ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
2.5 Generating Function:

The generating function for the sequence “s” with terms ay, a4,..., a, of real

numbers is the infinite sum.
G(x) =G(s,x) =ag + a;x + ax*+ ...+ a,x"+...
— 21010:0 anxn

For example, (i) The generating function for the sequence “s” with the terms

1,1,1, .. . isgiven by
- 1
G(x) =G(s,x) = z R E:
1—x
n=0
(if) The generating function for the sequence “s” with terms 1,2,3,4, ... is
given by

G(x) = G(s,x) = Z(n +1)x"
n=0

=1+ 2x +3x%+...

=(1-x)"?

_ 1
T (1-x)?

Problems:
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1. Write the generating function for the sequence 1, a, a?, a3, a*,...
Solution:

Generating function G(x) =1+ a + a? + a®>+ a*+...

= ——for Jax| < 1
Solution for Recurrence Relations using Generating Functions:
Procedure for solving Recurrence Relation using Generating Function:
Step: 1 Rewrite the recurrence relation as.an equation on RHS
Step: 2 Multiply the equation in step: 1 by x™ and summing it from 1 to oo or
(0 to ) or (2 to o)
Step: 3 Put G(x) = Y apx™ and write G(x) asa function of x.
Step: 4 Decompose G (x) into partial fraction.
Step: 5 Express G (x) as a sum of familiar series.

Step: 6 Express a,, as the coefficient of x™ in G (x).

The following table represents some sequences and their generating functions.
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S.no Sequence Generating Function
1 1 1
11—z
2 (=" 1
1+2z
3 a 1
1—az
4 (—a)™ 1
1+az
5 n+1 1
1= (2)?
6 n E
(1 —2)?
7 n? z(1+2)
(1-2)3
8 na™ az
(1 — za)?

1. Using generating function solve the recurrence relation a,, = 3a,,_; forn >

1withay =2
Solution:

Let G(x) = Xopanx™
Givena, —3a,_1 =0

MAB8351 DISCRETE MATHEMATICS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Multiply the above equation by x™ and summing from 1 to oo, we get

(00) (00)
= Z a,x" Z 3a,_1x"

n=1 n=1

(0e) (0e]
= Z a,x™ — 3x z 3a,_x"1=0
n=1 n=1

= (G(x) —ay) —3xG(x) =0
= G(x)(1—=3x) =a,

=>G6G(x)(1-3x)=2

= G(x) = =21 —-3x)71

(1 3x)
=2(1+3x + B3x)%+ ...)
= 2Xn=03"x"
Consequently, a,, = 2. coefficient of x™ In G (x)
a, =2-3"

2. Solve the recurrence relation a,, — 7a,,_1 + 10a,,_, = 0 for n > 2 given

that ay = 10, a; = 41 using generating function.

Solution:
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The given recurrence relation is a,, — 7a,_; + 10a,,_, = 0

Multiply the above equation by x™ and summing from 2 to oo, we get

(00 (0e] (ee]
= Z a,x" —7 Z An_1x™ + 10 Z Ap_x" =0
n=2 n=2 n=2

(00] (00) oo
= n __ 7 n—-1 10 2 n—-2 _ 0
anx X Ap_1X + 10x Ap-2X =
n=2 n=2 n=2

= [6G(x) — apg —ayx] — 7x[G(x) = ag] + 10x%G(x) = 0
= G(x) — 10 —41x — 7x[G(x) — 10] +'10x%G(x) =0

=5G6x)A—-7x+10x%)+29x—-10=0

10-29x

= G(x) = 10x2—7x+1
10-29x

= G(x) = (1-2x)(1-5%)

= G(x) = 4 B

(1-2x) ' (1-5x)
=41 —-2x)"'+B(1 —-5x)7!
=A[1+2x + 2x)?+...] + B[1 + 5x + (5x)%+...]
= AY%,2"x™ + BY %, 5"

a,, = coefficient of x™ in G (x)
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a, =A2" + B5" ", n>2 . (A)

Given ay = 10, Putn = 0in (A), we get
= ao == AZO + BSO
=10=A+B (1)

Given a; = 41, Putn 1in (A), we get
= a, = A2! + B5!
=41 =2A+5B . (2)

Solving (1) and (2) we get A= 3,B =7

Hence a, = 3-2" 4+ 7-5"
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3. Using generating function solve the recurrence relation corresponding to

the Fibonacci sequence a,, = a,,_1 + a,_

Solution:

2,n22W|th ag =1,a1 =1

Given recurrence relationa,, —a,,_; — a,_, = 0

Multiply the above recurrence relation by x™ and summing from 2 to oo, we get

(0.0 oo

n=2 n=2

(e 0]
x" — Z Ap_ox" =0

n=2
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= [6G(x) —ag —a;x] — x[G(x) —ap] — x*G(x) =0
= G(x) — 10 — 41x — 7x[G (x) —10] + 10x*G(x) = 0

=S G6(x)(A—x—x%)=ay— agx + a;x

1

= G(x) = —
_ 1
- (1 1+2«/§x)<1 1—2x/§x>
A B
- (1_1+2\/§x) (1 1—2\/§ )
Now —— = —=2 2 (1)

1=A(1—%§x)+3(1—”fx) Q)
Putx = 0in (2)
2)>A+B=1 )

2 .
Putx—:m (2)

(2):1=B(1—1”§)

1-/5
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—2v5 ) :
=>1=8B (ﬁ) (Using B value in (3))

15
:>B——_2\/g

(3):A=%(1+\/§)
Sub A and B in (1), we get

1 (1445 14v5\ \ . 1/1-+5 1 -5\ \
o0 -75(5) (- 7)) w5 )

1(1+\/§)' 1++5 <1+\/§>2 ]
—— X + 4F

5

2 1+2 2

2

R L

N 2 2

a,, = coefficient of x™ in G (x)

Solving, we get

n+1

w=55) -5

5+2

X - .
as a generating function.
1 2

4x

4. ldentify the sequence having the expression

Solution:
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. 5+2x
Given G(x) = e ()
_ 5+2x
T (142%)(1-2x%)
NOW 5+2x A B

" (1+2x)(1-2x) - (14+2x)  (1-2x%)

Putx:%

=>5+1=2B

=B =3

Putx=—%

=>5—-1=24

=>A=2

2) > 5+2x 2 3

(1+20(1-2x) _ (1+2%) ' (1-2%)
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.(2)

=2(1—-2x)"*+3(1-2x)"1

=A[1—-2x— (2x)*+...] +B[1 + 2x + 2x)*+...]

=2) o (=1)"M2 ™ + 3, 2"

=2 (=2)" ™+ 3y, 2" ™

The required sequence is the coefficient of x™ in G(x)
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Hence S(n) = 2(—=2)" + 3(2)"

5. lIdentify the sequence having the expression T—zxz as a generating

function.
Solution:
. 3-5x
Given G(X) = 12 . (1)
_ 3—5x
T (1-3%)(1+x)
Now 3-5x A B ] (2)

'tz (1=22) | (1-3%) | (1+x)

3—5x=A14+x)+ B —3x)

Putx = -1
= 3+5=4B
=>B=2
Putx ==
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3-5x 1 2
@)= (1+2x)(1-2x)  (1-3x) = (1+x)

=(1-3x)"1+2(1+x)t

=A[1+3x + Bx)*+...]+B[1 —x + (x)*+...]
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