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                                            UNITV 
BOUNDARY VALUE PROBLEMS IN ORDINARY AND 
PARTIAL  DIFFERENTIAL EQUATIONS 
 

                      PROBLEMS BASED ON  CRANK-NICHOLSON FORMULA 

1. Use  Crank Nicholson formula ,Solve 
𝝏𝟐𝒖

𝝏𝒙𝟐
= 𝟏𝟔

𝝏𝒖

𝝏𝒕
 , 𝟎 < 𝑥 < 1 𝑎𝑛𝑑 𝑡 >

0 𝑔𝑖𝑣𝑒𝑛 𝒖(𝒙, 𝟎) = 𝟎, 𝒖(𝟎, 𝒕) = 𝟎, 𝒖(𝟏, 𝒕) = 𝟏𝟎𝟎𝒕 Compute 𝒖(𝒙, 𝒕) for one time step 

taking ∆𝒙 =
𝟏

𝟒
 

Solution:  

By Using method ,𝒌 = 𝒂𝒉𝟐 = 𝟏𝟔 (
𝟏

𝟏𝟔
) = 𝟏 

Here a=16, ∴ 𝒉 =
𝟏

𝟒
 

We have  

𝑢𝑖,𝑗+1 =
1

4
(𝑢𝑖+1,𝑗+1 + 𝑢𝑖−1,𝑗+1 + 𝑢𝑖+1,𝑗 + 𝑢𝑖−1,𝑗)……………………(i) 

                   

                              → 𝒙 𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 

j i 0                      0.25                   0.5                         0.75                   1                        

        𝟎       

↓ 𝒕   𝟏 

      

                    0                     0                       0                            0                     0                     

                          0             𝒖𝟏                   𝒖𝟐                         𝒖𝟐                        100                                  
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𝒖𝟏 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝟎 + 𝒖𝟐)            ∴ 𝒖𝟏 =

𝒖𝟐

𝟒
… … … … … … … … … … … . . (𝟐) 

𝒖𝟐 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝒖𝟏 + 𝒖𝟑)                    

 

𝒖𝟐 =
𝟏

𝟒
(𝒖𝟏 + 𝒖𝟑) … … … … … … … … … … . (𝟑)                  

 

𝒖𝟑 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝒖𝟐 + 𝟏𝟎𝟎)                    

 

𝒖𝟑 =
𝟏

𝟒
(𝒖𝟐 + 𝟏𝟎𝟎) … … … … … … . (𝟒)                  

Substitute 𝒖𝟏, 𝒖𝟑 values in (3) 

 

𝒖𝟐 =
𝟏

𝟒
[
𝟏

𝟒
(𝟐𝒖𝟐 + 𝟏𝟎𝟎)] =

𝟏

𝟖
𝒖𝟐 +

𝟐𝟓

𝟒
 

𝒖𝟐 =
𝟓𝟎

𝟕
= 𝟕. 𝟏𝟒𝟐𝟗 

 

𝒖𝟏 = 𝟏. 𝟕𝟖𝟓𝟕; 𝒖𝟑 = 𝟐𝟔. 𝟕𝟖𝟓𝟕 
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2. Use  Crank Nicholson formula ,Solve 
𝝏𝟐𝒖

𝝏𝒙𝟐
=

𝝏𝒖

𝝏𝒕
 , 𝟎 < 𝑥 < 5 𝑎𝑛𝑑 𝑡 ≥ 0 𝑔𝑖𝑣𝑒𝑛 𝑢(𝒙, 𝟎) =

𝟐𝟎, 𝒖(𝟎, 𝒕) = 𝟎, 𝒖(𝟓, 𝒕) = 𝟏𝟎𝟎 Compute 𝒖(𝒙, 𝒕) for time step taking 𝒉 = 𝟏 

 

Solution :  

By Using method ,𝒌 = 𝒂𝒉𝟐 ,  h=1  

∴ 𝒌 = 𝟏 

 

                              → 𝒙 𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 

j i 0                      1                   2                    3                   4                  5                       

        𝟎       

↓ 𝒕   𝟏 

      

                    0                   20                 2 0                2  0              2 0                    20 

                               0             𝒖𝟏                𝒖𝟐              𝒖𝟐             𝒖𝟑                       100                                                                   

 

 

We have  

𝑢𝑖,𝑗+1 =
1

4
(𝑢𝑖+1,𝑗+1 + 𝑢𝑖−1,𝑗+1 + 𝑢𝑖+1,𝑗 + 𝑢𝑖−1,𝑗) 

4 𝑢𝑖,𝑗+1 = (𝑢𝑖+1,𝑗+1 + 𝑢𝑖−1,𝑗+1 + 𝑢𝑖+1,𝑗 + 𝑢𝑖−1,𝑗)……………..(i) 

 

 

 

 

𝟒𝒖𝟏 = (𝟎 + 𝟎 + 𝒖𝟐 + 𝟐𝟎)                    
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𝟒𝒖𝟏−𝒖𝟐 = 𝟐𝟎   … … … … … … … . . (𝟏)               

𝟒𝒖𝟐 = (𝒖𝟑 + 𝟐𝟎 + 𝒖𝟏 + 𝟐𝟎)   

                                              𝒖𝟏 − 𝟒𝒖𝟐 + 𝒖𝟑 = −𝟒𝟎……………………………(2) 

