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5.5 Applications : Moments and centres of mass, moment of inertia. 

For a lamina R with a density function  𝜌(𝑥, 𝑦) at any point (𝑥, 𝑦) in the 

plane, the mass is  

𝑚 = ∬  𝜌(𝑥, 𝑦)𝑑𝐴

𝑅

 

The moments about the X-axis, and Y-axis are  

    𝑀𝑋 = ∬ y 𝜌(𝑥, 𝑦)𝑑𝐴
𝑅

              and              𝑀𝑌 = ∬ x 𝜌(𝑥, 𝑦)𝑑𝐴
𝑅

 

The centre of mass is given by  

𝑥̅ =
 𝑀𝑌

𝑚
,   𝑦̅ =

 𝑀𝑋

𝑚
  

Example: 

Find the mass and centre of mass of a triangular lamina with vertices(0,0), (1,0),

𝑎𝑛𝑑 (0,2) if the density function is 𝜌(𝑥, 𝑦) = 1 + 3𝑥 + 𝑦 

Solution: 

 

 

 

The equation the line  AB is 
𝑦−𝑦1

𝑥−𝑥1
=

𝑦2−𝑦1

𝑥2−𝑥1
 

⟹
𝑦 − 2

𝑥 − 0
=

0 − 2

1 − 0
 

⟹
𝑦 − 2

𝑥
= −2 

⟹ 𝑦 − 2 = −2𝑥 

⟹ 𝑦 = 2 − 2𝑥 = 2(1 − 𝑥) 
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The mass of the lamina is  

𝑚 = ∬  𝜌(𝑥, 𝑦)𝑑𝐴 = ∫ ∫ (1 + 3𝑥 + 𝑦)𝑑𝑦 𝑑𝑥
2(1−𝑥)

0

1

0
𝑅

 

= ∫ [(1 + 3𝑥)𝑦 +
𝑦2

2
]

0

2(1−𝑋)

𝑑𝑥
1

0

 

= ∫ [(1 + 3𝑥)(2(1 − 𝑥)) +
4(1 − 𝑥)2

2
] 𝑑𝑥

1

0

 

= ∫ [2(1 + 3𝑥)(1 − 𝑥) + 2(1 − 𝑥)2]𝑑𝑥
1

0

 

= 2 ∫ (1 − 𝑥)[1 + 3𝑥 + 1 − 𝑥]𝑑𝑥
1

0

 

= 2 ∫ (1 − 𝑥)[2 + 2𝑥]𝑑𝑥
1

0

 

= 4 ∫ (1 − 𝑥)[1 + 𝑥]𝑑𝑥
1

0

 = 4 ∫ (1 − 𝑥2)𝑑𝑥
1

0

 

= 4 [𝑥 −
𝑥3

3
]

0

1

 

= 4 [1 −
1

3
] = 4 [

2

3
] 

𝑚 =
8

3
 

𝑥̅ =
1

𝑚
∬ x 𝜌(𝑥, 𝑦)𝑑𝐴

𝑅

 

=
1

8
3⁄

∫ ∫ 𝑥(1 + 3𝑥 + 𝑦)𝑑𝑦 𝑑𝑥
2(1−𝑥)

0

1

0

 

=
3

8
∫ ∫ [𝑥(1 + 3𝑥) + 𝑥𝑦]𝑑𝑦𝑑𝑥

2(1−𝑥)

0

1

0
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=
3

8
∫ [𝑥(1 + 3𝑥)𝑦 +

𝑥𝑦2

2
]

0

2(1−𝑥)

𝑑𝑥

1

0

 

                                          =
3

8
∫ [𝑥(1 + 3𝑥)2(1 − 𝑥) + 𝑥

(1−𝑥)2

2
] 𝑑𝑥

1

0
 

=
3

8
∫ 2(1 − 𝑥)[𝑥 + 3𝑥2 + 𝑥 − 𝑥2]𝑑𝑥

1

0

 

                                         =
3

8
∫ 2(1 − 𝑥)[2𝑥 + 2𝑥2]𝑑𝑥

1

0
 

                                     =
3

2
∫ (1 − 𝑥)[𝑥 + 𝑥2]𝑑𝑥

1

0
 

                                     =
3

2
∫ [𝑥 − 𝑥3]𝑑𝑥

1

0
 

=
3

2
[
𝑥2

2
−

𝑥4

4
]

0

1

 

=
3

2
[
1

2
−

1

4
] =

3

2
[
1

4
] =

3

8
 

𝑦̅ =
1

𝑚
∬ y 𝜌(𝑥, 𝑦)𝑑𝐴

𝑅

 

=
1

8
3⁄

∫ ∫ 𝑦(1 + 3𝑥 + 𝑦)𝑑𝑦 𝑑𝑥
2(1−𝑥)

