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5.2 Euler’s method - Modified Euler’s method 

Euler’s method 

𝑦𝑛+1 = 𝑦𝑛 + ℎ 𝑓(𝑥𝑛, 𝑦𝑛), 𝑛 = 0,1,2,3, …. 

Modified Euler’s method 

𝑦𝑛+1 = 𝑦𝑛 + ℎ [𝑓 (𝑥𝑛 +
ℎ

2
, 𝑦𝑛 +

1

2
ℎ 𝑓(𝑥𝑛, 𝑦𝑛))] 

 

1. Using Euler’s method find 𝑦(0.2)𝑎𝑛𝑑 𝑦(0.4) from 
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦,  

𝑦(0) = 1 𝑤𝑖𝑡ℎ ℎ = 0.2 

Solution 

Given, 𝑓(𝑥, 𝑦) = 𝑥 + 𝑦,  𝑥0 = 0, 𝑦0 = 1, ℎ = 0.2, 𝑥1 = 0.2, 𝑥2 = 0.4 

Euler’s algorithm is,  

  𝑦1 = 𝑦0 + ℎ 𝑓(𝑥0, 𝑦0) 

𝑦1 = 𝑦(0.2) = 1 + (0.2)(𝑥0 + 𝑦0) 

= 1 + (0.2)(0 +  1)2 

𝑦1 = 𝑦(0.2) = 1.2 

 

𝑦2 = 𝑦1 + ℎ 𝑓(𝑥1, 𝑦1) 

𝑦2 = 𝑦(0.4) = 1.2 + (0.2)(𝑥1 + 𝑦1) 

= 1.2 + (0.2)(0.2 +  1.2) 

  = 1.2 + 0.28 

𝑦2 = 𝑦(0.2) = 1.48 

 

2. Using Euler’s method find the solution of the initial value problem 
𝑑𝑦

𝑑𝑥
= log(𝑥 + 𝑦),  𝑦(0) = 2by assuming ℎ = 0.2 

Solution 

Given, 𝑓(𝑥, 𝑦) = log (𝑥 + 𝑦),  𝑥0 = 0, 𝑦0 = 2, ℎ = 0.2, 𝑥1 = 0.2 

 Euler’s algorithm is,  

𝑦1 = 𝑦0 + ℎ 𝑓(𝑥0, 𝑦0) 
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= 𝑦0 + ℎ [log(𝑥0 + 𝑦0)] 

𝑦1 = 𝑦(0.2) = 𝑦0 + ℎ [log(𝑥0 + 𝑦0)] 

      = 𝑦(0.2) = 2 + (0.2) [log(0 +  2)] 

                = 2 + (0.2)[log( 2)] 

                 = 2 + (0.2)(0.3010) 

= 2.0602 

                  = 𝑦(0.2) = 2.0602 

3. 𝑈𝑠𝑖𝑛𝑔 𝐸𝑢𝑙𝑒𝑟 𝑀𝑒𝑡ℎ𝑜𝑑 𝑠𝑜𝑙𝑣𝑒 𝑦′ = 𝑥 + 𝑦 + 𝑥𝑦 , 𝑦(0) = 1, 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑦 𝑎𝑡 

 𝑥 = 0.05 

   𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

                 𝐺𝑖𝑣𝑒𝑛 𝑦′ = 𝑓(𝑥, 𝑦) = 𝑥 + 𝑦 + 𝑥𝑦 & 

 𝑥0 = 0 𝑎𝑛𝑑 𝑦0 = 1,   𝑥1 = 0.05 𝑎𝑛𝑑 𝑦1 =? 

               ℎ =  𝑥1 −  𝑥0 = 0.05 − 0 = 0.05 

𝑦1 = 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) 

𝑦1 = 1 + 0.05 𝑓(0,1) 

                        = 1 + 0.05 [0 + 1 + (0)(1)] 

           = 1 + 0.05(1) 

     𝑦1 = 𝑦(0.05) = 1.05 

4. Using modified Euler's method, compute y (0.1) with h = 0.1 from 𝑦′ = 𝑦 −
2𝑥

𝑦
, 𝑦(0) = 1 

Solution : 

