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UNIT 11 GEARS AND TRAINS

2.1Introduction

A gear is a rotating machine part having cut teeth, or cogs, which mesh with another toothed part in
order to transmit torque.
The gears in a transmission are analogous to the wheels in a pulley. An advantage of gears is that the teeth of a
gear prevent slipping.
When two gears of unequal number of teeth are combined a mechanical advantage is produced, with both the
rotational speeds and the torques of the two gears differing in a simple relationship.
In transmissions which offer multiple gear ratios, such as bicycles and cars, the term gear, as in first gear, refers
to a gear ratio rather than an actual physical gear.

2.1.1Fundamental Law of Gear-Tooth
Pitch point divides the line between the line of centres and its position decides the velocity ratio of the

two teeth. The above expression is the fundamental law of gear-tooth action.

Formation of teeth:
Involute teeth
Cycloidal teeth
Involute curve:
The curve most commonly use d for gear-tooth profiles is the involute of a circle. This involute curve is
the path traced by a point on a line as the line Rolls without slipping on the circumference of a circle. It may also
be defined as a path traced by the end of a string, which is originally wrapped on a circle when the string is un

wrapped from the circle. The circle from which the involute is derived is called the base circle
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e Consider a pinion driving wheel as shown in figure. When the pinion rotates in clockwise, the contact
between a pair of involute teeth begin sat K (on the near the base circle of pinion or the outer end of the
tooth face on the wheel) and ends at L (outer end of the tooth face on the pinion or on the flank near the
base circle of wheel).

¢ MN is the common normal at the point of contacts and the common tangent to the base circles. The point
K is the intersection of the addendum circle of wheel and the common tangent. The point L is the
intersection of the addendum circle of pinion and common tangent.

e The length of path of contact is the length of common normal cut-off by the addendum circles of the wheel
and the pinion.

e Thus, the length of part of contact is KL which is the sum of the parts of path of Contacts KP and PL.
Contact length KP is called as path of approach and contact length PL is called as path of recess.

Path of approach: KP

KP=KN-PN
= \/(R_4)2 —R*cos’ @ —Rsin¢

Path of recess: PL
PL =ML - MP

= [(1 2 cos’ ¢ —rsing

Length of path ot conthet -
KL=KP+PL

] - \/(RA:]Q —R’cos’ ¢ +\/(7;, )? —r?cos’ ¢ —(R+7r)sing




Arc of contact: Arc of contact is the path traced by a point on the pitch circle from the beginning to the end of
engagement of a given pair of teeth. In Figure, the arc of contact is EPF or GPH.

The arc GP is known as arc of approach and the arc PH is called arc of recess. The angles subtended by the
SE arcs at Olarecalled angle of approach and angle of recess respectively.

_ Lenght of pathof approach _ KP

cos @ )

Length of arc of approach = arc GP

_ Lenghtof pathof recess _ PL
cos ¢ cos ¢

Length of arc contact = arc GPH|= arc GP + arc PH

Length of arc of recess = arc PH

_ KP 5 PL KL _ Lengthof pathof contact

cos® cos@ coso cos @

Contact Ratio ( or Number of Pairs of Teeth in Contact)
The contact ratio or the number of pairs of teeth in contact is defined as the ratio of the length of the

arc of contact to the circular pitch.

Length of the arc of contact
P

c

Contat ratio=

P.=Circular pitch = /txm‘ and m = Module.

2.2Spur Gear Terminology
1. Pitch circle. It is an imaginary circle which by pure rolling action, would give the same motion as an
actual gear
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2. Pitch circle diameter. It is the diameter of the pitch circle. The size of the gear is usually
specified by the pitch circle diameter. It is also known as pirch diameter.

3. Pitch point. It is a common point of contact between two pitch circles.

4. Pitch surface. It is the surface of the rolling discs which the meshing gears have replaced
at the pitch circle.

5. Pressure angle or angle of obliguity. It is the angle between the common normal to two
gear teeth at the point of contact and the common tangent at the pitch point. It is usually denoted by ¢.
The standard pressure angles are l4%° and 20°.

