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2. 2. Propositional Equivalences

Logical Equivalences or Equivalence Rules

Laws Formulae
Idempotent Laws PADES P, PVD SDP
Associative Laws A ArSpA(QAT)

pve)vrepviqvr)

Commutative Laws PAGQES qAD
pVp<egqgVp
DeMorgan’s Laws “(pANg) & (—pV9)

—(pVvq) © (=pA=gq)

Distributive Laws pA(@Vvr) e (Ag)Vv (pAT)

pvV@Ar) e (pVvgApVr)

Complement Laws pA-pS FpvpeT

Dominance Laws pVT T, pANF & F

Identity Laws pANT ©ppVF &p

Absorption Laws pv(pAg) ©p
pA(pVa op

Double Negation Laws -(—=p)ep

Contra Positive Laws p—oqe g —p
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Conditional as Disjunction p—o>qe-pVg
Biconditional as Conditional po>qge (p->q)A(Q - Dp)
Exportations laws po>(@->r)eomAg)->r

1.Determine whether (=Q A (P —»Q)) — =P is a tautology.

Solution:

(=QA (P -Q)) »> —P Reason

= (=Q A (AP VQ)) V P P->Qo —PV(Q
= =(=Q A (P V Q)) V =P P> Qe 4PV
=>(QV (PA=Q)) vV —P (DeMorgan’s law)
= ((QVP) A (QV=Q)) V =P (Distributive law)
=> ((QVP) AT) V =P PVaP ST
=>(QVP)V <P PAT < P
= (QVPV =P) (Associative law)
=@QVT) PVaP&T
=T PVT T

2. Show that the formula Q v (P A =Q) vV (=P A =Q) is a tautology.
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Solution:
QV((PA=Q)V(=PA=Q) Reason
=>QV(PV-aP)AAQ (Distributive law)
=>(QV (PVv=aP)) VvV (QV-0Q) (Distributive law)
= QVT)AT PV-P T
=>TAT PVvT & P

3. Show that the formula (P A Q) —» (P Vv Q) is a tautology.

Solution:
(PAQ) - (PVQ) Reason
= a(PAQ)V(PVQ) P->0Q e -PVQ
= (=P Vv =Q) vV (P.V Q) (DeMorgan’s law)
=> (PVv-P)Vv (QV-Q) (Associative law)
>TVT=T (Negation law)

4. Show that the formula (=P A(=Q AR))V(QAR)V (PAR) & R

Solution:
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(=PA(=QAR)V(QAR)V(PAR) Reason
= (4P A(=QAR))V((QVP)AR) (Distributive law)
= ((«PA=Q) ARV ((QVP)AR) (Associative law)

= [(PV=0Q)V (QVP)] AR (Distributive law)

> [-(PvQ)Vv (PVQ)]AR (DeMorgan’s law)

S TAR PVvaP T
SR PAT &P
Equivalence

Two statement formulas A and B are equivalent iff A & B or A < B is a tautology.

It is denoted by the symbol A < B which is read as “A is equivalent to B.”

Remark:

To prove two statement formulas A and B are equivalent, we can use any one of

the following method:

(i) using Truth Table, we show that truth values of both statements formulas A and

B are same for each 2™ combinations.

(i1) Assume A. By applying various equivalence rules try to derive B and vice

Versa.
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(iii) Prove A < B is a tautology.

1. Show that —(P v (=P A Q)) & —~P A —Q are logically equivalent.

Solution:
=(PVv (=P AQ)) Reason
o P A (_|(_|p A=0Q )) (DeMorgan’s law)
& =P A [=(=P) Vv =0] (DeMorgan’s law)
& P A(PV=Q) (Double Negation law)
& (2P AP)V (=P A =0Q) (Distributive law)
o FVv (AP AAQ) “PAP S F
& (wPA=Q)VE (Commutative law)
& =P A=Q (identity law)

Hence =(P v (=P A Q)) & —P A —Q are logically equivalent.

2. ProvethatP - Q< P - (PAQ)

Solution:

P->(PAQ) Reason
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& PV (PAQ)

S (APVP)A(RPAQ)
STAPAQ)

& aPAQ

< P-0Q

(Conditional as disjunction)
(Distributive law)

-PAP S F

(Identity law)

(Conditional as disjunction)

3.Provethat (P> R)A (Q—>R) & (PVQ) >R

Solution:

(P->R)A(@=R)

Reason

S (APAR)AN (HQAR)
<:>(—|P/\—|Q)VR
< -(PVQ)VR

< (PvQ)-R

(Conditional as disjunction)
(Distributive law)
(DeMorgan’s law)

(Conditional as disjunction)

4,ProvethatP—> (Q - R) < (PAQ) >R

Solution:
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P- (@-R) Reason

& PV (Q - R) (Conditional as disjunction)
< PV (=Q VR) (Conditional as disjunction)
& a(=PVAQ)VR (Associative law)

© —-(PAQ)VR (DeMorgan’s law)

& (PAQ) >R (Conditional as disjunction)