 Given 𝑓(𝑥, 𝑦) = 𝑦 −
2𝑥

𝑦
,  𝑥0 = 0, 𝑦0 = 1, ℎ = 0.1, 𝑥1 = 0.1 

By modified Euler's method, 

𝑦𝑛+1 = 𝑦𝑛 + ℎ [𝑓 (𝑥𝑛 +
ℎ

2
, 𝑦𝑛 +

1

2
ℎ 𝑓(𝑥𝑛, 𝑦𝑛))], 

 𝑦1 = 𝑦(0.1) = 𝑦0 + ℎ [𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

1

2
ℎ 𝑓(𝑥0, 𝑦0))], 

                        = 𝑦(0.1) = 1 + 0.1 [𝑓 (0 +
0.1

2
, 1 +

0.1

2
[𝑦0 −

2𝑥0

𝑦0
])] 

                                = 1 + 0.1 [𝑓(0.05, 1 + (0.05)[1 − 0])] 

      = 1 + 0.1 [𝑓(0.05, 1.05)] 
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         = 1 + 0.1 [1.05 −
2(0.05)

1.05
] 

       = 1 + 0.1[1.05 − 0.0952] 

= 1 + 0.1[0.9548] 

        = 1 + 0.09548 

         = 1.09548 

 

5. Consider the initial value problem 
𝑑𝑦

𝑑𝑥
= 𝑦 − 𝑥2 + 1, 𝑦(0) = 0.5, using the modified Euler’s 

method, find 𝑦(0.2) 

Solution : 

 Given 𝑓(𝑥, 𝑦) = 𝑦 − 𝑥2 + 1,  𝑥0 = 0, 𝑦0 = 0.5, ℎ = 0.2, 𝑥1 = 0.2 

By modified Euler's method, 

𝑦𝑛+1 = 𝑦𝑛 + ℎ [𝑓 (𝑥𝑛 +
ℎ

2
, 𝑦𝑛 +

1

2
ℎ 𝑓(𝑥𝑛, 𝑦𝑛))] 

 

        𝑦1 = 𝑦(0.2) = 𝑦0 + ℎ [𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

1

2
ℎ 𝑓(𝑥0, 𝑦0))] 

                           = 𝑦(0.2) = 0.5 + (0.2) [𝑓 (0 +
0.2

2
, 0.5 +

0.2

2
 𝑓(0, 0.5))] 

    = 0.5 + 0.2 [𝑓(0.1, 0.5 + (0.1)[0.5 − 0 + 1])] 

= 0.5 + 0.2 [𝑓(0.1, 0.5 + (0.1)(1.5))] 

= 0.5 + 0.2 [𝑓(0.1, 0.5 + 0.15)] 

= 0.5 + 0.2 [𝑓(0.1, 0.65)] 

= 0.5 + 0.2 [0.65 − 0.12 + 1] 

= 0.5 + 0.2 [0.65 − 0.01 + 1] 

= 0.5 + 0.2 [1.64] 

      = 05 + 0.328 = 0.828 

 

6. 𝑆𝑜𝑙𝑣𝑒 𝑦′ = 1 − 𝑦 , 𝑦(0) = 0  𝑏𝑦𝑀𝑜𝑑𝑖𝑓𝑖𝑒𝑑 𝐸𝑢𝑙𝑒𝑟 𝑀𝑒𝑡ℎ𝑜𝑑   

𝑓𝑖𝑛𝑑 𝑦(0.1) 
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𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

𝐺𝑖𝑣𝑒𝑛 𝑦′ = 𝑓(𝑥, 𝑦) = 1 − 𝑦   

 𝑥0 = 0           𝑎𝑛𝑑   𝑦0 = 0 

 𝑥1 = 0.1      𝑎𝑛𝑑   𝑦1 =? 

ℎ =  𝑥1 −  𝑥0 = 0.1 − 0 = 0.1 

𝑦1 = 𝑦0 + ℎ [𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

ℎ

2
𝑓(𝑥0, 𝑦0))] 

𝑦1 = 0 + 0.1 [𝑓 (0 +
0.1

2
, 0 +

0.1

2
𝑓(0,0))] 

     = 0.1 [𝑓 (0.05,
0.1

2
(1 − 0))] 

     = 0.1[𝑓(0.05, 0.05(1))] 

= 0.1[𝑓(0.05, 0.05)] 

  = 0.1[1 − 0.05] 

  = 0.1[0.95] 

𝑦1 = 0.095 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