6. Addendum. It is the radial distance of a tooth from the pitch circle to the top of the tooth.
7. Dedendum. It is the radial distance of a tooth from the pitch circle to the bottom of the tooth.
8. Addendum circle. It is the circle drawn through the top of the teeth and is concentric with
the pitch circle.
Y. Dedendum circle. 1t is the circle drawn through the bottom of the teeth. It is also called
root circle.
Note : Root circle diameter = Pitch circle diameter x cos ¢. where ¢ is the pressure angle.

10. Circular pitch. 1t is the distance measured on the circumference of the pitch circle from
a point of one tooth to the corresponding point on the next tooth. It is usually denoted by p,.
Mathematically,

Circular pitch, p. = =D/T
where D = Diameter of the pitch circle, and
T = Number of teeth on the wheel.

A little consideration will show that the two gears will mesh together correctly, if the two
wheels have the same circular pitch.

Note : If D, and D, are the diameters of the two meshing gears having the teeth T', and T, respectively, then for
them to mesh correctly,

=ﬂ=ﬂ or &:E
L n D, T

P.

11, Diametral pitch. Itis the ratio of number of teeth to the pitch circle diameter in millimetres.
It is denoted by p, . Mathematically,

. . p — 1 == l D
Diametral pitch, 4= P ( ;P _T)
where T = Number of teeth, and

D = Pitch circle diameter.

12. Module. 1t is the ratio of the pitch circle diameter in millimeters to the number of teeth.
It is usually denoted by m. Mathematically,
Module, m = DIT

Note : The recommended series of modules in Indian Standard are 1, 1.25, 1.5, 2, 2.5, 3,4, 5, 6. 8, 10, 12, 16,
and 20. The modules 1.125, 1.375, 1.75, 2.25,2.75, 3.5, 4.5, 5.5, 7, 9, 11, 14 and 18 are of second choice.

13. Clearance. Itis the radial distance from the top of the tooth to the bottom of the tooth, in
a meshing gear. A circle passing through the top of the meshing gear is known as clearance circle.

14. Total depth. It is the radial distance between the addendum and the dedendum circles of
a gear. It is equal to the sum of the addendum and dedendum.



15. Working depth. It is the radial distance from the addendum circle to the clearance circle.
It is equal to the sum of the addendum of the two meshing gears.

16. Tooth thickness. It is the width of the tooth measured along the pitch circle.

17. Tooth space . It is the width of space between the two adjacent teeth measured along the pitch
circle.

I8. Backlash. 1t is the difference between the tooth space and the tooth thickness, as mea-
sured along the pitch circle. Theoretically, the backlash should be zero, but in actual practice some
backlash must be allowed to prevent jamming of the teeth due to tooth errors and thermal ex pansion.

19. Face of tooth. 1t is the surface of the gear tooth above the pitch surface.

20. Flank of tooth. It is the surface of the gear tooth below the pitch surface.

21. Top land. 1t is the surface of the top of the tooth.

22, Face width. 1t is the width of the gear tooth measured parallel to its axis.

23, Profile. It is the curve formed by the face and flank of the tooth.

24. Fillet radius. 1t is the radius that connects the root circle to the profile of the tooth.

25. Path of contact. It is the path traced by the point of contact of two teeth from the
beginning to the end of engagement.

26. “Length of the path of contact. It is the length of the common normal cut-off by the
addendum circles of the wheel and pinion.

27. ** Arc of contact. It is the path traced by a point on the pitch circle from the beginning
to the end of engagement of a given pair of teeth. The arc of contact consists of two parts, i.e.

(@) Arc of approach. 1t is the portion of the path of contact from the beginning of the
engagement to the pitch point.

(h) Arc of recess. Itis the portion of the path of contact from the pitch point to the end of the
engagement of a pair of teeth.

Note : The ratio of the length of arc of contact to the circular pitch is known as confact ratio i.e. number of pairs
of teeth in contact.

Epicyclic gear trains:
_If the axis of the shafts over which the gears are mounted are moving relative to a fixed axis , the
gear train is called the epicyclic gear train.
J Problems in epicyclic gear trains.



Differentials:
~Used in the rear axle of an automobile.
To enable the rear wheels to revolve at different speeds when negotiating a curve.
To enable the rear wheels to revolve at the same speeds when going straight.

12.20. Minimum Number of Teeth on the Pinion in Order to Avold
Interference

We have already discussed in the previous article that in order to avoid interference. the
addendum circles for the two mating gears must cut the common tangent to the base circles between
the points of tangency. The limiting condition reaches, when the addendum circles of pinion and
wheel pass through points N and M (see Fig. 12.13) respectively.

