ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

2.1 FOURIER SERIES ANALYSIS

The Fourier representation of signals can be used to perform frequency
domain analysis of signals in which we can study the various frequency
components present in the signal, magnitude and phase of various frequency
components.

Conditions for existence of Fourier series:
The Fourier series exist only if the following Dirichlet’s conditions are satisfied.
» The signal x(t) must be single valued function.

o The signal x(t) must possess only a finite number of discontinuous in the

period T.

o The signal must have a finite number of maxima and minima in the period
T.

o x(t) must be absolutely integrable.

[ lx(®)ldt <

Types of Fourier series:
« Trigonometric Fourier series
« Exponential Fourier series
« Cosine Fourier series

TRIGONOMETRIC FOURIER SERIES

The trigonometric form of Fourier series of a periodic signal, x(t) with

period T is defined as

x(t) =a, + Xp=qapcosnQyt + Y01 b, sinnQ,t -------- (1)

where a,, a,, b, — Fourier coefficients of trigonometric form of Fourier series

to+T
a, = ?.f x(t)dt
to
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to+T
J x(t) cosnQ,dt
t

o

to+T
f x(t)sinn Q,dt
t

o

EXAMPLE 1: Find the trigonometric Fourier series for the periodic signal x(t) as

shown in Figure

Ax(t) A

> | >
F 3 ;D_lTl B 5 7 9 't T 01 T >,
Solution:
T=3-(-1)=4andQ, == ="
To find a,
ap =7 [ x(®)dt = 2|2, 1ae + [} —1a]
1
= ([ — 1[¢]3]
1
=Z[2—2]=

To find a,,

2 (to+r 2 1 3
ay == [ x(t) cosnfdyt dt = 1 [[ cosniyt dt + f (—1)cos niyt dt]
-1 1

“Slll nﬂg gmnﬂut] ]
nfly 1_; nily
1|[sinn = smn
"2 [ nnzt ‘ ‘
- %(%) [sinn = - <sinn g(—1)> ~ (sinn Z.(3) - sinn g)]

1 ) TL’+ ) T 3 T[+ ) /4
= [nn] [smn > sinn sin 3n > sinn 2]

2

= % [35innz—n - (— sinn g)] = % [sinn g]
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To find b,
2 to+T
b, = —J x(t)sinnQ,dt
T ),
2 1 3 T
:ZU sinn Q, tdt+ —san tdt
_1 i
11 T 13
_1“—cosnﬂot]1 [ cosn (Q, t —cosn—t N cosn 5t
2 nQ, 1, nQ, n%

1-1 1
=2 [_2 (cosn 1)+ 3 ”)]
=5 |5, (cosn 5 —cosn ( ) — cosn ( ) —cosn >

1 2 nm s
= E[O +E(cos (Znn —7) —cosn E)]

1 T T
= [— (cosn ——cosn —)]:0
nm 2 2

Trigonometric Fourier Series

(00]

x(t) =a, + z a,cosn(l,t+ z b,, sin n(),t
n=1

n=1
_iél- . (nn') Qt—i4 4 (nn) T
= 1nn_sm 2 cosnil,t = 1mtsm > COSTl2
n= n=

EXAMPLE:2 Obtain Fourier series of the following full wave rectified sine wave

shown in figure

K[t] A
-2 -1 d 1 2 t o

Solution:
x(t) = x(—t); Given signal is even signal ,so b,, =

21
T=1andQO=T=27t
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To find a,
T 1
2z
2 2 ]
ag = T (1&) dt = 1 ‘.x(r) dt = 2[ sinmt dt
0 0
1
_2[ cosnt]i_ 2[ T 0]_
= m— = cos2 cos0| =
To find a,,

T 1
a, = %foz x(t) cosnQ,tdt = %foz sin 7t cosn2mt dt

=2 fi[sin((l + Zn)nt) + Sin((l — Zn)nt)] dt
0

_ cos((l + Zn)nt) cos((1 5 Zn)nt) %
- [_ A+2mr (A -2m=m

2 cos((1+2n)%> cos((l—Zn)%) 1 1
7|l 1+2n 1-2n  ‘1t2n'1-2n

_2[ 1 4 1 ]_2[1—2n+1+2n]_ 4
T mll4+2n 1-2n 1 — 4n2 (1 — 4n?)

