
3.2  n-Array Relations and Their Applications 

Introduction 

In mathematics, relations are used to describe relationships between elements of sets. When we 

extend the concept of a relation to involve multiple sets, we encounter n-array relations. These 

relations generalize binary relations (which involve two sets) to higher dimensions, and they have 

applications in various fields such as algebra, graph theory, computer science, and logic. 

  Definition of N-Array Relations 

An n-array relation (or n-ary relation) is a relationship that involves n sets and associates elements 

of these sets in some structured manner. Formally, we can define an n-array relation as follows: 

Let RRR be an n-ary relation defined on nnn sets A1,A2,…,AnA_1, A_2, \dots, A_nA1,A2,…,An. 

That is, 

R⊆A1×A2×⋯×AnR \subseteq A_1 \times A_2 \times \dots \times A_nR⊆A1×A2×⋯×An 

Where: 

 A1,A2,…,AnA_1, A_2, \dots, A_nA1,A2,…,An are sets (or types of objects), 

 ×\times× denotes the Cartesian product, meaning that each element of RRR is an ordered n-

tuple (a1,a2,…,an)(a_1, a_2, \dots, a_n)(a1,a2,…,an), where ai∈Aia_i \in A_iai∈Ai. 

In this case, the relation RRR can be thought of as a subset of the Cartesian product of the nnn sets. 

Binary Relations (n=2) 

As a special case, when n=2n = 2n=2, the relation is a binary relation. A binary relation RRR on sets 

AAA and BBB is a subset of the Cartesian product A×BA \times BA×B, which means: 

R⊆A×BR \subseteq A \times BR⊆A×B 

For example, if AAA represents people and BBB represents cities, a binary relation could represent 

"lives in" — that is, a pair (a,b)∈R(a, b) \in R(a,b)∈R means that person aaa lives in city bbb. 

Ternary Relations (n=3) 

For n=3n = 3n=3, a ternary relation is a relation involving three sets A1,A2,A3A_1, A_2, A_3A1

,A2,A3. A ternary relation RRR on these sets can be represented as: 

R⊆A1×A2×A3R \subseteq A_1 \times A_2 \times A_3R⊆A1×A2×A3 

For example, in the context of a social network, a ternary relation might represent a friendship 

relationship that is based on "person A is friends with person B on platform C." So, (A,B,C)∈R(A, B, 

C) \in R(A,B,C)∈R means person AAA and person BBB are friends on platform CCC. 



General N-Array Relations 

For a general nnn-array relation R⊆A1×A2×⋯×AnR \subseteq A_1 \times A_2 \times \dots \times 

A_nR⊆A1×A2×⋯×An, an example might involve representing more complex interactions between 

multiple objects or entities. For example, in databases or programming, we might have relations 

involving multiple entities with interactions between them. 

Properties of N-Array Relations 

Similar to binary relations, n-array relations can possess various properties, such as: 

 Reflexivity: An n-ary relation RRR is reflexive if for every a1,a2,…,ana_1, a_2, \dots, a_na1

,a2,…,an in A1,A2,…,AnA_1, A_2, \dots, A_nA1,A2,…,An, the relation holds when all 

elements are equal. 
 Symmetry: An n-ary relation is symmetric if the order of the elements in the n-tuple does not 

affect the relation. 

 Transitivity: A relation is transitive if, for some conditions, the relationship between elements 
"passes through" other elements. 

 Antisymmetry: A relation is antisymmetric if, for any two tuples, the relation holds only when 

the elements are identical in some sense. 

 Equivalence Relations: For n-ary relations, equivalence relations generalize the idea of 

partitioning sets, with reflexivity, symmetry, and transitivity. 

Applications of N-Array Relations 

Databases 

N-array relations are widely used in database theory, where they are applied in the context of 

relational databases. For instance, a ternary relation could represent a table where each row is a 

relationship between three entities (e.g., a student, a course, and the grade the student received). 

 In the case of a relational database, a tuple represents an element in the relation, and each table 

or relation is an n-array relation (binary, ternary, etc.). 

 Database joins are operations based on binary relations between tables, and queries often 

involve working with multi-table relations. 

Graph Theory 

In graph theory, relations can be extended to higher-dimensional objects: 

 Hypergraphs: These generalize graphs by allowing edges to connect any number of vertices, 

not just pairs. In this case, a hyperedge is a ternary or higher n-array relation between the 

vertices. 
 Multi-relational graphs: These can represent multiple types of relations simultaneously 

between vertices (e.g., social networks, co-authorship networks, etc.). 

 



Computer Science and Artificial Intelligence 

In AI, machine learning, and knowledge representation, n-ary relations are crucial in representing 

complex relationships in knowledge graphs or semantic networks. 

 Knowledge Graphs: These represent entities and their interrelations, where each node 

represents an entity and the edges represent relationships. A ternary relation could, for 
example, represent relationships like “person X knows person Y through social platform Z.”  

 Logic Programming: N-ary relations are important in logic programming (e.g., Prolog) where 

predicates can involve multiple arguments. 

Social Network Analysis 

In social network analysis, n-ary relations are used to model more complex relationships between 

people or entities. For instance, a ternary relation could model "person A is friends with person B on 

platform C," capturing not just the people but also the context of their relationship. 

Mathematical Structures 

N-ary relations are important in the study of algebraic structures, such as: 

 Groups: The generalization of binary operations (like addition or multiplication) to n-ary 

operations can involve higher-order relations. 

 Commutative properties and other algebraic properties can be extended from binary to n-ary 

relations. 

Cryptography 

N-ary relations can also be applied in cryptographic protocols, where multi-party computations and 

secret-sharing schemes involve relations between multiple parties or entities. 

Game Theory 

In game theory, n-ary relations are used to represent interactions between more than two players in a 

game. For example, in multi-player games, n-ary relations can represent strategies, payoffs, and 

moves of players simultaneously. 

7. Conclusion 

N-array relations generalize the concept of binary relations to involve multiple sets and entities, and 

they have a broad range of applications across many fields such as database theory, graph theory, AI, 

and cryptography. By understanding and analyzing n-ary relations, we can model and solve complex 

problems involving multiple interrelated components. 
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