Let t = Number of teeth on the pinion,,

T = Number of teeth on the wheel.,
m = Module of the teeth,
r = Pitch circle radius of pinion=m.1 /2
G = Gearratio=T/t=R/r
¢ = Pressure angle or angle of obliquity.
From triangle O,NP,

(O,P)2 +(PN)? - 2% O,Px PN cos O,PN
r?+ R sin2¢—2rR sind cos (90° + @)

(O,N)?

.. PN = 0,P sin¢= Rsing)
r* + R*sin” 0 + 2r.Rsin”

2 .2 2 -2
Fy r r\r ;

. Limiting radius of the pinion addendum circle,

R(R T[T
QN=r$+—{—+ﬂﬁf¢=Eil+—{—+4ﬁf¢
t

r\r 2 t

Let Apm = Addendum of the pinion, where A , is a fraction by which the standard
addendum of one module for the pinion should be multiplied in order
to avoid interference.

We know that the addendum of the pinion
=ON-0,P

Awm=:¥ 1+Z(Z+2)gﬁ¢-fﬂ A OP=r=mt12)

|
or Ap=%[Jl+§(;+2)sm2¢—lJ

24y - 24,




12.21. Minimum Number of Teeth on the Wheel in Order to Avoid

Interference
Let T = Minimum number of teeth required on the wheel in order to avoid
interference,
and Agm = Addendum of the wheel, where A is a fraction by which the standard

addendum for the wheel should be multiplied.
Using the same notations as in Art. 12.20, we have from triangle O,.MP
(M) = (0,P) + (PM) — 2% O, P % PM cos O, PM
= R*+r? sin” 6 — 2 Rr sind cos (90° + @)
N PM =0,Psing=r)
=R+ 2 sin’ ¢ + 2R rsin® ¢
_ Rl [I . i s.it_:2 0, zrsi]-.lq.'-]: Rl [1 +L[L+ EJsin2 'ﬂ
R R R\ R
. Limiting radius of wheel addendum circle,

rir , 7 mT tft .7
M=R]1+—=1—4+2|Isin =0 |l + =] — + 2 lsin
0 J R[R ] ¢ 2 T[T ] ¢

We know that the addendum of the wheel

m.T tir .1 bt
Agym = T 1+? —+ 2 |sin"p — — el P=R=mTI2)

_r L ind —
or Ay = 5 |:J|+T[F+2]SITI i |:|
2 Ay _ 2 Ay

N t(t ;=2 - 1(1 s59
Jl+—T—(?+2)sm¢ 1 JI+E(E+2)SH10 1

Notes : 1. From the above equation, we may also obtain the minimum number of teeth on pinion.

t
Multiplying both sides by T

2. If wheel and pinion have equal teeth, then G = 1, and
2
T = i

;;l +3sin’¢ -1



Example 12.11. A pair of involute spur gears with 16° pressure angle and pitch of module
G mm is in mesi The number of teeth on pinion is 16 and its rotational speed is 240 r.p.m. When the
gear ratio is 175, find in order that the interference is just avoided ;[ 1. the addenda on pinion and
gear wheel ; 2. the length of path of contact [ and 3. the maximum velocity of sliding of teeth on either
side of the pitch point.

Solution. Given : ¢ = 16° . m =6 mm ; t = 16 N, =240 cpm. or @, = 2K = 240/60
=25136rad/s ; G=T/r=1750r T=Gur= 175 = 16=2§

1. Addenda on pinion and gear wheel
We know that addendum on pinion

_mi T inZd —

i |:JI+ .t[: +2]5m & I}

=GXI6[J|+§(E+2]sm116°—|}
2 16 | 16

= 48 (1.224 — 1) = 10.76 mm Ans.

mI I ;

d addend heel = — —| = intd —
an LI On W 5 [JI+T[T+2]5|H¢ I:|

6% 28 6
= [J|+'—(E+2)sin316°—l]
2 28 | 28

=84 (1.054 — 1) =4.56 mm Ans.

