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TAYLORS AND LAURENTS SERIES

Taylor’s Series

If f (2) is analytic inside and on a circle C with centre at point ‘a’ and radius ‘R’ then

at each point Z inside C,
f@=f@+z-a)t2+@-a2l24 ..
(OR)
f(2) = Tise 2" (a)
This is known as Taylor’s series of f(z) about z = a.

Note: 1 Putting a = 0 in the Taylor’s series we get

f(@2)=f0)+(z—- O)Ll(!o—) + (z — 0)? fl—('o) + .-+ this series is called Maclaurin’s Series.
Note: 2 The Maclaurin’s for some elementary functions are

1) A—-2)t=1+z+2z2+2z3+-, when|z| <1

2) A+z)t=1—z+2%2=2% +-,when|z| < 1

3 1—2)y%2=1+2z+32z%+4z3 +--, whenlz| < 1

4) (1+2)2=1-2z+32%>—4z3 +-,whenz| < 1

V.
5) eZ=1+24Z 4 ...when|z| <
1! 2!
2
6) e2=1—24+Z 4 ...when|z| <o
1! 2!
3 5
7) sinz=z—-%2+Z +...when|z| <
3! 5!

z?  z*
8) cosz=1—=4=—+---when|z|] <o

2! 4!
LAURENTS SERIES

If ¢; and c, aretwo concentric circles with centre at z = a and radii r; and r, (r; <
r,) and if £(z) is analytic inside on the circles and within the annulus between c; and c,
then for any z in the annulus, we have
f(2)=Yranz—a)"+ Yp_1b,(z—a)™ ...(1)

Where a,, = — [O 47 and b, = — I, (Z_f;%

2mi °¢1 (z—a)™t1 2mi

dz and the integration being

taken in positive direction. This series (1) is called Laurent series of f(z) about the point
Z=a
Example: Expand f(z) = cosz as a Taylor’s series about z = E.

Solution:
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Function Value of function at z = %
o= RS
o — / I
f(2) sinz f (g) — —sin (g) _ -7
e - 1
f (2 cosz f (g) — —cos (g) -5
f"(2) = sinz Iz (%) = sin (%) _ %
The Taylor series of f(z) about z = % isf(z)=f (%) + (z — E) fg%) + (z - %)2 fz(? + -

— 2 1
cosz=i2+(z—z)1—*f§+(z—z) 2y

V2 4

4 2!

Example: Expand f(z) = log (1 + z) asa Taylor’s series about z = 0.

Solution:

Function

Value of functionat z = 0

f(2) =log (1+2)

f(0)=log(1+0)=0

’ 1 ’ 1
f(Z)=1+Z f(0)=—1+0=1
" _1 " _1

f (Z) — ——(1 +Z)2 f (0) = ——(1 e 0)2 = —1
"y _ 2 H’(O) _ 2 _
@ = G = Aoy =2

The Taylor series of f(z) about z = 0 is

f(Z):f(0)+(Z—O)%+(Z—O)2%+...

log (1+2) =0+ (2) =+ 2?5+

log(1+2) = (Z)%—(Z)Z%-l-'

_ __ P
Example: Expand f(z) = (z+2)(z+3)
(ii2 <zl <3

Solution:
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Given f(z) = is an improper fraction. Since degree of numerator and

(z +2)( +3)
degree of denominator of f(z) are same

=~ Apply division process

1
z2+5z+6  z2-1
z>+5z2+6
-5z =7
2_
o = 1T a0
Consider —=7 _ =4 4 B

(z+2)(z+3) z+2  z+3
=>5z+7=A4(z+3)+B(z+2)
Putz= —2,weget—-10+7 = A (1)

>A= -3
Putz= —3,weget—-15+7 = B(—1)
=>B='8

5z47 | _ -3 8

’ (z+2)(z+3) T 742 | z+3

)12

zZ+2 Z+3
(i) Given |z| < 2

3 8

2(1+2/,)  3(1+%/5)

=1+ 2(1+7/,) " ~2(+7%/5)

=1+°2 [1——+[ ]——[1——+[ ]

=1 +255 -0 [F] = ESno-0r [E]f

- fi2) =1+

(ii) Given |z| > 3
3 8
@ =1t ey T
=1+ 2(1+ 2/ —2(1+ 3/,

=1+ 3[1—§+[§]2+---]—§[1—§+[§]2 ]

= 142550 [ = 2Ereo-0n [

(iii) Given 2 < |z| < 3
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3 8

w fZ)=1+ 2(1+2/;)  3(1+%/5)
=1+ 2(1+%,) -2 +7))"

=142 [1——+[ ]——[1——+[ ]

=14+ 25 -0 2] - Sxns, - [f]]

Llnl <lz+1|<3.

