
 
 

. 

Solution: 

Given

, 0 1

( ) 2 , 1 2

0, 2

x for x

f x x for x

for x

 


= −  
   

The Fourier Cosine transform of f(x) is  

  
0

2
( ) ( ) ( )cosc cF f x F s f x sx dx





= =  . 

( )
1 2

0 1 2

2
cos 2 cos 0cosx sx dx x sx dx sx dx





= + − +  
 
 
    

1 2

2 2

0 1

2 sin cos sin cos
( ) (1) (2 ) ( 1)

sx sx sx sx
x x

s s s s

    − −        
= − + − − −           

              

21

2 2

0 1

2 sin cos sin cos
(2 )

x sx sx sx sx
x

s s s s

      
= + + − −    

        

2 2 2 2

2 sin cos 1 cos 2 sin cos
0 0

s s s s s

s s s s s s

           
= + − + + − − −           

             

2 sin s

s
=

2 2 2

cos 1 cos 2 sins s s

s s s s
+ − − −

2

cos s

s

 
+ 

   

( ) 2

2 2cos cos 2 1
c

s s
F s

s

− − 
=  

   
The Fourier sine transform of f(x) is  

  
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= =  . 

( )
1 2

0 1 2

2
sin 2 sin 0sinx sx dx x sx dx sx dx





= + − +  
 
 
    

1 2

2 2

0 1

2 cos sin cos sin
( ) (1) (2 ) ( 1)

sx sx sx sx
x x

s s s s

    − − − −        
= − + − − −           

              

21

2 2

0 1

2 cos sin cos sin
(2 )

x sx sx sx sx
x

s s s s

  −    
= + + − − −    

        

( )2 2 2

2 cos sin sin 2 cos sin
0 0

s s s s s

s s s s s

         
= − + − + − − − −         

           

2 cos s

s
= −

2 2

sin sin 2 coss s s

s s s
+ − +

2

sin s

s

 
+ 

   

2

2 2sin sin 2
( )s

s s
F s

s

− 
=  

 
 

, 0 1

Find the Fourier cosine and sine transform of 

 




= −  

 


for x

x for x

f x x for x( ) 2 , 1 2

0, 2

4.2  FOURIER SINE AND COSINE TRANSFORMS 



Find Fourier transform of 
a x

e and hence deduce that  

     (a) 
2 2

0

cos

2

a xxt
dt e

a t a




−
=

+  (b) 

( )
2

2 2

2 2a x as
F xe i

s a

−  =
 

+
. 

The Fourier transform of f(x) is  

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

( )
1

cos sin
2

a x
e sx i sx dx




−

−

= +
 

1
cos sin

2

a x a x
e sx dx i e sx dx



 
− −

− −

= + 
 
 
    

sin is an fn sin 0
a x a x

e sx odd e sx dx


− −

−

 =  

0

1
2 cos

2

a xe sx dx




−=   

0

2 2
cos

2

a xe sx dx




−= 
 

2 2 2 2

0

2
( ) cos here ;

a x axa a
F s F e e bx dx a a b s

a s a b


− −  = = = = =   + + 


 

Deduction (a): 

By inverse Fourier transform of F(s) is 




−

−= dsesFxf isx)(
2

1
)(

  

2 2

1 2

2

isxa
e ds

a s



−

−

 
=  + 


 

( )2 2

1 2
cos sin

2

a
sx i sx ds

a s



−

 
= − + 


 

( ) ( )2 2 2 2

1 1
cos sin

a
sx ds ia sx ds

a s a s



−

   
= −   + +   




−

 
 
  


 

( )2 2 2 2

0

2 1 1
( ) cos sin is an odd function

a
f x sx ds sx

a s a s


   

=   + +   


 

2 2

0

1
cos ( )

2
sx ds f x

a s a



 

= 
+ 


 

2 2

0

cos

2

a xsx
ds e

a s a




−
=

+
 

Put s=t 

2 2

0

cos

2

a xtx
dt e

t a a




−
=

+
 

Deduction (b): 

By Property  



( )  ( )
d

F x f x i F s
ds

= −    

( )a x a xd
F xe i F e

ds

− −  = −
 

 

2 2

2d a
i

ds a s

 
= −   + 

 

( ) ( )
2 2

2 2 2 2

2 1 2 2
(0 2 )

as
ia s i

a s a s 

 
− = − + =

 + +
   

( )
2

2 2

2 2a x as
F xe i

s a

−

 
   =

   +
 

 

Find the Fourier sine and cosine transform of  , 0axe a−   and deduce that  

i) 
2 2

0

sin
2

axs
sx dx e

s a




−=
+ . 

ii) 
2 2

0

1
cos

2

axsx dx e
s a a




−=
+

 

Solution: 

The Fourier sine transform of f(x) is  

  
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= =  . 