2. Length of path of contact
We know that the pitch circle radius of wheel,
R=mT/2=6x28/2=84 mm
and pitch circle radius of pinion,
r=mit/2=6x16/2=48 mm
~. Addendum circle radius of wheel,
R, = R + Addendum of wheel = 84 + 10.76 = 94.76 mm

and addendum circle radius of pinion,
r, = r+ Addendum of pinion = 48 + 4.56 = 52.56 mm

We know that the length of path of approach,

KP=\/(RA)2 — R*cos’ ¢ — Rsino ...(Refer Fig. 12.11)

= J(94.76)* — (84)* cos” 16° — 84 sin16°
=496 — 23.15= 2645 mm
and the length of the path of recess.

PL= ,/(rA ¥ = rPcos’¢ — r sing

= J(52.56)% — (48)” cos® 16° — 48 sin16°
=25.17 —13.23 =11.94 mm
.. Length of the path of contact,
KL= KP + PL =26.45 + 11.94 = 38.39 mm Ans.

3. Maximum velocity of sliding of teeth on either side of pitch point

Let @, = Angular speed of gear wheel.
2
We know that L S wz=&=ﬂ=l4.28rad/s
® 1.75 1.75

~. Maximum velocity of sliding of teeth on the left side of pitch point i e. at point K
= (@, + ©,) KP = (25.136 + 14.28) 26.45 = 1043 mm/s Ans.

and maximum velocity of sliding of teeth on the right side of pitch point i.e. at point L
= (0, + ®,) PL =(25.136 +14.28) 11.94 = 471 mm/s Ans.



Example 12.13. Tweo gear wheels mesh externally and are to give a velocity ratio of 3 to 1.
The teeth are of invelute form [ module = 6 mm, addendum = one module, pressure angle = 20°. The
pinion rotates at 90 r.p.m. Determine : I. The number of teeth on the pinion to avoid interference on
it and the corresponding number of teeth on the wheel, 2. The length of path and arc of contact,
A The number of pairs of teeth in contact, and 4. The maximum velocity of sliding.

Solution. Given : G=T/t=3;m =6 mm A=Ay =1 module=6 mm :; ¢ =20";
N, =90rpm. or ,=2mxx % /60=2943 rad's

1. Number of teeth on the pinion to avoid inferference on i and the corresponding number of teeth
on the wheel

We know that number of teeth on the pinion to avoid interference,

P 24; _ 2= 6
JI+G(G+2sino -1 1433 +2)sin>20° —1
= 18.2 say 19 Ans.
and corresponding number of teeth on the wheel,
T=Gr=3x19=57 Ans.
2. Length of path and arc of contact
We know that pitch circle radius of pinion,

r=mif2 =06 x |%2=57 mm
.. Radius of addendum circle of pinion,
ry = r+ Addendum on pinion (A p)= 57 + 6= 63 mm
and pitch circle radius of wheel,
R=mTi2=6=x57/2=171 mm
. Radius of addendum circle of wheel,

R, = R + Addendum on wheel (A, )=171+ 6 =177 mm
We know that the path of approach (i e. path of contact when engagement occurs),

KP = (R, — R*cos’ ¢ — Rsiné ..(Refer Fig. 12.11)

= .jﬂ??)l — (171 cos? 20°— 171 5in 20°=74.2 — 58.5= 15.7 mm

and the path of recess (i.e. path of contact when disengagement occurs),

PL = \[(r,)* — r* cos’¢ — rsin¢

= J(63)> —(57)% cos?20° — 57sin 20° = 33.17 — 19.5 = 13.67 mm
. Length of path of contact,
KL = KP + PL =157 +13.67 = 29.37 mm Ans.
We know that length of arc of contact

_ Length of path of contact _ 29.37
coso cos 20°

= 31.25 mm Ans.

3. Number of pairs of teeth in contact
We know that circular pitch,

P.=R"AXm=m7xX 6= 18852 mm
. Number of pairs of teeth in contact

_ Length of arc of contact _ 31.25
Pc 18.852

= 1.66 say 2 Ans.
4. Maximum velocity of sliding
Let ®, = Angular speed of wheel in rad’s.
T
We know that e

[

v? |--s "

r 19
w,; = X —= 943X — = 3.14 rad/
or ) (0N T 57 rad/s
. Maximum velocity of sliding,
vg = () + o);,) KP - KP>PL)

= (943 + 3.14) 157 = 197.35 mm/s Ans.
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