Example: Find the Laurent’s series expansion of f(z) = 2+

Also find the residue of f(a) at z = -1
Solution:

722
z(z=2)(z+1)

Given f(z) =

7z-2 A, B c

z(z=2)(z+1) Tz z-2 @ z+1
7z—2=A4A(z—-2)(z+1)+Bz(z+1) + Cz(z - 2)
Putz= 2,weget1l4—2=B(2)(2+1)

=12 = 6B
=>B =2
Putz= —1,weget—7—-2=C(—1)(-1-2)
-9 =3C
>C= -3
Put z = Owe get =2 = A(-2)
>A=1
Ff@ =i 2
Givenregionis 1 < |z+ 1| <3
letu=z+1=2z=u-1
(i.e)l1 < |ul <3
Nowf(z)=ﬁ+ﬁ—%
1 2 3

W) T S0
= (=) 20y

bl ] 2fese ]

N B PR S ;]ZJF...]_§[1+ﬂ+[ﬂ]2+m]_i

<

z+1 z+1 z+1 3
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n
1 o 11" 2¢e0 | 1
= %o lon] — 3% l_l
Also Res[f(z),z = —1] =coefficient ofﬁ = -2

Example: Expand f(z) = in a Laurent’s series valid in the region

_r
(z-1)(z-2)
Mz—1>1(i)0o< |z—-2|<1(iii)|z| >2(v)0<]|z—1]| <1
Solution:

. 1
Given f(Z) = m

. 1 A B
Consider D2 1 + p—

=21=4(z~-2)+B(z—-1)
Putz = 2,wegetl=B(1)

=>B=1

Putz = 1wegetl=A(1-2)
>2A=-1
W(z) = F7Hes

(i) Givenregionis |z — 1| > 1
letu=z—-1=2z=u+1
(i.e) |lu] >1

Now f(z) = ——+—1

-1 1

u . u(l_l/u)
~2a20-14)"

- 2etfizeff o]

i 2
= Ly Ll [ +]

ol z+1 z+1 z+1 z+1

Z+1 Z+1 [Z+1
(i) Given0 < |z—2| < 1
Letu=z—2=2z=u+2

(i.e)0<|ul <1
Now f(z) = —— + -~

u+1 u

=—(1+w '+

MA8251 ENGINEERING MATHEMATICS I



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

= —[D—u+u?+-]+=

= [1-(z-2)+[z-2%+-]1+—=

= — i o[-1"z - 2" + =
(iii) Given |z| > 2

PR

= —3(1-) )
b e B R T e
= 1] iz

(iv)Given0 < |z=1] < 1

Now f(z) = —

Letu=z—-1=>z=u+1

(i.e)0<|ul <1

Now f(z) = |

u u-—-1

=2l (—wt

=== —[14 u )i+ ]

N S T | ] |2 ey

z—1
1
=== = Ya-olz—1]"
Example: Expand f(z) = m in a Laurent’s series about (i) z = —1 (ii) z = 2
Solution:
. z A B
Consigen (z+1)(z-2)  z+1 @ z-2

> z=A(z—-2)+B(z+1)
Putz = 2,weget 2 = B(3)

2
=>B ==
3

Putz = — 1we get —1 = A(-3)

=> A=

w =

P f@D) =t —

3(z+ 1) 3(z-2)

()To expand f(z) about z = —1
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(onlz—-1|<1
Putz+l=u=z=u-1

slz-1l<1=|ul<1
2
3(u-3)
1 2
= —t————
3 3(E(-43))

1 2 -1
=55 (1="/3)
=L_E[1+E+[E]2+...]

3u 9 3 3

F . _z[1+w+[w]2+...]
3(z+1) 9 3 3

Now f(2) = .- +

1 2
3(z+1) 9<n=0

(ii) To expand f(z) about z = 2
(on|z-2l <1

(tﬂ"

Putz—2=u=>z=u+2

>lz-2l<1=|lul<1

1 2

Now f(Z) = 3(u+3) %

o VIR =
3(@(a+4/3)) -+ 3

1 -1 2

3(u)
_11_3+Fr+".+;L
T 9 3 I3 3(w)
_ _ 2
_ 1[1_u+[m] +...]+ 2
9 3 3 3(z-2)
_ lvw (13 (z—Z)]n 2
9 n=0(—1) [ 3 i 3(z-2)
Example: Expand the Laurent’s series about for f(z) = ﬁin the region 1 <
lz+ 1] <3
Solution:
Consider —22° = 24 24 ¢
z(z-2)(z+1) z z-2 z+1

>6z+5=A(z—-2)(z+1)+Bz(z+ 1)+ Cz(z — 2)

Putz = 0,weget5=A(—2)(1)
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>A=—
2

Putz = — 1weget —11 = C(—1)(-3)

11
=>C——?
Putz = 2we get 17 = B(2)(3)
17
=>B—?
'f(Z)=_—5+ 7 11

2z 6(z-2) 3(z+ 1)
Given region1 < |z+ 1| <3
Putz+l=u=z=u-1

(i.e)1<|ul<3

-5 17 11
Now f(z) = 2(u=1) ¥ 6(u-3)  3u

-5 17 11

2u(1—%) 1 6(-3)(1-3) 3u

_:ql_q*_gzl_q*_g;

2u u 18 3 3u
_ 2 2
='EP+1+F]+”]‘£P+E+F]+“]‘E
2u u u 18 3 3 3u
.\ 1 172 17 (z+1) [@+D1]?
~ 20+D) [1 ten T [(z+1)] + ] —E[l s [T] + ] -
11
3(z+1)
-5 o [ 1 ]“ A [(z+1)]" Sl
T 2z+1) 2= [(z+1) 18<m=0[ 3 3(z+1)
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