DISCRETE FOURIER TRANSFORM

The discrete Fourter transform converts a fimte sequence of equally-spaced
samples of a function into a same-length sequence of equally-spaced samples of the
discrete-tume Fourter transform, which 1s a complex-valued function of frequency.

The N pomt DFT of x (n) can be expressed as

—jzxkn

X (K)=YNgx(n)e ¥
Fork=0 1,2 N-1

Example-1
Compute the DFT of the sequence is given by

x(n)= {0,121}
Soln:

—jzxkn
XXK)= Zn—o x(n)e X
The given signal x (n) 1s 4 pomnt signal. Let us compute 4 pomt DFT.
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X (K)=Xa=px(n)e +
—jxkn

=Xa=oX(n)e =
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=x (0)e? +x (1) e = +x(2) e '™ +x(3)e =

—ink —jsmk
=0+e: +2e ™+
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K=0,1,23
When k=0;

X (0) = (cos 0+2 cos 0+cos 0)-j(sin O+sin 0)

= (1+2+1)9 (0+0) =4

When k=1

X()= (cc-sg+ 2cosm + cc-s%“) —j(sin§+ sin%n]

= (0-2+0)-j (1-1)=-2

When k=2

X (2)=(cosm+ 2cos2m + cos3m) — j(sinm + sin 3m)



= (1+2-1)(0+0)

=0

When k=3

X(3)= (cnsg?;r+ 2cos3m+ cosZ—H) —j[sing?n + smc';—”)
= (0-2+0) (-1+1) =2

Answer:

X(0)=4.X(1)=2.X(2)=0.X(3)=-2

PROBLEMS:
1. Determine the 4-point DFT of the sequence x(n) =(1,0,1,0)
DFT of the sequence is defined as

N-1
X(k) = z J'(n)c_-""”'k’i: k=01, ... (IN—1)

3

3
‘Y(k) = Z J'(ll)(';AJi.:L;L — Z _.l.(")(,~_;rr-‘é._=‘-

n=o
axk

X (k) = 2(0)e® + 2(1)e 7% + 2(2)e 7% + 2(3)e 7%

Substitute (0), (1), x(2) and x(3) values
=1+0+1e 7" 0
X(k)=1+ e~ I™k

Sub k& = 0 in equation(1)
X(0)=1+e 7D =141=2
Sub k& = 0 in equation( 1)
X(1)=14+e 7" =14+cosm — jsinm
=1—-1—-3(0)=0
Sub k£ = 2 in equation(1)
X(2)

1+e 72" =1+ cos2m — jsin 2w
—1+1—j(0)=2.
Sub k& = 3 in equation(1)
X(3)=14+€e79" =1+ cos3m — jsin3w
=1+[-1—-3j(0)]=1—-1=0

The output sequence is | X (k)= {2, 0, 2, 0}




2. Find the 4-point DFT of the sequence x(n)=[1,1,-1,-1].(MAY/JUNE 2013)
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3. Find the 4-point DFT of x(n) = {1, -1, 2, -2} directly.

SOLN:
Nt N1 \
Xk)= E Wl = z v(n) ¢ /TN E r(mye” MON L x=0,1,2,3
n=q) a0 am 0
3
X)) -~ \‘_ v e = x(MM=x(D+EAA2)+ (D=1 =14+2=2=0
’ O
3
X(D)= E (e " o () +x(D)e” T 4 x(2)e T 4 x(B) eI PN
n=l)

=1+ (=1)O0= )+ 2(=1=JO)= 20+ )

-——1=y

3
X2)= >_. vime = x(+ x()e ® + x(2)e " 4 x(3)e

”n )
=l-1(=1-jO+2(1-jO)—-2(-1—-jO1=6

(U2)

X3) =) xime HE32E = (0)+x(1De 72 4 x()e T+ x(3)e !
nzb
=1-10+ N+ 2(-1—-jJO)=-2(0- N=—-1+]

X(k) = (0, =1 - j, 6, =1 + j)



4. Compute the DFT of the 3-point sequence x(n) = {2, 1, 2}. Using the same sequence,
compute the 6-point DFT and compare the two DFTs.

