ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

1.2 PROPERTIES - HARMONIC CONJUGATES

1.2 (a) Laplace equation

a%p | 02 . _ . .
a—x‘f + T‘f = 0 is known as Laplace equation in two dimensions.

1.3 (b) Laplacian Operator

2 2
;7 + aa? is called the Laplacian operator and is denoted by V2.

L 0% 9%  9%¢ . . . .
Note: (i) T 57 to5 = 0 is known as Laplace equation in three dimensions.

Note: (ii) The Laplace equation in polar coordinates is defined as

o%¢ L 199 1 02%
or? ror 12062

Properties of Analytic Functions

=0

Property: 1 Prove that the real and imaginary parts of an analytic function are
harmonic functions.
Proof:
Let f(z) = u + iv be an analytic function
Uy = vy ...(1) and  u,=-v, ...(2)byC-R
Differentiate (1) & (2) p.w.r. to X, we get
Upx = Vyy ...(3) and Uy = —Vyx ... (4)
Differentiate (1) & (2) p.w.r. to x, we get
Uyy =Vyy...(5) and  uy,, =—vy, ...(6)
@) +(6) =  Upx + Uyy =0 [+ Vyy = V)]
B)-(4)=> vty =0 [“Upy = Uyl
~ u and v satisfy the Laplace equation.
1.3 (¢) Harmonic function (or) [Potential function]
A real function of two real variables x and y that possesses continuous second order
partial derivatives and that satisfies Laplace equation is called a harmonic function.
Note: A harmonic function is also known as a potential function.
1.3 (d) Conjugate harmonic function
If u and v are harmonic functions such that u + iv is analytic, then each is called the

conjugate harmonic function of the other.
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Property: 2 If w=u(x,y) + iv(x,y) is an analytic function the curves of the family
u(x,y) = ¢4 and the curves of the family v(x, y) = c, cut orthogonally, where c; andc,
are varying constants.
Proof:
Let f(z) = u + iv be an analytic function
S U =v,...(1) and u,=-v, ...(2)byC-R
Given u=c;andv = ¢,

Differentiate p.w.r. to X, we get

dy _ dy _
ux+uya—0and vx+vya—0
ﬁd_y=__ux and d_y=__vx
dx uy dx vy
o>my = —= o>m, = —2
1 uy 2 vy
S\ N = (= “_y):_
ml.mz—(uy><vy> (uy) (&) =—1by @ and )

Hence, the family of curves form an orthogonal system.

Property: 3 An analytic function with constant modulus is constant.
Proof:

Let f(z) = u + iv be an analytic function.

Su=vy...(1) and u,=-v, ...(2)byC-R

Given |f(2)| =VuZ +v2 =c#0

=|f(2)] = u? + v? = 2 (say)

(i.e)u*+v?2=c* ...(3)

Differentiate (3) p.w.r. to x and y; we get

2uuy, + 2vv, = 0> uu, +vv, =0 .4
2uuy, + 2vvy, = 0= uu, +vv, =0 ...(5)
@ xu = v’u,+uvv, =0 ...(6)
BG)xv =uvu,+ v’v, =0 .. (D

©)+(7) =>u’u,+ viv, +uv v, +uy] =0
= wtu, + v2u, +uv [—uy, +u,] = 0by (1) & (2)
= (W?+v?)u, =0
= u,=0
Similarly, we get v, = 0

We know that f'(z) =u, +v, =0+i0 =0
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Integrating w.r.to z, we get, f(z) =c¢  [Constant]
Property: 4 An analytic function whose real part is constant must itself be a constant.
Proof :

Let f(z) = u + iv be an analytic function.

DU =7,...(1) and u,=-v, ...(2)byC-R
Given u=c¢ [Constant]
=>u, =0, u, =0

=u, =0, v, =0 by (2)
We know that f'(z) = u, +iv, =0+i0=0
Integrating w.r.to z, we get f(z) = c [Constant]
Property: 5 Prove that an analytic function with constant imaginary part is constant.
Proof:

Let f(z) = u + iv be an analytic function.
Uy =vy...(1) and u, =-v, ...(2)byC-R

Given v = ¢ [Constant]

=>v, =0, vy, = 0
We know that f'(z) = u, + iv,

=v, +iv, by (1) =0+i0
=f(z)=0
Integrating w.r.to z, we get f(z) = ¢  [Constant]
Property: 6 If f(z) and f(z)are analytic in a region D, then show that f(z) is constant in
that region D.
Proof:
Let f(z) = u(x,y) + iv (x, y) be an analytic function.
f@) =ulxy) —iv(x,y) = ulxy) + i[-v(x, )]
Since, f(z) is analytic in D, we get u, = vy, and u,, = —vy
Since, f(z) is analytic in D, we have u, = —vy and u, = vy
Adding, we get u,, = 0 and u,, = 0 and hence, v, = v, = 0
S f@)=u+ivy,=0+i0=0

~ f(z) is constant in D.
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Problems based on properties
Theorem: 1 If f(z) = u + ivis a regular function of z in a domain D, then
VZf(@)|* = 4|f' (@)
Solution:
Given f(z) =u+iv

> |f(2)] = VuZ +v2

= |f(2)|? = u? + v?

