef+e0
Cosh@ =
. ef—e?
Sinh@ =
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Sub the above formula in equ (5),

vl vl vi_ -Vl
ZR(e +e )+Zo(e e )
7.= 7 2 2
ST 40 2 (eyl+e—yl) 5 (eyl_e—yl>
o > + Zp >
7. = 2% Zr(eYl+ e YD)+ zp (V- e~ M)
S 2 |zo(eY+ e Y1)+ zg(eY!— e~ Y1)
Z — [ZReVl+ZRe_Vl+ZoeVl—Zoe_V1]
S 0 ZoeYl+Zoe‘V1+ZReV1—ZRe‘V1
Zs = Z, [eyl [Zr + Zol+e V' [Zp = Zp]
eVl [Zg + Zgl-e~ "' [Zg - Zo]
[Zp —Z
eyl+ e—yl R 0]
7 [Zr + Zo] [Zr+Z0
S 0 [Zp+Zol | evie o1t M]
|[ZR +Z
Zp —Z 7
eVt e—yl[ R 0]
ZR+ZO
Zs = Z, RAPEN 0 U O (6)
e¥l— g-vl [M]
Zp+Zg ||

This is the second standard form of input impedance of the transmission line.
WAVELENGTH AND VELOCITY OF PROPAGATION
WAVELENGTH:

Fig: 1.1.3 Propagation of current from sending and towards
receiving end
The distance with which the wave changes its phase by 2 radians is known

as wavelength.
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In Fig 1.1.3 the distance from the sending end to point 8 is thus one
wavelength. The distance the wave travels along the line where the phase
angle is changing to 2z radians is known as wavelength.

It is denoted by A,

2m
=
B

and also we know,

r=2
f

v=A~f
v- velocity

f- frequency

2T
v=—7-.f
B

w

v=2 il . JIB (2)

VELOCITY OF PROPAGATION:

The velocity of propagation along the line depends on the change in the phase
along the line. Therefore, this velocity is called phase velocity or wave
velocity.

y=In (%) =In (%)

In general,

Y =otjp

y=VZY¥ (1)

where,

Z = R+oL

Y =GtHoC ... (2)
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Sub equ (2) inequ (1)

y=J(R +jwL)(G + jwC)

y=JRG + joRC + jwLG — w?LC

a+jf =y RG — w2LC + j(wRC + wLG)
Squaring on both sides,

(0 +jB)? =RG — w?LC + j(wRC + wLG)

o? + B2 —2jap =RG — w?LC + j(wRC + wLG)

Equating real and imaginary parts,

o> +B%2=RC— w’LG ... (3)
20 = wRC + wlLG

208=w(RC +LG) = e (4)
From equ (3),

o> =RG — w?LC+B%2 . (5)

Squaring equ (4),

40?B% = w? (RC + LG)* ... (6)
Sub equ (5) in equ (6)

4(RG — w’LC + B*)B? = w? (RC + LG)?
4(RGP? — w?LC B% + BY) = w? (RC + LG)?

2
RGB% — w?LC B? + B*= “’T (RC + LG)?
RGB? ~ @?LC B2+ B* & (RC+16)*=0

B* + B2(RG — w’LC)- 2 (RC+LG*=0 ... 7)

The above equation os of the form of ax*+bx2+c =0

2_ —bxVb%-4ac

2a

X

w?
4

a=1, b=RG — w?LC ,c= (RC + LG)?
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—(RG— mzLC)i\/(RG— »2LC)%2—4 (—"’Tz (RC+LG)2)

B?= .

Neglect the negative value,

5_ (w?LC-RG)++y/(RG— w2LC)2+ (w2(RC+LG)?2)

b 2

B = \/(coZLC—RG)+\/(RG— ®?2LC)2+(w2(RC+LG)2)
2

Sub B2 value in equ (5),

(w?LC—RG)++/(RG— wZLC)2+(w2(RC+LG)2))

o =RG—w2LC+( -

o2 =2 (RG-0?LC)+ (02LC~RG)++y/(RG— 0?LC)%+(w?(RC+LG)?)
2

o2 = (RG=w2LC)+/ (RG— w2LC)2+(w2(RC+LG)?)
2

LY - 0?LC)% +(w? ?
o= \/ (RG=»?LC)+/(RG | PO°+(WIRGALEY WY ©)

In a perfectly matched line R=0 and G=0,
Sub the above condition in f.

From equ (8),
B = \/(wZLC)h/(— w?LC)?

2

B=wVLC
The velocity of propagation of a ideal line is,
v=2

B
v —

wvLC

_ 1

V= T

The velocity of propagation is constant for a given L and C
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