𝟒𝒖𝟑 = (𝒖𝟒 + 𝟐𝟎 + 𝒖𝟐 + 𝟐𝟎)   

                                                             𝒖𝟐 − 𝟒𝒖𝟑 + 𝒖𝟒 = −𝟒𝟎………………………(3) 

𝟒𝒖𝟒 = (𝟏𝟎𝟎 + 𝟐𝟎 + 𝒖𝟑 + 𝟐𝟎)   

                                                             𝒖𝟑 − 𝟒𝒖𝟒 = −𝟐𝟐𝟎………………………(4) 

Now (1)-4(2) gives 𝟏𝟓𝒖𝟐 − 𝟒𝒖𝟑 = 𝟏𝟖𝟎…………….(5) 

4(3) +(4) gives                              𝟒𝒖𝟐 − 𝟏𝟓𝒖𝟑 = −𝟑𝟖𝟎 … … … ….(6) 

Then 15(5) -4(6)  gives 𝟐𝟎𝟗𝒖𝟐 = 𝟒𝟐𝟐𝟎 

𝒖𝟐 = 𝟐𝟎. 𝟐 

From (5)  we get  

𝟒𝒖𝟑 = 𝟏𝟓 × 𝟐𝟎. 𝟐 − 𝟏𝟖𝟎 

𝒖𝟑 = 𝟑𝟎. 𝟕𝟓 

From(1)     

𝟒𝒖𝟏 = 𝟐𝟎 + 𝟐𝟎. 𝟐 

𝒖𝟏 = 𝟏𝟎. 𝟎𝟓 

From (4)  

𝟒𝒖𝟒 = 𝟐𝟐𝟎 + 𝟑𝟎. 𝟕𝟓 

 

𝒖𝟒 = 𝟔𝟐. 𝟔𝟗 

 Thus The  required values are 𝟏𝟎. 𝟎𝟓, 𝟐𝟎. 𝟐, 𝟑𝟎. 𝟕𝟓 , 𝟔𝟐. 𝟔𝟗 
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3. Use  Crank Nicholson formula ,Solve 
𝝏𝟐𝒖

𝝏𝒙𝟐
=

𝝏𝒖

𝝏𝒕
 , 𝑔𝑖𝑣𝑒𝑛 𝑢(𝒙, 𝟎) = 𝟎, 𝒖(𝟎, 𝒕) =

𝟎, 𝒖(𝟏, 𝒕) = 𝒕 

Solution : 

By Using method ,𝒌 = 𝒂𝒉𝟐 = 𝟏 (
𝟏

𝟒
)

𝟐
=

𝟏

𝟏𝟔
 

Here a=1, ∴ 𝒉 =
𝟏

𝟒
 

We have  

𝑢𝑖,𝑗+1 =
1

4
(𝑢𝑖+1,𝑗+1 + 𝑢𝑖−1,𝑗+1 + 𝑢𝑖+1,𝑗 + 𝑢𝑖−1,𝑗)………………(i) 

 

    x→ 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 

  0 0.25 0.5 0.75 1 

t 

↓ 𝒅𝒊𝒓𝒆𝒄𝒕 

        0 0 0 0 0 0 

𝟏

𝟏𝟔
 

0 𝒖𝟏 𝒖𝟐 𝒖𝟑 𝟏

𝟏𝟔
 

𝟐

𝟏𝟔
 

0 𝒖𝟒 𝒖𝟓 𝒖𝟔 𝟐

𝟏𝟔
 

𝟑

𝟏𝟔
 

0    𝟑

𝟏𝟔
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𝒖𝟏 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝟎 + 𝒖𝟐)            ∴ 𝒖𝟏 =

𝒖𝟐

𝟒
… … … … … … … … … … … . . (𝟐) 

𝒖𝟐 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝒖𝟏 + 𝒖𝟑)                    

 

𝒖𝟐 =
𝟏

𝟒
(𝒖𝟏 + 𝒖𝟑) … … … … … … … … … … . (𝟑)                  

 

𝒖𝟑 =
𝟏

𝟒
(𝟎 + 𝟎 + 𝒖𝟐 +

𝟏

𝟏𝟔
)                    

 

𝒖𝟑 =
𝟏

𝟒
(𝒖𝟐 +

𝟏

𝟏𝟔
) … … … … … … . (𝟒)                  

Substitute 𝒖𝟏, 𝒖𝟑 values in (3) 

 

𝒖𝟐 =
𝟏

𝟒
[
𝟏

𝟒
(𝟐𝒖𝟐 +

𝟏

𝟏𝟔
)] 

𝒖𝟐 =
𝟏

𝟐𝟐𝟒
= 𝟎. 𝟎𝟎𝟒𝟓 

𝒖𝟐 =
𝟏

𝟖𝟗𝟔
= 𝟎. 𝟎𝟎𝟏𝟏 

 

 𝒖𝟑 = 𝟎. 𝟎𝟏𝟔𝟖       𝒖𝟒 = 𝟎. 𝟎𝟎𝟓𝟖𝟗𝟗         𝒖𝟓 = 𝟎. 𝟎. 𝟎𝟏𝟗𝟏𝟑 

𝒖𝟔 = 𝟎. 𝟎. 𝟎𝟓𝟐𝟕𝟕 
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