ROHINI coLLEGE OF ENGINEERING
& TECHNOLOGY

DEPARTMENT OF MATHEMATICS

UNIT 1-PARTIAL DIFFERENTIAL EQUATIONS

1.2 SOLUTIONS OF STANDARD TYPES OF FIRST ORDER PDE

Solutions of standard types of First order PDE’s:

Different solutions of PDE:

Complete Integral (or) Complete Solution:

If the number of arbitrary constants is equal to number of independent variables, then the solution is called Complete
integral.

Sinqular Integral (or) Singular Solution:

Consider a PDE of firstorderas f(X,y,z,p,q)=0 ————— @
It’s complete integral may be, f(X,y,z,a,b)=0 ————— @)

Diff (2) partially with respect to a &b respectively,

_g —_—— e — — —
_E = —_———— ——

Eliminating a&b from (3) & (4) will get the Singular integral.

General Integral (or) Complete solution:

A Solution which contains number of arbitrary functions is equal to the order of the given PDE.

(or) A solution which contains the maximum possible number of arbitrary functions.

Type I:

Equations of the form f(p,q)=0—-————— @




To find Complete Integral:

Let the complete solution of (1)is z=ax+by+c ————(2)
Let p=a & q=Dbin(1)

f (a,b) =0 and represent b =¢(a)
)= z=ax+g(@)y+c ————(3)
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible
There is no singular integral for this type.
To find General integral:

Put c=g(a) in(3)

@)= z=ax+¢(a)y+g(a) ————(4)
Diff (4) partially with respect to a
0=x()+¢'(@)y+9'(@) ————(5)

Eliminating a from (4) & (5) we get general integral.

1. | Find the complete integral of p+q = pq

Solution:

Given p+q=pgq ————()

This of the form f(p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)
Let p=a & g=bin(1)

)= a+b=ab :>a+b—ab=o:>b=ai1




Subb in (2)

a
Z=ax+| — |y+cC
=

This is the required complete integral.

Find the complete integral of p+q=1

Solution:

Givenp+q=1 ————()

This of the form f(p,q)=0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)
Let p=a&q=hbin(1)

D= a+b=1=b=1-a

Sub b in (2)

z=ax+(@-a)y+c

This is the required complete integral.

Solve \/E+\/a =1
Solution:

Given/p +\/a=1 ——@Q)
This of the form f(p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)

Let p=a &Qq=Dbin(1)

W= Va+b=1=\b=1-va =b=(1-Va)




Subb in (2)

z :ax+(1—\/5)2 y+c |————(3)

This is the required complete integral.
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible

There is no singular integral for this type.
To find General integral:

Put c=f(a) in(3)

@)= z=ax+(1-Va) y+ (@) ———()

Diff. (4) partially with respect to a

0= x(1)+2(1—\/5)% y+f(a) ————(5)

Eliminate a from (4) & (5) we get the general integral.

Type II:

Equations of the form z = px+qy + f(p,q) —————— @
To find Complete Integral:

Put p=a &q=bin(1)

L@ =>z=ax+by+f(@b) —————-— (2)

To Find Singular Integral:

Diff (2) partially with respect to a

0=x@+0+ f'(a,b) ————(3)

Diff (2) partially with respect to b

0=0+y@®)+ f'(ab) ————(4)




Eliminating a & b from (2) using (3) &(4), we get the singular integral.

To find General integral:

Put b=¢(a) in (2)

()= z=ax+¢(a)y+9(@ —————— ©)

Diff (4) partially with respect to a
0=x@+¢'(@y+9'(d) ————(6)

Eliminating a from (5) & (6) we get General integral.

1.

Solve z = px+qy + p°q°

Solution:

Given z= px+qy+ p’q® ————— (@)
Equations of the form z = px+qy + f(p,q)

To find Complete Integral:

Put p=a &q=bin(1)

() =>|z=ax+by+a’? |-————— (2)

This is the required complete integral
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+2ab’> = x+2ab*=0 = x=-2ab’————(3)
Diff (2) partially with respect to b

0=0+y(l)+0+2a’h = y+2a’h=0 = y=-2a’h————(4)

Eliminating a & b from (2) using (3) &(4)

3)= %: _2ab————(5)




@)= Y= _2ab————(6)
a

From (5) & (6)

>

=Lk (say)
a

b

=X_k& Yok
a

& a=Y ————(7)

Suba&bin(2)

y X y2 XZ
2) > 1= X+—yY+—>5—
( ) k ky k2 k2
2.,2
oYLy Xy
k k k*
2xy  X°y?
k k* ®
To find k
Sub (7) in (3) (or) (4)
y X —2x°y
(3):>X:—2EF = X= k3

2,,2
2y, XyT 29 X%

®) = 2= )

2k © 2k

162% = -27x%y?

This is the required singular integral.

