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Partial Differentiation

Letu = f(x,y) be a function of two independent variables x and y, then
Differentiating ‘u’ with respect to ‘x’ keeping ‘y’ as a constant and it is denoted by Z—Z oru, ,
Similarly g—; or u,, means differentiating ‘u” with respect to “y’ keeping ‘x’ as a constant.

2 2 : . .
——and ﬁ are called first order partial derivatives.

Symbolically, if u = u(x,y) then

ou _ u(x+Ax,y)-u(x,y)
d0x Ax—0 Ax
ou _ .o w(xny+Ay)-u(x,y)
9y  Ay—0 Ay

Rule’s of partial differentiation:
(i) Differential co-efficient of a sum:

Ifu =v + w + -, where v,w, ---are functions of x,y, --- then
6_u __ 0v | dw
ax  dx dx

a_u_ v ow

Iy £+5+--- and so on.

(ii) Differential co-efficient of a product:

If u and v are functions of x, y, z etc, then

d(uv) _ v u
ax u dx e ax

d(uv v a
ay ay ay

(iii) Differential co-efficient of a quotient:
If u and v are functions of x, y, z etc, then

p U _p0v
9 (u): x 0x

dx \v v2
, VLT
i(z) _ 0y 9y
ady \v v2

(iv)Derivative of a function:

If u is a function of t where t is a function of the variables x, y, z --- then
ou _ du, ot
ax  dt 0x
ou _du, 0t

3y~ a5y and so on.
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Successive partial Differentiation
Letu = f(x,y) be a function of two independent variables x and y. Then Z—Z and
2 \ill represent the first order partial derivative of ‘u’ with respect to ‘x” and ‘y’. Here both

ay

a a o : . R
ﬁ and ﬁ are again in general a function of x and y. Hence each of these partial derivatives

may again be differentiated with respect to ‘x” and “y’ respectively and it is denoted by

ax? '
2u o
ay? ' 9xdy
x= i—i( ) differentiating 9u\vith respect to ‘x’ keeping “y’ as a constant
ax% 0 dx .
= 2% =2 (%) = differentiating 2* with tto 'y’ keeping ‘x’ tant
Uyy= 592 "3y ITierentiating="with-respect-to<y KEERINg ,as a constant.
_ 9%u 9 [ou : . ou . "y . N
Uxy= Gxoy  ox (a ) differentiating P with respect to ‘x” keeping ‘y’ as a constant.
Note:
0%u _ d%u N
oxay oxay o Yxy = Uyx
Example:
— 4 4 4 du , du _
Ifu = (x=y)*+ (y—2)* + (z—x)*, show that —+ £+£_o
Solution:

Given u = (x—=*+ (@ —-2)*+(z—-x)*

Sz ax =)’ +4E-13(-1) .. (1)

6__ 40—y (D + 4@ —2)°..(2)

L= 4y =2)3(-1) + 4z — x)*..(3)
ou ou . ou

M+@+B) = -+ =HE A

=4(x—y)P—4z—x)P-4(x—-y)P+4(y—2)° -4(y—2)>2 +4(z—x)3 =
Example:
If f(x,y) = log+/x? + y?, show that by—ér 027‘; =0

Solution:

Given f = log/x? +y?
o1,
ox  Jx2+y? T 2 fxZ+y?
_x
T x2+y2

X 2x
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*f _ (x*+y?)1-x(2x)

0x? (x2+y?)?
)
= 2=
of _ 1 1
ay  Jx2+y? T 2 x%+y? X 2y
_
x%+y?
% _ (x*+y?)1-y(2y)
w2 (xPy?)?
)
= 52 Q)
f poir o Eext) | (Poy?)
(1) + (2) = 9x2 + dy? _ (x2+y2)2 + (x2+y2)?

(yZ_x2+x2_y2)

= e ©
Example:
2 2 2 2
If72 = x2 +y2 then show that 75+ 55 =21(30) + (%) 1[AUMay 2006]
Solution:

Givenr? = x? + y?

Differentiating partially with respect to ‘x’

or or X
2r—=2x >—==
0x dx r
92r _ ri-x g—;—
ax2 r2
X
r—x =
= T
72
2_.2
— Trx — ré-x? 1
= === ()
L z r2—y?2
Similarl — = .. (2
y ayz T3 ( )
0%r 2r
1 2 > @ —+4 —
@ + @) T+
2_.2 .2_.2 2 42402 42
N ré—x? ré-y ré—x%+ri-y
r3 r3 r3
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Similarly (Z—;)Z = (X)Z =¥

r

(a_r)2+ (Z_;)Z _x%y?_r? 1 (+r2=2x2+y?)

dx
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