= V2| f(2)|? = V2 (u? + v?)

— VZ(uZ) + Vz(vz) - (1)
92 92 SRAION Y /o7 St

L@ =Ll =2fult+ 22 = 2ult+2(Z)

Similarly, —(uz) = Zu_ t2 (ay)

202y = 24 (T2 4 U auy? | (ow)?
(2)$ v (u ) =2u (6x2 ¥ ayZ) +2 [(6x) + (Oy) ]
2 2
=0+2 [(g—;‘) + (Z—;) ] [+ w is harmonic]
VE(u?) = 2uf + 2u;
Similarly, V2(v*) = 2vg + 2v)
)= V2|f(2)|? = 2[u? + u2 + vZ + v?]
= z[u;vzc + (_vx)z + vx + uazc] [“u, = Uy, Uy = —Vy]
= 4[u; +1¢]
(L. e)VPIf(@)I? = 4If'(2)I?
Note: f(z) =u+iv; f'(z) = u, +ivy;

(o) f'(2) = vy + iuy ; If' (D] = Jui +vZ;If'(@DI* =uf + v}

Theorem: 2 If f(z) = u + iv s a regular function of z in a domain D, then V? log
If(z)| =0iff(z) f'(z) # 0in D. i.e., log |f(z)| is harmonic in D.
Solution:
Given f(z) =u+iv
f ()] = VuZ + 12
log 1f (2)| =5 log (u? + v?)
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VZlog|f (2)| =  V?log (u? + v?) =1(Z; + 6‘9—22)|0(g,(u2 +v2)

log(u? + v3)] + ——[log(u + v2)] .. (D

_262[ 2 0y?

_ZZ[IOg(uZ +v?)] = 102 1 (2 _+2 ax)] :aa_x[uux+vvx]

2 0x 2 0x luz+v? u2+v2

(W02 [Uty U Uy F 0V VR U | — (Ul + VD) (U + 20D
(u?+v2)2

(WP +v?)[uuyx +vvrr tud +0E | -2 (Uuy +vvy) ?
- (u?+v?2)2

(u2+v2) [uryy +vvyy +ud+v3] - 2(uny +vvy)?

(u2+v2)2

Similarly, %%[log(uz +v2)] =

2 (U 40?)[uux Uy ) +V(Uxx +Dyy) +(UEHUD) +(v,2c+1732,)]—Z[uux+vvx]2—2[uuy+vvy]2
(1): v Ioglf(z)l - (u2+172)2

(u?+v2) [u(0)+ (U +vE) +ud +v3) ——2[u Ui +v2vE+2uv UV +u? uZ+v2v3+2uv Uy vy |
(u?+v2)?

[ Usx + Uyy = 0, Uy + V1, = 0]

@A) @2+ (2)?|-2[u? Ui+ ud) +v2 (vE+v5) +2uv(uy vituy vy
N (u?+v2)?

[f'@=u+,|f' @ =u, +ivy (o) f'(2) =vy —iw |f' DI =ui + v¢
©NIf' @I? =uj + vy

_ 202+v?)[|f @2 2021 @) +v2|f @) +2uv(0)]

(u2+v2)2

[“u, = vy, Uy = —V]
DUy U T Uyvy, =0
=u +ui =ui + v = |f'(2I?
=v7 +vy = ui+ vy = |f'(2)?

_ 20240 @P -2 +v?)|f (2)]

(U2 +v2)?
(i.e.) V2loglf (2)| =
Theorem: 3 If f(z) = u + ivis a regular function of z in a domain D, then
Vi) = p(p — 1) u?2|f'(2)|?

Solution:
a2z 92
V(W) = (35 + 32 ) W)
_ 9 p P
= 2 W) + 2 (uP)
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02 7] _10 _ —
W) = o [puP T 2 = puPtuy +p(p — DU (uy)?

Similarly, %(uf’) = puPtuy, +p(p — DuP?(u,)?
(1) = V2WP) = puP Nuge +uyy) +p(— DuP?[uf +ud]
= puP~1(0) +p(p — DuP?|f'(2)|?
[“Upe Fuyy =0,f(2) =u+iv,f'(2) =u, +iv, If' (D* =ui +u;
~ V2P) =p(p — ) uP?|f'(D)|?
Theorem: 4 If f(z) = u + iv is a regular function of z, then V?|f(2)|P =

PAf@)IP2f (D).
Solution:
Letf(z) =u+iv

|f(2)| = Vu? + v? ..(a)
If@DIP = (u? +v?)P/? ... (b)

92 02
V2|f(Z)|p i (ﬁ + a_yz) (uz " v2)p/2

_ 9% 2 25piZ 0 o2 2\p/2

=5z W +v9) +ay2(u +v°)
Ot 422 = 2|22 23—1[ 4% @]
axz(u + v*) _axz(u + v4)2 Zuax+2vax

p_
= p(u? + v?): Huy, 4+ upt  + vy + 0]

p_

+p (g — 1) (u? + v?)2 z(uux + vv,) Cuu , + 2vvy)

b_
= p(u? + v?): Nuuy 4 U2 + vvy, + v2]

p
+2p (S — 1) (W2 + v2)2"2 (uu , + v,)?