0

2
sinaxe sx dx





−=   

2 2 2 2

0

2
( ) sin here ;ax ax

s s

s b
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

The Fourier cosine transform of f(x) is  

  
0

2
( ) ( ) ( )cosc cF f x F s f x sx dx





= =  . 

0

2
cosaxe sx dx





−=   

2 2 2 2

0

2
( ) cos here ;ax ax

c c

a a
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

The inverse Fourier sine transform of ( )sF s  is  

0

2
( ) ( )sinf x f x sx dx





= 
 

2 2

0

2 2
sin

s
sx dx

a s 


 

=  + 


 

2 2

0

2
sin

s
sx dx

a s


 

=  + 


 



2 2

0

sin ( )
2

s
sx dx f x

a s



 

= + 


 

2 2

0

sin
2

axs
sx dx e

a s




− 
= + 


 

The inverse Fourier Cosine transform of ( )cF s  is  

0

2
( ) ( )cosf x f x sx dx





= 
 

2 2

0

2 2
cos

a
sx dx

a s 


 

=  + 


 

2 2

0

2 1
cos

a
sx dx

a s


 

=  + 


 

2 2

0

cos ( )
2

a
sx dx f x

a s



 

= + 


 

2 2

0

cos
2

axa
sx dx e

a s a




− 
= + 

  

Find the Fourier sine and cosine transform of  , 0axe a−   and hence find and .ax ax

c sF xe F xe− −         

Solution: 

The Fourier sine transform f(x) is  

  
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= =  . 

0

2
sinaxe sx dx





−=   

2 2 2 2

0

2
( ) sin here ;ax ax

s s

s b
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

The Fourier cosine transform f(x) is  

  
0

2
( ) ( ) ( )cosc cF f x F s f x sx dx





= =  . 

0

2
cosaxe sx dx





−=   

2 2 2 2

0

2
( ) cos here ;ax ax

c c

a a
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

We know that  

  i)       ( ) ( ) ( )s c c

d d
F xf x F f x F s

ds ds
= − = −

 

  2 2

2ax ax

s c

d d a
F xe F e

ds ds a s

− −
   

   = − = −       +     

2 2

2 1d
a

ds a s

 
= −  

+   



( )
2

2 2

2 1
(0 2 )a s

a s

 
− = − +

 +
 

 

( )
2

2 2

2 2ax

s

as
F xe

a s

−

 
   =   +
 

 

ii)       ( ) ( ) ( )c s s

d d
F xf x F f x F s

ds ds
= =

 

  2 2

2ax ax

s c

d d s
F xe F e

ds ds a s

− −
   

   = =       +     

( )

( )

2 2

2
2 2

(1) (0 2 )2 a s s s

a s

 + − + 
=  

+  
 

( )

2 2 2

2
2 2

2 2a s s

a s

 
+ − 

=  
+  

 

( )

2 2

2
2 2

2ax

s

a s
F xe

a s

−

 
−   =   +

 

 

axe
a

x

−

  and hence find .
ax bx

s

e e
F

x

− − −
 
   

Solution: 

The Fourier sine transform of f(x) is  

 
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= = 
 

0

2
sin

ax ax

s

e e
F sx dx

x x

− − 
= 

 
  

Taking diff. on both sides w.r.to s 

0

2
sin

ax ax

s

d e d e
F sx dx

ds x ds x

− −      
=    

       


 

( )
0

2
sin

axe
sx dx

x s

 − 
=


 

2 axe

x

−

= ( )cos sx x
0

dx




 

0

2
cosaxe sx dx





−= 
 

2 2

2ax

s

d e a
F

ds x a s

−     
=    +      

Integrating on on both sides w.r.to s  

 
Find the Fourier sine transform of  , 0



2 2

2ax

s

e a
F ds

x a s

−   
=   +  


 

1 1

2 2

2
tan tan

ax

s

e s a x
F dx

x a x a a

−
− −     

= =     
+    


 

Similarly,  
12

tan
bx

s

e s
F

x b

−
−   

=   
    

Deduction: 
ax bx ax bx

s s

e e e e
F F

x x x

− − − −   −
= −   

     
ax bx

s s

e e
F F

x x

− −   
= −   

     

1 12 2
tan tan

s s

a b 

− −   
= −   

     