To find General integral:

_ 3,,3
_Ayexy 3y s 21Xy




Put b=¢(a) in (2)

)= z=ax+f(ay+a’[f@)] —————- Q)
Diff (9) partially with respect to a

0=x@)+ f'(a@y+2f(a)f'(a) ————(10)

Eliminating a from (9) & (10) we get General integral.

Find the singular integral of z = pX+qy + p2 + pq + q2
Solution:

Given z= px+qy+ p°+pg+q> ————— )
Equations of the form z = px+qy+ f(p,q)

To find Complete Integral:

Put p=a &q=Dbin(1)

() =| z=ax+by+a’+ab+b® [—————— )

This is the required complete integral

To Find Singular Integral:

Diff (2) partially with respect to a
0=x()+0+2a+b+0 = 2a+b=-x ————(3)
Diff (2) partially with respect to b
0=0+y@+0+a+2b = a+2b=-y ————(4)
Eliminating a & b from (2) using (3) &(4)

(4)x2=2a+4b=-2y ————— 5)

(3)-(5)= —3b=—x+2y =|b=

Sub the value of b in (3)




2a+b=-x = 2a=-x-bh= 2a=—x—(x_2yj

:—3x——:;(+2y = ba=-4x+2y =>|a= 3

2a

Sub the value of a & b in (2)

2 2
, =(y—2xjx+(x—2yjy+(y—2xj +(y—2x](x—2y}{x—2yj
3 3 3 3 3 3
Xy — 2x° . Xy —2y? N y? —4xy +4y? . xy—2y2—2x2+4xy+ X? —4xy +4y?
3 3 9 9 9

=

L 3xy —3X% +3Xy —6Y° + Y —4xy + 4y + Xy —2y* —2X* +4Xy + X* —4xy + 4y?
9

9z =-4x>+y* +xy

Solve z = px+qy++/p? +0° +1

Solution:

Given

Z=pX+Qy+4p2+gP+1l ————— ()]

To find Complete Integral:

Put p=a &q=Dbin(1)

() = [z=ax+by++va’+b’ +1| ————(2)

This is required complete integral.
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+;(2a) = [X=

—— ————(3)
24a® +b? +1 Ja2+b?+1




Diff (2) partially with respect to b

0=0+y@)+ (2b) =

1
2Ja? +b%+1

—b

Y= Ja?+b?+1

Eliminating a & b from (2) using (3) &(4)

(3)2+(4)2:x2+y2:[ @ ] J{

JaZ+b?+1

) ) a2 b2
X+Y =F—(5 -+t 723
a‘+b°+1 a“+b°+1

a’+b?

2 2
Xryl=———
a’+b*+1

a’+b’

1-(C+yY)=1-— 2
( y) a’+b*+1

_a’+b*+1-a’-b’?

1—X2— 2
y a’+b%+1

1

1-x2—y?=— —
y a’+b?+1

=1+a’+bh?®=

1_X2 _y2

Taking square root on both sides

SWra——t | )

1_X2 _y2

Sub (5) in (2) and (3)

@)= X=+a = Xx=-aJl-xX*-y* =

[1_ x2 _ yz

Ja?+b%+1

———-)

;

a=

2

1-x"-y




(4) = y:+b =>y=-bfl-¥*-y* = P

- 1_X2_y2
'1_ XZ _ y2

Sub (5),a & bin (2)

(2)=z= X x4 -y y+ !
’1_ X2 _y2 1_ X2 _y2 '1_ X2 _y2
2 2

== P— + !
\/1_ X2 _y2 \/1_ X2 _yz \jl— X2 _yz

1_X2_y2

/1_X2_y2
= z:wfl—xz—y2

Squaring on both sides

= 7=

72 =1-x*-y* = X’ +y*+2°=1

Find the singular integral of z = px+qy + p2 - q2
Solution:

Given z= px+qy+p*—-q° ————— @
Equations of the form z = px+qy+ f(p,q)

To find Complete Integral:

Put p=a &q=Dbin(1)

o () =|z=ax+by+a’ —b?| —————— 2)

This is the required complete integral
To Find Singular Integral:

Diff (2) partially with respect to a




0=x(1)+0+2a+0 = a=7x —3)
Diff (2) partially with respect to b
0=0+y(1)+0-2b= b:% (4
Sub a & bin(2)

=G (3]G

2 2 2 2
L(2Q)=>z S SR
2 2 4 4

2 2 2 2
:2x+2y+x y N

4z =—x* +y?
4 y

(=12

This is the required singular integral.

Type H1I:

Equations of the form f(z, p,q)=0 ————— @
In this type X & Yy do not appear explicitly.

To find Complete Integral:

Let the complete solution of (1)is z= f(x+ay) ——————
Let X+ay=u
@=z=1fu —————- 3

By total derivative,

0z dz ou dz ou
—=——=p=—(@) Tu=x+ay = —=1
oX du ox dx OX
0z dz ou dz ou
—=—.-— =>(0=a— Tu=X+ay =>—=a
oy du oy du oy

Substitute the value of p & qin (1)




(1):>f(z,£,a$j=0
du du

This may be solve by method of separation of variables

Other solutions can obtain as usual.

