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3.4 Taylor’s Series for Functions of Two Variables
Taylor’s expansion for a function of two variables:
Let f(x,y) be a function of two variables x,y. We can expand
f(x + h,y + k) in a series of ascending powers of h and k. Consider f (x + h,y + k)
as a function of the single variable x. i.e., keep y temporarily constant. By Taylor’s
theorem, We have

fx+hy +k) =f(x,y+k)+ —'a—f(x y+k) Enoe 2f(xy+k)+ ..(1)
Now, considering f (x,y + k) asa function of y only, we have
fay + k) =f@y) + £ 2f@y) + S fen+- . (2)

Differentiating (2) partially with respect to x, we have

G0y + ) = 0 f(67) + o f(6Y) ¥ara s (0, Y) + - 3)
ox 'y ox 4 1! 0xdy 'y 2! 9xdy? 4

Differentiating (3) partially with respect to x, we have

TGy + )= f ) RS faY) Y s f )+ (8)
Substituting (2), (3), (4) etc. in (1) we have
QX Ry +k) = fy) +5 2 flny ) o2 f(ry) + -

+h[—f<xy) +kﬁf(x y) + S f oy + ]

hZ

ZFy) + koo fOoy ) |+t fly) + o+

d ) 0% R d . .
= flxy)+ (hé i ké) o (hz Ly 2hk$ + k2 #) + higher order items
= foy) + 3 |G y) + k() + = [h2 fe (0, Y) + 2hkfry (2, 7) +

szyy(xry)] + ] (5)

The above result can be written in symbolic form as
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fOx4hy +5) = fGoy) +5 (hg +k5) fGey)

1/ 0 2\

Equation (5) represents an expansion of f(x + h, y + k) in powers of h and
k. From this, we can obtain a form which closely resembles the one dimensional form of
Taylor’s series.

In (5), replace (x,y) by (a, b)

We have f(a+h,b+k) = f(a,b) +% [[hfx(a, b) + kf,(a,b)| + Zi [h2fix(a, b) +

2hkfy,(a,b) + k?f,,(a,b)] + ] + higher order terms ... (7)

In equation (7), replace h by (x — a) and k by (y — k)
We have, then

f(xy)=f(ab)+: [(x— a)f«(ab)+ (y— b)f,(ab)] +

1
i [(x - a)zfxx(a: b) + Z(x = a)(y i b)fxy(a: b) + (y T b)zfyy(a' b)] +

It is the Taylor’s series expansion of f(x, y) about the point (a, b).

Problems Based on Taylor’s Series for Function of Two variables

Example:
(i) Expand e*cosy about (0, g)up to the third term using Taylor’s series.

(if)e*cosy in powers of x and y as far as the terms of the third degree .

Solution:

Function Value at (O, fz_f) Value at (0, 0)

f (x,y) =e*cosy f=0 1
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f,=e*cosy f.=0 1
fy=—e*siny fy=-1 0
fox=e*cosy fix =0 1
fey=—esiny foy=—1 0
fyy=—e*cosy fyy =0 -1
frxx=€*cosy fexx =0 1

frey=—e*siny —— 0
fryy =—€*cosy fayy =0 1
fyyy =e’siny fryy =1 1

By Taylor‘s theorem

f@.y) = f (@ b) +=[(x — a)fx(a,b) + (y — b)fy (a, b)] +

1
o [(x — @)?fix(a b) + 2(x — )y — D) fry (@, b) + (v — B)*fy(a, b)]

=[x = )% fan(@, b) + 3(x — @)%y — b)fxy(a,b) + 3(x — ) (y —

b)*fryy(a,b) +

i = S
(l)a—O,b—2

(y n b)sfyyy(a: b)] SiREEE

f )= 045 [ + (v = 5) (D] + 5| @20 + 200 - DD +

(r-3) O]

+21[0020) +3002 (y-2) -0 +3 (y-2) @+ (y=5) @ ]+

= —y+§+%[—2xy+2x§]+%[—3x2y+3§x2+ (y_%f]
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f ) =1+ 2@ + O] + = [()2D) + 203D (0) + () (- D]

+=[()3() +3@)2¥)(0) + 3 (NA(—1) + (7)*(0)] + -

1 1
flxy) =l+x+_[x? —y?] 4+ [x° = 3xy?] + -

Example:

Obtain terms up to the third degree in the Taylor series expansion of e*siny

about the point (lg)

Solution:

Function Value at (1,”7)

f (x,y) =e*siny il
f=e*siny fx=¢e
f,= e*cosy fy=0
fex=e*siny fex =€
fey= e*cosy fxy =0
f,y=—e~siny fyy =—e
foxx = €¥siny fexx = ©
fixy = €08 y frxy =0

fryy = —e*siny feyy = —€
f,yy = — e¥cosy fyyy =0
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By Taylor‘s theorem
f(xy)= flab)+—[@—a)fi(ab) + (y - b)fy(a,b)]

[0 = 0 fr(@h) + 20 = @ = D) fey(@h) + & = Y fyy (@ D)]
+51[(c = 0 fran(@,b) +3(x = 02y = b) fray (@, b) +3(x —~ ) (¥ -

b)zf;cyy(a, b) + (y— b)3fyyy(a, b)] 4+ ..
Put a= 1,b = ”7

fay=e+|@-De+(y-2) ]+
-2+ 26-Do-D)0)+(y-1) (o) +
La-1re+30-17(y-L) @ +36-D(y-1) (o) +
A
fry=ertt-De+ |- +(y-2) (o)

+% [(x —1)3e —3e(x — 1) (y ~ %)2] + -
Example:

Expand the function sin xy in powersofx — 1 and y — ”7 upto second degree

terms.
Solution:
Function Value at (1,”7)
f (x,y) =sinxy f=1
fr=ycos(xy) fx=0
fy=xcos(xy) fy =0
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fxxz_yZSin(xy) fxx = _n_z

4

fxy: —Xy sin(xy)+cos(xy) (4
fxy = _7

—  2ci
fyy= —x“sinxy

By Taylor‘s theorem
f (6¥) = f (@ by [(x — &)fe(a b) + (v = b)f; (a,b)] +

1
ol [(x — @)? fix(a,b) + 2(x = @) (¥ — D) fry(a,b) + (v — D) fy, (@, B)] + -

Puta =1,b = =

foy)=1+|@-D©O) +(y-%) O] +

Example:

Expand f (x,y) = e* in Taylors Series at (1, 1) upto second degree.
Solution:

Function Value at (1,1)
fxy)=e? f=e

fi= ye* fx=e

fy= x e fy=e
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—n 25X
f;cx_yey
— X X
fxy_ xyey+e Y

fyy= x* €™

fxxze

fiy=€ + e = 2e

fyy=e

By Taylor‘s theorem

f(xy) = flab)y=[(x - a)fula,b) + (v — b)f,(a,b)] +

1
z [(X - a)zf;cx(a: b) + Z(X - a)(y — b)fxy(a: b) + (y . b)zfyy(a: b)] + -

Puta=1,b=1

fy) = et=[(x—De+(y—1)(e)]+

2!
Example:

= D2%e+ 20— Dy = 1)26) + (= 1 Y2()] +

Expand e*log(1 + y) in powers of x and y upto terms of third degree.

Solution:
Function Value at (0,0)
f(x,y)=e*log(l+y) f=0
fx=e*log(1+y) fx=0
—px_ 1 =\l
fy € 14y fy
fux = €% 1og(1+y) fix =0
1 —
fxy = exm fxy =1
_ 1 fyy=-1
fy = =€ iy
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fxxx = exlog(l + y) fxxx = O
1 —
fxxy=€xm fexy =1

—_x_ L feyy = 1

Jayy = =€ iy

L1 fyyy =2
fyyy = 2e (147)3

By Taylor‘s theorem
f(xy) =flab)+[(x—a)fi(ab) + (v - b)fy(ab)] +

1
511G = D fix(a,b) + 2(x — Q) (v — b) foy (@, b) + (v — b)?fy,, (a, b))

2!
+= [ = 0% frax(@, b) + 3(x — @)%y = b)fixy (@, b) + 3(x — ) (y —
b)zf;cyy(a» b) + (y - b)3fyyy(a; b)] %

Puta= 0,b=0
£ (0y) =0+ [()(0) + D] + 2 [()2(0) + 2 ¥ + (¥ )*(—D)]

+=[(0)3(0) + 3()2()(D) + 3Gy Y2(=1) + (7)) ] + -~

2xy—y? n 3x%y-3x y2+2y3
2! 3!

