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5.5 Applications : Moments and centres of mass, moment of inertia.

For a lamina R with a density function p(x,y) at any point (x, y) in the
plane, the mass is

m=ﬂpmwM

The moments about the X-axis, and Y-axis are

My = [f, yp(x,y)dA and My = [[, xp(x,y)dA

The centre of mass is given by
My _ My
et X
Example:
Find the mass and centre of mass of a triangular lamina with vertices(0,0), (1,0),
and (0,2) if the density functionis p(x,y) =1+ 3x+y

Solution:

—2x=2(1—x)

AI(O’ 2) B(ll, 0)
I L
(XI, yl) (X2, YZ)

The equation the line AB js 222 = 2224

X—X1 Xo2—X1

y—2 0-2
- =
x—0 1-0
-2
=>y = -2
X
>y—2=—-2x

=y=2-2x=2(1-x)
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The mass of the lamina is

1 (2(1-%)
m=ff p(x,y)dAzj j (1+3x+y)dydx
0o Jo
R

2(1-X)

1 y?
= j [(1 + 3x)y + —] dx
0 2 0

1 4(1 — x)?
= f [(1 +3x)2(1 —x)) + T] dx
0
1
= j [2(1 +3x)(1 —x) + 2(1 — x)?]dx
0
=2j1(1—x)[1+3x+1—x]dx
0
=2 jl(l —x)[2 + 2x]dx
0

1 1
- A\ = N/
= 4[0 (1—x)[1+ x]dx 4[0 (1—x%)dx

]
- -of

fz%}fxp(x,y)d/l

1 (1 f20-x)
j j x(1 4+ 3x + y)dy dx
0 Jo

8 /3
2(1-x)

f j [x(1+ 3x) + xy]dydx

| w
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OOIOJ

1 272(1-x)
f [x(l + 3x)y + > dx
0 0

:—f [x(1+3x)2(1—x)+x x)z] dx
1

3
=§j2(1—x)[x+3x2+x—x2]dx
0

- gfol 2(1 — x)[2x + 2x?]dx

y =%ﬂyp(x,y)dz4
R

2(1-x)
:8__[_[ y(1+3x+y)dydx
/3 0 Y0

12(1-x)

f j [v(1 + 3x) + y?]dydx

OOIUJ

dx

2 3]2(1—36)

S (430 +
8 ot

0

o — .

. 4(1-x)? 8(1—x)3
——f [(1+3) - ]dx

=220 - 0?1+ 3x+3(1 - x)|dx
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1

_3{21 2[3+9x+4—4xd
=g) 2= 3 X
0

_ %fol(l — x)2[7 + 5x]dx

= - [, (1 — 2)2[7 + 5x]dx

= %fol(l + x% — 2x)[7 + 5x]dx

— %f01(7 + 5x + 7x? + 5x3 — 14x — 10x?)dx
1

—4 Zf01(7 — 9x — 3x2 + 5x3)dx

_ 1[5 ox?  3x3 | sx*|!
2 3 4 1
1[ 9 5
=2|7-2-1+]]
4l 2 4
1 11]_11
alal T 16

! 3 11
The centre of mass is (5' o )

2. find the mass and centre of mass of the lamina that occupies the region D and has the
given density function p. D isboundedby y = x? andy = x + 2; p(x,y) = kx

Solution:

The mass of a homogeneous lamina is given by,
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2
f kx(x —x? +2) dx
~1

f_zl kx?(x — x? + 2)dx

372

j(x —x*+2x%)dx == [———+23

-5l +a)l -3

-1

1
—s y
y mﬂyp(x,y)d

R
2 x+

2

j j kxy dy dx

-1 x2

L)ﬁl x [(x + 2)% — x*]dx

Gk
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2
2
== J[xg' + 4x + 4x% — x5]dx
“1

9
2 x4+22+4x3 x671°
Tola T T e
2 6 5
=212 =3

N |

The centre of the gravity of the lamina is (g
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