1. | Solve p(l+Q)=0z.

Solution:

Given pl+qg)=0gz ————(@)
This is of the form f(z, p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z = f (x+ay)

Let x+ay=u = z="f(u)

Thenp=j—lzj &q:aa

Substitute the value of p & qin (1)

@ :E(H aE j: azz
du

du du
1+a£=az
du
E:az—l
du
dz _du
az-1

Integrating on both sides

d
[Praal kL




u=log(az-1)+c -.'j%dx:log f (x)

Ix+ay=log(az-1)+c |

This is the required complete integral.

Other solutions can be obtained as usual.

Solve z° =1+ p® +q°

Solution:

Given z° =1+ p*+q°* ————(Q)
This is of the form f(z, p,q)=0

To find Complete Integral:

Let the complete solution of (1)is z= f(x+ay) ——————
Let x+ay=u = z="f(u)

Thenp:j—i &qza:jll—lzJ

Substitute the value of p & qin (1)
2 2
0 =7 :[Ej +[a£j +1
du du
2 2
:(Ej +az(£] =7°-1
du du
2
:>(1+a2)[£] =7"-1
du
(dz jz 7 -1
= — =
du 1+a’

Taking square root on both sides




dz Jz2 -1

du  \1+a?

N dz _ du
J72 -1 1+a’

Integrating on both sides

1 dz
cosh™z= u+c | ——=——= =cosh™ x
a’-1 J.«/xz -1
cosh™z= (x+ay)+c U=X+ay
a’-1

This is the required complete integral.

Other solutions can be obtained as usual.

Solve p(l— qz) =q(1-2)

Solution:

Given p(1-¢*)=q@-2) ———-(1)

This is of the form f(z, p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z = f(x+ay)
Let x+ay=u = z="f(u)

Thenng—lzJ &q:ag—i

Substitute the value of p & qin (1)

dz dz \’ dz
@ :E{l—[aaj }:aﬁ(l— 2)




2
1—a+az:a2(£j
du

Taking square root on both sides
a :—Z =Jl-a+az

u

adz du

Jl-a+az B

Integrating on both sides

a(lel—a+az j:quC
a

-.-I%dx:i(zx/;)

2Jl-a+az =x+ay+c U =X+ay

This is the required complete integral.

Other solutions can be obtained as usual.

Type IV:

Equations of the form f,(x, p)= f,(y,q) —————— @
To find Complete Integral:

Let f,(x, p) = f,(y,q)=a(say)

~hp)=a ; f(y.q)=a

From the above we get p = f (x,a) ; q= f,(y,b)
Substitute the value of p & q in z :j pdx+'[qdy

Integrating we get complete integral

Other solutions can obtain as usual.

1. | Solve p?+0g°=x>+y?

Solution:




Given p®+q®=x>+Yy?

This is of the form f,(x, p) = f,(y,q)
To find Complete Integral:

Let p>—x*=y*—q° =a’(say)
LpP-x*=a® ;y*-g*=a’

apt=at+x? =y’ -—al

p= a1+ x2 g = yz_az

Substitute the value of p & @ in

z =J.«/x2 +a’ dx+J-w/y2—a2dy
z :2,/x2 +a’ +%Zsinhl(§J+%,/y2 -a’ +%zcoshl(§J+c

a

-.-1)I1/x2+a2 dx=§,/x2+a2 +a?zsinhl(232) J‘\/yz—azdyzgwfyz—a2 +a?zcoshl(§j

Integrating we get complete integral

Other solutions can obtain as usual.

Find the complete integral of p®y(1+ x*) = gx*

Solution:

Given p’y(1+x%)=0qx’

P a9y
X y

This is of the form £ (x, p) = f,(y,q)

To find Complete Integral:




v —=a(say)
2 2
X y
2 X2 _
P= 1+ x? a=ay
Ja x

p:\/m » |g=ay

Substitute the value of p & @ in

=[x

let 1+ x> =t = 2xdx=dt = xdx =

dx+Iay dy

_Jaf lat, Yy
va] £ 5 ral

Ja ay? 1

SN h+ Y [ dx=2
2= Jt : I\/;X Jx

2
z =+JaVl+x? +a%+c

Find the complete integral of p+qg=sinx+siny
Solution:

Given p+Qg=sinx+siny

p-sinx=siny—q ————-— @

This is of the form f (X, p) = f,(y.q)

To find Complete Integral:

Let p—sinx=siny—qg=a(say)




S.p—sinx=a ;siny—g=a

~|p=sinx+a| ;|g=siny-a

Substitute the value of p & @ in
z :I(sin x+a)dx+J'(sin y—a)dy

Z =COSX+ax+Cosy—ay+cC

|z=cosx+cosy—a(x—y)+c|

This is the required complete integral




