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5.2 Double integration in Polar co-ordinates

Consider the integral

Jo2 [ £, 0)dr d6
which is in polar form. This integral is bounded over the region by the straight line
6 =6, 8 = 6, and the curves r = 1y, r = r,.To evaluate the integral, we first integrate
with respect to r between the limits » = r; and r = r,(treating 6 as a constant).The

resulting expression is then integrated with respect to 6 between the limits
0 =6,and 6 = 6,.

Geometrically, AB and CD are the curves r = f;(6) and r = £, (6) bounded by the lines
6 = 6, and 6 = 6, so that ABCD is the region of integration. PQ is a wedge of angular
thickness 66.

Then f:z f (r, 8)dr indicates that the integration is performed along PQ
1
(i.e., r varies , 8 constant) and the integration with respect to 6
6,
6. f(r,6)do

means rotation of the strip PQ from AC to BD
Problems based on double integration in Polar Co-ordinates

Example:

Evaluate f:/z fosme rdodr

Solution:

Given [, /2[*™ rdodr
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Given [
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- fon/z fosme rdrdf (Correct form)

sinf

_ [ [rz_z]o ao = [ [@_ 0|as

/2 qin2
J, ?sin® 0de

N|lRr N|R
N
NS

8

Example:

Evaluate [ [>"° rdrde

Solution:

[ rdrde

T [2 sin@
B fO [?]0 de

7 sin?6
— fo —do

1 ,m[1—cos26
\¥ fo [ 2 ]d@
pr il sin20]™
. Z [0 Y 2 ]0
=2 [@—0) - (0-0)]
i
T4

Example:

Evaluate [ [ rdrd@

Solution:

Given [ [*rdrdf
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Example:
Evaluate [ ("’ r2d6dr
Solution:

Given f”/z fzcose 2dOdr

=/ ”7:/22 Jy 2059 1 209rdg  (correct form)

_ /2 3 2cosf
_f_n/z I:?]O d9

_ /2 [(2cos6)3
_f—n/z[ 3 _0]d9

Example:
11'/ 2
Evaluate [, fa(l _cosey T dOdr
Solution:

Given f”/z Jr1—cosey 7> d0AT

_J-n/z[ ] do

a(1—cos6)

/2 [a__M] do
3 3
& a3 /2 3
9 ?fo [1— (1 —cosB)>]d6
s 7T/Z[l — (1 —3co0s0 + 3cos?0 — cos36)]do
3 70

3
= a?fn/z[BcosH + 3cos26 — cos30)]do

0
‘133[(351719)”/2 3—— ]
.
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_a? [36—9n+8]
12

a3
= 2 [44 - 9n]

Evaluate the following integrals
/2 ra

1. fo facose r*drd0
2T ra

2. fO fasine rdrdd

3. /4 focosze rdrd6

—-1/4

4. fon/z ancose rva? —r2drd6

5. fon/4 foasine T

Wi drdf

6. fy, [ 2rdgdr
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Exercise

16\ a®
Ans: (n ——)a—
15/ 10

na?

Ans: —
4

T

ANns: —
8

3
Ans: 611—8 (3w — 4)

a(r-3)

Ans:

31h?2
Ans: ==
16

Area enclosed by plane curves (Cartesian coordinates)
Area= [ [dydx (or) Area={[ [dxdy

Example:

Find the area enclosed by the curves y=2x2 and y? = 4x

Solution:
Area= [ [dy dx
y: 2x% - 2\/x
x:0-1

@, 0
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Area = fol fzzf dy dx
1
= [y oy dx
fol(Z\/x — 2x2)dx

1

- 3 -
2x /2 243

| 3/2 3

40

- 3 -
ax 2 243

L 3 3 -

_ 2

w e
wilN

Example
Find the area between the parabola y? =4ax and x? = 4ay

Solution:
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3/2

4a
lz ’a x/Z x3

0

3
=V (4)¥2 — 22

12a
__32a? 16a?
3 3

__16a?

Example:

Find the area of elllpse — + = -1

Solution:

Area =4 [[ dx dy

x:0—>%,/b2—y2

y: 0- ab
Area=4f0b fog“bz_yz dy dx

= afPp™ ™ dy
:4f0b[3 /bz_yz_ 0] dy
- () 20577
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b

4ab b?
2

N

= mab

Example:
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Evaluate [[ xy dxdy over the positive quadrant of the circle x* + y? = 1

Solution:

x:0->4/1—y?

y: 0->1

[ xy dxdy = [} [ xy dx dy
_ eyt
=Js [T]O 47

== [[(/T—yD?ydy

1

1
=-L,A-yH)ydy

1

1
=, &= y)dy
_1p® v
=354,
111

I

Example:

1] 1
2 =

8

Find the smaller of the area bounded by y = 2 — x and x? + y% = 4

Solution:
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Area= [[ dy dx

y:2—x->V4—x?