=y + + ...
Example:

Expand x%y+ 3y —2 inpowersof (x — 1) and (y + 2) up to the third degree

term
Solution:
Let f(x,y) = x?y+3y—2
Function Value at (1, -2)
f,y)=x*y+3y—2 f = —10

fx= ny fx =—4
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fy=x* +3 fy=4
fux =2y fux = —4
fry = 2X fry =2
fyy=0 fyy =0
foxx = 0 frxx =0
frxy= 2 frxy =2
fryy= 0 fryy =0
fyyy =0 fyyy =0

By Taylor‘s theorem
f(xy) = f(aby=[(x - a)fi(ab) + (v — b)f,(a,b)] +

1
o [(x — @) fix(a, b) + 2(x — @)y — D) fry (@, b) + (v — B)?fy, (a, b)]

+% [ = @) frxx (@ b) + 3(x = )*(y — b) fuxy (@, b) + 3(x — ) (y —

b)zfxyy(a: b) + (y = b)3fyyy(a: b)] -
Puta= 1,b = -2

f(xy) = =10 +=[(x - (D) + & +2)@D] +

1
Sl = D=4 +2(x = D& +2)(2) + ¥ + 2)*(0)]

+% [(x—1)3(0)+3(x—1)?*(v+2 )2 +3x -1y +2 )2(0)+ (y+2)30) ]+

= —10 —4x—-1D+4(y+2) - 2c—D*+2(xc - Dy +2)+ (x - D*(y +2)

MA3151-MATRICES AND CALCULUS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Example: Find the Taylor series expansions of e*siny at the point (—1, ”T)

upto third degree terms.

Solution:

G )= iy S
eVz

f. = e*siny = 11

P 11

fy = e*cosy fy= e~2
fox=e*siny 11
fxx = 2_2

- 11

fry= e*cosy fay = e~2
11
fyy == 2_2

fyy=—e*siny

fxxx:exSiny (" = li
X el | e 2

11

Fory = ——

frxy=€*cosy Y ev2
» 11
fryy = —€*siny fayy = — E\/_E
fyyy = _2

fyyy = — e*cosy
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By Taylor‘s theorem
f(xy) = f(ab)+: [(x— a)fula,b) + &y — b)fy,(a,b)] +

1
z [(x - a)zf;cx(a: b) + Z(X - a)(y - b)fxy(ar b) + (y - b)zfyy(a: b)]

+% [(x - a)gf;cxx(a; b) +3(x — a)z(y - b)fxxy(a; b) +3(x—a)(y —

b)zf;cyy(a; b) + (y - b)gfyyy(a; b)] + -
Puta= —1,b = z
4
11 1 11 -\ i
fay)= tptale+D i +(-5) 15+
1 1/ T\1 1 T\%1 1
z[<x+1)2;5+2(x+1)(y—:)25 to-%) 5

1 11 11
5[(x+1)3;E +3+ 12 (y-2) 1L 43¢+ D (y -

Exercise:

1. Use Taylor’s formula to expand the function f defined by f(x,y) = x? + xy + y? in
powers of (x — 1) and (y — 2). [A. U. Tvli. Jan. 2011]

[Ans: (x—1)2 + (y—2) 2+ (x—-1DHy—-2)+4(x—-1)+5@p—-2)+7]
2. Expand f (x,y) = x¥ in Taylors Series at (1, 1) up to first degree. [A U, Jan.
2014]

[Ans: 1+ (x—1)+ -]
3. Expand x2y? + 2x? y + 3 x y? in powers of (x + 2) and (y — 1) up to the third degree

terms.
[A.UA/M 2014) (A.U Jan. 2012]

[Ans:6 + [(x +2)(=9) + (7 — 1)(®)] + 5 [(x + 2)2(6) — 20(x + 2) (¥ —

D)+ = 1D +5 [0+ 220 = 1)@ + (x+ 25 = 1)*(6) ] + -

4. Expand e”* siny in powers of x and y upto terms of third degree. [A. U M/J 2013]
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[Ans : y + xy]
5. Expand f(x,y) = tan‘l(y /x) in powers of (x-1) and (y-1) up to third degree terms
[Ans:f(x,y) =2 —2[(x =D = (= DI +1 [(x— D? = (y = 1)?] — < [(x -
D+ 3(x-1D*(-D-36- Dy -1 - (- D+

1
12
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