0

1

0

 

=
3

8
∫ ∫ [𝑦(1 + 3𝑥) + 𝑦2]𝑑𝑦𝑑𝑥

2(1−𝑥)

0

1

0

 

=
3

8
∫ [(1 + 3𝑥)

𝑦2

2
+

𝑦3

3
]

0

2(1−𝑥)

𝑑𝑥

1

0

 

                                           =
3

8
∫ [(1 + 3𝑥)

4(1−𝑥)2

2
+

8(1−𝑥)3

3
] 𝑑𝑥

1

0
 

                                            =
3

8
∫ 2(1 − 𝑥)2 [1 + 3𝑥 +

4

3
(1 − 𝑥)] 𝑑𝑥

1

0
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=
3

8
∫ 2(1 − 𝑥)2 [

3 + 9𝑥 + 4 − 4𝑥

3
] 𝑑𝑥

1

0

 

                              =
1

4
∫ (1 − 𝑥)2[7 + 5𝑥]𝑑𝑥

1

0
 

                                        =
1

4
∫ (1 − 𝑥)2[7 + 5𝑥]𝑑𝑥

1

0
 

                                        =
1

4
∫ (1 + 𝑥2 − 2𝑥)[7 + 5𝑥]𝑑𝑥

1

0
 

                                        =
1

4
∫ (7 + 5𝑥 + 7𝑥2 + 5𝑥3 − 14𝑥 − 10𝑥2)𝑑𝑥

1

0
 

                              =
1

4
∫ (7 − 9𝑥 − 3𝑥2 + 5𝑥3)𝑑𝑥

1

0
 

 =
1

4
[7𝑥 −

9𝑥2

2
−

3𝑥3

3
+

5𝑥4

4
]

0

1

 

 =
1

4
[7 −

9

2
− 1 +

5

4
] 

                                =
1

4
[

11

4
] =

11

16
 

The centre of mass is (
3

8
,

11

16
 ). 

 

2. find the mass and centre of mass of the lamina that occupies the region D and has the 

given density function  𝜌.    D  is bounded by 𝑦 = 𝑥2 𝑎𝑛𝑑 𝑦 = 𝑥 + 2;  𝜌(𝑥, 𝑦) = 𝑘𝑥 

Solution: 

The mass of a homogeneous lamina is given by,  

 

𝑚 = ∬  𝜌(𝑥, 𝑦)𝑑𝐴 = ∫ ∫ 𝑘𝑥 𝑑𝑦 𝑑𝑥
(𝑥+2)

𝑥2

2

−1
𝑅
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= ∫ 𝑘𝑥(𝑥 −
2

−1

𝑥2 + 2) 𝑑𝑥 

= 𝑘 [
𝑥3

3
−

𝑥4

4
+ 2

𝑥2

2
]

−1

2

 

        = 𝑘 [(
8

3
−

16

4
+ 4) − (−

1

3
−

1

4
+ 1)] 

      = 𝑘 [
32

12
−

15

12
] = 𝑘

27

12
=

9

4
𝑘 

 

𝑥̅ =
1

𝑚
∬ x 𝜌(𝑥, 𝑦)𝑑𝐴

𝑅

 

=
1

(
9
4

𝑘)
 ∫ ∫ 𝑘𝑥2 𝑑𝑦 𝑑𝑥

𝑥+2

𝑥2

2

−1

 

      =
1

(
9

4
𝑘)

 ∫ 𝑘𝑥2(𝑥 − 𝑥2 + 2)𝑑𝑥
2

−1
 

=
4

9𝑘
𝑘 ∫(𝑥3 − 𝑥4 + 2𝑥2)𝑑𝑥

2

−1

=
4

9
[
𝑥4

4
−

𝑥5

5
+ 2

𝑥3

3
]

−1

2

 

=
4

9
[(

176

60
+

13

60
)] =

7

5
 

 

𝑦̅ =
1

𝑚
∬ y 𝜌(𝑥, 𝑦)𝑑𝐴

𝑅

 

=
1

(
9
4

𝑘)
 ∫ ∫ 𝑘𝑥𝑦 𝑑𝑦 𝑑𝑥

𝑥+2

𝑥2

2

−1

 

      =
1

(
9

4
𝑘)

 ∫
1

2
𝑘𝑥 [(𝑥 + 2)2 − 𝑥4]𝑑𝑥

2

−1
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=
2

9
∫[𝑥3 + 4𝑥 + 4𝑥2 − 𝑥5]𝑑𝑥

2

−1

 

=
2

9
[
𝑥4

4
+ 2𝑥2 +

4𝑥3

3
−

𝑥6

6
]

−1

2

 

                                       =
2

9
[12 −

6

8
] =

5

2
 

The centre of the gravity of the lamina is (
7

5
,

5

2
)  

 

 

 