x: 0-> 2
2 V44X
|
f \/4X
—f [V4 —x2—(2—x)]d
VIR 4 Psint (B) — 25+ X
—[2 4 —x +251n (2) Zx+2]0
_ 4 m 42
= 1t — 2 square unit
Example:

Evaluate [[ xy dxdy over the positive quadrant for whichx+y <1

Solution:
x:0->1—-y
y:0-1
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(0.1)

x+y=1
x=0

(1.0)
~
7 X

(0,0)

1 r1-y
ﬂ xy dxdy = f f xy dx dy
0o Jo

1,x%y 1-
= J, GDp Ydy

= [ 122 ay

0 2

1

1
=3l 0% —2y* +y*)dy

2

1[1 2_|_1] _1[16—8+3] oA
2 34 2 Pz

Example:
Using double integral find the area bounded by y = x and y = x?

Solution

(1,

=

Area = [[ dy dx
y: x?2->x

x:0-1
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1
= [ [, dydx

= [Tyl dx

:J;(x——xz)dx

Example:
Evaluate [[(x? + y 2)dxdy where A is area bounded by the curves x2=y, x=1 and
x=2 about x axis
Solution:
y: 0- x?

x:1- 2

[T +ydxdy = [ [X & +y?)dydx
XZ
= flz [X2y+y§]0 dx
_ (2, 4  x°
= [, (x +)dx
X712
111

:[i_'__
5 2
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_ 1286
105

Example:
Find the area enclosed by the curvesy = x?andx+y —2 =0
Solution:

Giveny=x?andx+y —2 =0

X 0 1 2 -1 -2
Y=2—x 2 1 0 3 4
X 0 1 -1 |2 -2

Area = [[ dy dx
y: x2>2—x

x: —2-1
1 r2-x 1 —x
Jo, [ Tdydx = f_z[y]iz dx

=f42—x—xﬂ¢x

x2  x311
=[2x————]
2 31_»
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Example:

ENGINEERING AND TECHNOLOGY

Find by double integration the area lying between the parabola y=4x-x? and the

line y=x
Solution:

Giveny = 4x —x? andy = x
X 01 |2 |—-1] -2 |3
y 0 |3 |4 |-5]|-12|3
= 4x — x?

Area= [[ dy dx
yix > 4x —x?
X:0- 3
3 dx—x? 3 -
L F,7 T dydx = [[Iy]F™ dx
= [(4x — x? — x)dx

= [*(3x — x?)dx

_[3x2 x] _ 27 27 9
0 2 3 2
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Exercise:

1. Evaluate [[ xdy dx over the region between the parabola y? = x and the lines x + y =

2,x=0andx =1 Ans: —
3

2. Evaluate [J y2 dxdy over the area of ellipse = 4 ZZ =1 Ans: 222
16V2

3. Find the area between the curve y? = 4 — x and the line y? = x Ans:—-

Area Enclosed by Plane Curves [Polar co-ordinates]

Area= [[rdrd6

Problems Based on Area Enclosed by Plane Curves Polar Coordinates

Example:
Find using double integral, the area of the cardioid r = a(1 + cos0)

Solution:
O=n/2

~r=a(1+cos?)

Area= [[ rdrd®
The curve is symmetrical about the initial line
0 variesfrom : 0 -

r varies from: 0 — a(1 + cos0)

Hence, required area = 2 fee:“ [rra*eos® rqrqe

=207 3

= fo [a%(1 + cos0)? — 0]d6 = a? fon[l + cos?0 + 2cos 0]d6

r=a(1+cos0)
] 40 = f r a(1+cose) de
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= a? f: [1 + chﬂ + ZCOSG] de

2

_a’(m _a® ,m
= ?fo [2+ 1+ cos20 + 4cosB] dO = ?fo [3 + cos20 + 4cos0] dO

sin260

TC
=2 [30+%2 +4sin6]0 = Z[Br+0+0)— (0+0+0)]

= %azn square units.
Example:
Find the area of the cardioid r = a(1 — cos0)
Solution:
Area= ([ rdrd6

0=mn/2

"hen
half.

r=a(1l-cosé

=n

The curve is symmetrical about the initial line.
0 variesfrom : 0 - m

r varies from: 0 — a(1 — cos0)

T fr=a(1—cose) =l

- e=
Hence, required area = 2 fe:o r=0

2k [z

= fon[az(l — cosB)? — 0]d6 =a? fon[l + cos%6 — 2cos 0]d6

r=a(l—cos0)
] de :th[r ]r a(1—cos0) de

0 r=0

= a’ f; [1 + HCZLZG — ZCOSG] de

2

_a’ rm _ a‘ ,m
= ?fo [2+ 1+ cos28 — 4cosB] dO = ?fo [3 + cos20 — 4cos0] dO

sin20

——[3e+ —4sme] %(3n+0 0) — (0 + 0 —0)]

_3.2 ;
= Ea Tt Square units.
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Example:
Find the area of a circle of radius ‘a’ by double integration in polar co-ordinates.
Solution:
Area= ([ rdrd®

O=n/2

- r=2acosl

The equation of circle with pole on the circle and diameter through the point as initial line
IS = 2acosb

Area = 2 X upper area

— fog [rz]%acose de

=4a® [?cos’6dO =4a’.