Trigonometric Fourier Series

s
0%}

oo
x(t) =a, + z a,cosn(l,t+ z b,, sin n(),t
n=1

n=1

2 4
t) =— _— 21t
x(t) 7T+§:17T(1_4nz)cosnn
n=
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NTIAL FOURIER SERIES

P[0,0]
The exponential form of Fourier series of a periodic signal x(t) with period

T is defined as,

oo

x(t) = Z c, eln ot

n=—oo

The Fourier coefficient C,,can be evaluated using the following formulae

Cp = x(t)e /ot ge

=
t\-"|I"‘-l'1'_'_"-1.ts.J|'---;|

EXAMPLE 3: Find exponential series for the signal shown in figure

}x(t)

d 1 2 3

v

Solution:

L. _2E 2 _
T=10p = = = 2m
Consider the equation of a straight line
Yy —y1 X — X1

Yoa—¥V1 X2—X1

(1)

1____ . ol11]

P[0,0]

Consider points P,Q as shown in figure
Coordinates of point P = [0,0]
Coordinates of point Q = [1,1]

On substituting the coordinates of points P and Q in equation
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x(lt)__oo = i:(()) = x(t) =t
x=ty=x(t)
To find C,
T 1
cp = —J;] x(t)dt ——f (t)dt
21" 1
1]+
To find C,

T
2
1 -
Cp = — fx(,t)e_mﬂ”tdt
T
z

1 11 —mzm 1 —jnzrrt
=—f teIn2nt gy — J’

1/, —jHZIIT —jTIZi‘I
e—jZTL’TL [ e—]Znnt

ey,

—j2nn
E_—jnZn e—jﬂzﬁ 1
J n2m ni4m? n4n?
AN 1
" n2m n?4m?  nl4n? __ n2m
.- J
" on2m
_J _J
€= 21’ €2 = 41’
o
T 2 2T _ag =7 _ér

EC3354 SIGNALS AND SYSTEMS



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

Exponential Fourier Series

o

x(t) = Z ¢, e/n ot

n=—o2

. g j —j6mt j —ijdmt JF 2t _}' jdt —I i 6t
o) = L L pibmt L —jamt L 4L AN RN
x(t) =+ — e an’ 21 2 21 T tert  F

_1 L jimt __ —jEﬁt jamt —j41‘rt joemt __ ,—jbnt
_2+2ﬂ'[€ ]+ [e ]-I— [e e |+

o6

1 1 E.jZ:rrt _E—jznt
2 T

i Y

1 Ejfl-nt _e—jdklrt 1 Ejﬁ?rt _e—jﬁrrt
+2n[ (—1D2j ]+3n[ (-D2j ]

= 3 + (?) sin 2mt —Esin 4t — gsin ot

1 1 1
—— [sfn 2t + —sindnt + —sin 6mt + ]
T 2 3

COSINE FOURIER SERIES

Cosine representation of x(t) is

x(t) =4, + z A, cos(nQ,t + 6,)

n=1

Where Ay is dc component, A» is harmonic amplitude or spectral amplitude and 6,

Is phase coefficient or phase angle or spectral angle

EXAMPLE 4: Determine the cosine Fourier series of the signal shown in Figure

X“T/\
/AR N,
-2n -TU 1 b 2n 3n

»
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Solution:

The signal shown in is periodic with period

21
T =2m anon=%=1

The given signal is sinusoidal signal,

~ x(t) = Asin Qt

Q_ZH_ZH_I A1
Here, T 2n T
S x(t) = sint
To find a,
1 T
a0=TL x(t)dt
= H'rdr—l[ t]“—l + 0—12—1
= usm =5 -L—cos D_ZR'[ cosm + cos ]_ZTT[]_
To find a,,

m

2 (T 2
a, :—J‘ x(t)cosnﬂﬂtdtzz—f
0

1 T
sint cosntdt :—J‘ [sin(1 4+ n)t + sin(1 — n)t] dt
T T Jp 21 Jg

1[ cos(1 +n)t cos(:l—n)tr

T 2 (1+n)  (1-n) 0
1 cos(l+mn)r cos(1—m)m N 1 N 1
C2m (1+n) (1—n) 1+n 1-n

1 1 1
|-

1 1
= odd : = [— —
forn=o n 21 1+n 'l—n+1—|-n+1—n
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1[ 1 1 1 1

orn=even: a, = + + 1+
f " 2nll4n 1—-mn 14n 1-n

_ [1 —n+1+ nl 2
N — n? (1 —n?)
0 forn = odd
a, = 2 _
—n(l 3 forn = even
To find b,
- . 2 .
b, = —’- x(t) sinnflyt dt = —’. sint sinnt dt
T Iy 21 Jp

— %Ln(cos(l —n)t — cos(1+n)t)dt

sin(1 — n)t sin(1 + n)t]”
~ o (1-—n) (1+n) ]

1 [sin(l—n)m sin(l+n)m _ 0
“2n| (1-n)  (1+n) ]_

calculate the Fourier coefficients of Cosine Fourier series from Trigonometric

Fourier series:

1
A0=a0=E

2
A, =.ai+ b= m,forneven

Cosine Fourier Series

x(t) = Ag + z A, cos(nQyt+6,)
n=1
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1 < 2
X(t) —;+ nZl mcosnt

(n=even)

1 2 2
——4+———rcos 2t + ——————cos 4t + -+
7 mw(l—4) m(l—16)

—l 2 2t - 4t + —1 2 ZT—I-l 4t 4+
== 3??-:'05 _lSHCUS = H[3 cos 2t 15c'os ]
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