1 12
tan tan

ax bx

s

e e s s
F

x a b

− −
− −   −    

= −      
     

Find the Fourier cosine transform of  , 0
axe

a
x

−

  and hence find 

ax bx

c

e e
F

x

− − −
 
 

  

Solution: 

The Fourier cosine transform f(x) is  

 
0

2
( ) ( ) ( )cosc cF f x F s f x sx dx





= = 
 

0

2
cos

ax ax

c

e e
F sx dx

x x

− − 
= 

 
  

Taking diff. on both sides w.r.to s 

0

2
cos

ax ax

c

d e d e
F sx dx

ds x ds x

− −      
=    

       


 

( )
0

2
cos

axe
sx dx

x s

 − 
=


 

2 axe

x

−

= ( )sin sx x−
0

dx




 

0

2
sinaxe sx dx





−= − 
 

2 2

2ax

c

d e s
F

ds x a s

−     
= −    +      

Integrating on on both sides w.r.to s  

2 2

2ax

c

e s
F ds

x a s

−   
= −   +  


 

2 2

2 s
ds

a s

 
= −  + 


 

 
 



2 2

2 1 2

2

s
ds

a s

 
= −  + 


 

( )  2 22 1 ( )
log log ( )

2 ( )

f x
s a dx f x

f x


= − + =

 

( )2 21
log

2
s a


= − +

 

2 2

1 1
log

2 s a

 
=  

+   

2 2

1 1
log

2

ax

c

e
F

x s a

−   
=   

+    

Similarly  
2 2

1 1
log

2

bx

c

e
F

x s b

−   
=   

+    

Deduction: 
ax bx ax bx

c c

e e e e
F F

x x x

− − − −   −
= −   

     
ax bx

c c

e e
F F

x x

− −   
= −   

     

2 2 2 2

1 1 1 1
log log

2 2s a s b 

   
= −   

+ +     

                           

2 2

2 2

1
log

2

s b

s a

 +
=  

+   
2 2

2 2

1
log

2

ax bx

s

e e s b
F

x s a

− −   − +
=   

+   
 

13. Using Parseval’s identity evaluate the following integrals. 

1) 
2 2 2

0
( )

dx

x a



+                      2) 
2

2 2 2

0

, where 0.
( )

x
dx a

x a




+  

Solution: 

Assume ( ) axf x e−=  

The Fourier sine transform f(x) is  

  
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= =  . 

0

2
sinaxe sx dx





−=   

2 2 2 2

0

2
( ) sin here ;ax ax

s s

s b
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

The Fourier cosine transform f(x) is  

  
0

2
( ) ( ) ( )cosc cF f x F s f x sx dx





= =  . 

0

2
cosaxe x dx





−=   



2 2 2 2

0

2
( ) cos here ;ax ax

c c

a a
F s F e e bx dx a a b s

a s a b



− − 
 = = = = =   + + 


 

(i) The Parseval’s identity for Fourier cosine transform is  

2 2

0 0

( ) ( )cF s ds f x dx

 

= 
 

( )
2

2

2 2

0 0

2 axa
ds e dx

a s

 

−
  

=   +  
 

 

( )

2
2

2
2 2

0 0

2 1 axa
ds e dx

a s

 

−=
+

 
 

( )

2

2 2
2 2

0 0

1

2 2

axe
ds

a aa s


 − 

=  
− +


 

( )
0

2 3
2 2

0

1

4
ds e e

aa s




− −−
 = − 

+


 

( )
  0

2 3
2 2

0

1
0 1 0; 1

4
ds e e

aa s




− −−
= − = =

+


 

( )
2 3

2 2
0

1

4
ds

aa s




=
+


 

Put s=x we get 

( )
2 3

2 2
0

1

4
dx

aa x




=
+


 

(ii) The Parseval’s identity for Fourier sine transform is  

2 2

0 0

( ) ( )sF s ds f x dx

 

= 
 

( )
2

2

2 2

0 0

2 axs
ds e dx

a s

 

−
  

=   +  
 

 

( )

2
2

2
2 2

0 0

2 axs
ds e dx

a s

 

−=
+

 
 

( )

2 2

2
2 2

0 0
2 2

axs e
ds

aa s


 − 

=  
− +


 

( )

2
0

2
2 2

0
4

s
ds e e

aa s




− −−
 = − 

+


 

( )
 

2
0

2
2 2

0

0 1 0; 1
4

s
ds e e

aa s




− −−
= − = =

+


 

( )

2

2
2 2

0
4

s
ds

aa s




=
+


 

( )

2

2
2 2

0
4

x
dx

aa x




=




+

 