N |-

™ _ 2 .
A Ta“ square units.

Example:
Find the area of the lemniscates r> = a?cos20 by double integration. [A.U R-
08]
Solution:
Area= [[ rdrd6
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O=n/2
O=n/4

r=aVcos20

9=-n/4

0=-n/2

Area = 4 x area of upper half of one loop.
=4 [ [ rdrde
— zfdj(rz)g\/coszede

=2a* [# cos26d®

g

= 242 (ﬂnZG)Z

2 Jo

= aZ square units.
Example:
Find the area that lies inside the cardioid r = a(1 + cos0) and outside the circle
r = a, by double integration. [A.U 2014]
Solution:
Area= [[ rdrd®

0=—n/2

Both the curves are symmetric about the initial line.
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z J-r:a(1+c059) rdrd6

Hence, the required area = 2 f::oz

:2f05

—5 fOE [a2(1+cost9)2 _ a_z] do

2 2

r=a

do

[rz]r=a(1+cose)

21y=q

=a’ [7 [1+ cos?6 + 2cos § — 1]d6

a® [2 [HC;SZQ + 20059] ae

2 T
= a?foz[l + c0s20 + 4cos0] do

sin26
2

/. a?z [9 + + 45in6?]g

0
- “;[(§+0+4)—(0+0+0)]
= “TZ (m + 8)square units.

Example:

Find the area inside the circle r = asin® and outside the cardioid r = a(1 —

cos0)
[A.U.Jan.2009]
Solution:
8=x,2
-~
r=s(l-cosm>r=ﬂsin9
o=r 4 \‘ — 90

T
b=-2

From the figure, we get

. Tt
0 varies from : 0 —» >

r varies from: a(1 — cos0) — asinf
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The required area = [ 2 :;Tffgse) rdrd®

T 2

_ fOE [%]r:asine) i

r=a(1—cos0)

(2 [a?sin?6 a?(1- cosh)?
_foz[ 2 B 2 ]dQ

a?

- J2[sin?6 — 1 — cos? + 2cos0] df

— aZ T ) i I 2 T
= 7[f02 sin®0d0 — [2d6 — [? cos?0d6 + 2 |2 cos@d@]

/s
a2

=2 [—[e]g + 2[sin9]§]

_a

=2 [-(Z-0)+201-0)

-2f-3

2
= a: (4 — ) square units.

~ J2sin*0d6 = [2 cos*6d6

Example:

Evaluate [, [r* sin® drd@ where R is the semi circle r = 2acos@ above the
initial line.

Solution:

S+
\
|
(SR

. TT
0 varies from : 0 - >

r varies from: 0 — 2acos0

Let | = [ [r?sind drd6
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= [z [2°° r?sin6)drd6
m r=2acos0)
= |2 [g sin@] de

0 =0

=J2 [8%3 cos30 sinf — O] de

w 3
= J2 8%cos39 sin® do

3 T
= 8%[02 cos30 sinf do

8 3 T 8 3
=%f02 cos30 d(cosf) = %[

8a3 [ 1 —2a3
= — |0 — —] =
4 3

Example:

cos*6
4
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1

I

Evaluate [ [rvaZ —r? drd® over the upper half of the circle r = acos®.

Solution:

. s
0 varies from : 0 - N

r varies from:0 — acos6

Let 1= [[rva?—172 drd6
= fgfoacose rva? —r2 drd6
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r- 0

asinf

r-»acosf =>1t-

Put a? —

-2rdr = 2tdt
-rdr = tdt

=>t-a
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= [2 [TV (~tdt)de

— _fgfoaSinQ tzdtde .

- _ = f asm@ de

—§ fg[a3sin39 —a3] do
a3 I .

- J2lsin®6 — 1] do

3

a .
- fOZ[l — sin30] do

19

= — f(? [§]::“”9) do

a
3

3

Q

Q
Wlww

s a
2 3

Siar @ (E o3
[6]2 —?foz sin36 do

-2f-o] -2

32
3

[71 2
3

[ fz sin30d6 =

Exercise:

WIN
;_\
e

1. Evaluate [[ rsin® drd® over the cardioid r = a(1 — cos8) above the initial line.

2. Evaluate [f 29

VaZ+r?

2

4
AnNs: —
3

over one loop of the lemniscates r? = a%cos26
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- _r
Ans: a (2 2)
3. Find by double integration the area bounded by the circles r = 2sinf and
r = 4sinf
Ans:3 1t
2
4.Find the area outside r = 2acos8 and inside r = a(1 + cos0) Ans: %
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