62

p
2 2 2 _ 2 2351 2 2
a—yz(u + v2)P/2 = p(u® + v?)2 [uuyy+uy + vy, +vy]

Similarly,
p_
+2p (g — 1) W? + v2)2 7 (uuy, + vv,)?
p_
= VIf(@IP = p@® +v2)2 [u(uex + yy) + v (Ve + vyy) +uF +uj +VF +
vZ| +2 (B — 1) (u? + vz)g_z[uzu2 + V202 + 2uv w, vy + uuZ + 202 + 2uv uyv, |
y P\3 x x xVx y y yyy

=p(u® + vz)g_l[u(O) +v(0) + 2(uZ + u2)] +2p (g - 1) (u? +

p
v2)2 " [ud (U2 + ud) + vE(W2 + v2) + 2uv (U vy + uyvy)|
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= 2p(w? + v F @ +2p (2 - 1) @ + v 2l @ P+ @1 +

2uv(0)]
= 2p@® + v M@ + 2p (2 - 1) @2 + 022 +v?)If ()
= 2p(? + ) I @1+ 2p (2 1) @ + v P @)1
= 2p(u? + 022 If (D1 [1+5-1]

= 2pu? + v @ =pPul +v?) 2 I @)1

= p*(Vu? + v2)P7?|f'(2)|?
=p?If (@ P72|f'(2)|? by (a) & (b)
Theorem: 5 If f(z) = u + iv is a regular function of z, in a domain D, then

i@l + [ i@l = 1r@r

Solution:
Given f(z) =u+iv
f@ = VaZ+ v
Zf @) = = [VuZ + 7]

1 Ul +VV,

Do L~

i) -  (Uugtvvy)?  uPuZ vt vi42uv uy vy
dx |f(Z)|] T wz4v? u+v2
.. ) 2 w2 4v20242uv uyw
similarly, |- 1f(2)]| = =Ry
d 2 ) 2 U uz+u v [vE 5]+ 2uw [uxvxtuy vy
@I +[5lIr@l] =
_ W@ +v3fr@)12+2uv (0) . _
= e [ Uy = vy Uy = =]
_ @DIfF@DI1* _ o 27.. _
= = @I weve +uyv, = 0]

Theorem: 6 If f(z) = u + iv is a regular function of z, then VZ|Re f(z)|? = 2|f'(z)|?

Solution:
Let f(z) =u+iv
Ref(z) =u
IRe f'(2)|* = u?
VZ|Re f'(2)|?> = V?u?
==+ a0 @)
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= (5) @ + (F2) @
= 2[ui + uj]
=212
Theorem: 7 If f(z) = u + iv is a regular function of z, then prove that V?|Im f(z)|? =
2|f'(z)|?
Proof:
Let f(z) =u+iv
Imf(z) =v
[Im f(2)|? = v?
%(UZ) = 200,

32
@(vz) = 2[VUxy + Uy V] = 2[00y, + 17,?]

2
similarly, 27 (v2) = 2[vvy, + v]]

92 92
(ﬁ + a_yz) lIm f(2)1? = 2[Vv(Vgx + Vyy) + V5 + V)]

= 2[v(0) + u2 + v?] by C—R equation

= 2|f'(2)|?
Theorem: 8 Show that 2 + 2 = 4.2 (or)ST V3= 4L
. ax2 ' ay2 9zoz T 8zdz
Proof:
Let x &y are functions of zand z
. Z+Z zZ—Z
that is X—T,y—z—i
9 _020x 00y
8z dxdz dy 0z
a (1 a1 1[0 10
—a(;)Jfa[z—i]—z ot iay
) a 190
9 _00x 00y
9z 0x9z 0dyodz
a (1 a[-11 1[8 14
=G5 El =351
) a 10
25_(5—?5) . (2)
0 9% (0 ,10)\(0 _10). N 2 32
6x2+6y2_(6x+i6y)(ax iay)['(a+b)(a by=a b]
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) ) 92
= (23,) (25) y W & @ =45
Theorem: 9 If f(z) is analytic, show that V?| f(z)|? = 4|f'(z)|?

Solution:

K h 0% R 0%
We know t at,ﬁ+a—yz— 46262‘

IfDI? = f(2)f (2)
V2| £(2)|? = 4= [f () (2)]
=4[5/ @ [57@)
[f (2)is independent of zand f(z) is independent of z]
V@ = 4@ [2 @] = 4f @F @
=41 f'@NI* [vzz2=]|(@)I]

Example: 3.20 Give an example such that u and v are harmonic but u + iv is not

analytic.

Solution:

— 42 w2 _ 1Y
u=x"-yh v=
Example: 3.21 Find the value of m if u = 2x2 — my? + 3x is harmonic.
Solution:

Givenu = 2x? —my? + 3x

2 2
6712‘ + a—yZ = 0 [ u is harmonic] - (1)
ou Ju
9%u 0%u
g a7 = A
~(D)=>2@+(=2m)=0

>m=2
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