Solution: The given 3-point sequence is x(n) = (2, 1, 2], N = 3.

N1 2
DFTx(m = X(k)= 3, x(mWg' =Y x(me /3" g =0,1,2
we U el
= XO) +x(l)e TP 4 y(2) ¢ S AT
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When k = 0, XK)=X(0)=2+14+2=3S5

. > \ 3
When k = 1, Xik)= Xul)-’.‘+lcos%-/sm%]+l“cm5‘—”—jsin—%r-‘

= 24(=05-jO866)+ 205+ jO.866)

= 0.5+ JO.866
When k = 2, X(k)=X(2)=2 +( c\asﬂ— jsin4—ﬂ |+ 2( cosg - jsinE
3 3 ) 3 3)
=24+ (-05+ jO.866)+ 2(-0.5 —~ jOB66)
=05~ 0866

&~ 3-point DFT of x(n) = X(k)= [5.0.5+ j0.866.0.5— j0.866)
To compute the 6-point DFT. convert the 3-point sequence x(n) into 6-point sequence by

padding with zeros. : A
x(n)=1{2,1,2,0,0,0}, N=¢6
N-1 5 o
DFT {x(n)}= X(k) = Z .r(n)W‘.‘}* = Z x(r)e J2xiNdsk  p—0,1,2, 3.45
n=() n=(
= X(0)+ X(1)eFATOk & 03y o= JATIO o 3y = HETIOE o gy = RO

+ x(5)e 1100

LT =
=24¢ Al +2¢ J2xi3k

When kK = 0. X0)=2+1+2=35



When &k = 1, x(l);z",‘l‘ﬂm’ + u-[(l'nt
=2+4(0.5- j0.866) + 2(~0.5~ jO.866)= 1.5~ j2.598

When k =2 X(z)_‘_)_“,-ﬂl!lh +2’-n-lsm
=24 (=05~ JO866)+ 2=0 5+ jOE66)= 0.5+ 0866

When £ = 3, X(3)= x(0) + x(he 7P 4 x(2)e 7D
=24 (Cosx — jsinm) + 2cos2m — jsin2rw)
=2-142=3

When £ = 4, X(4) = X(0)+ x()e "% 4 x(2)e A
= 2+lcos—4” -jsin4—" +2[ms£-}dn8—“]
3 3 3 3
=24+ (=0.5+ j0.866) + 2(=0.5— j0.866)

=0.5- ;0866
When £ = S, X(5) = 2(0) + x(e 7 4 y(2)e /MY
=2+ .‘cu\sTx-j\sinsTn - ‘.’.[mx-%'-- jsinloTx)

=24(05-jO8GE)+ 205+ jOB6G) = 1.5+ j0.866
Tabulating the above 3-point and 6-point DFTs, we have

DFT X(0) X(1) X(2) X(3) X(4) X(3)
3-point 5  05+j0866 05— j0.866 = = =
6-point 5 1.5 —j2.598 0.5 + j0.866 3 05-/0866 1.5+ j0.866

5. Find the 4-point DFT of x(n) = {1, -2, 3, 2}.
Soln:

Given xin) = {1, -2, 3, 2).
Here N = 4, L = 4. The DFT of xtn) is Xk,

Al 3 3
2 Xik)= z nan;‘- z xin)e J‘}ll‘ldb Z x(nye I1Nl:'d' k=01, 2.3
"ty
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X)) = z e = x4+ D+ 2D+ x(3)=1=2+3+2=4

»-0

0
X = 3 (e 7P o x(0)4 (e ™ 4 x(2)e™ " 4+ x(3peI 1A

=0 = i M=l =+ 210+ )= =2+ j4
3
X(2)= 2 AT o (O (DT (20T e x (A
-
w2l = JO)+ M = JO)+ 2U=]1= jO) = &
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X(3) = Z ()™ AN o (O0) 4 x(1De™ 12 4 x(2)e™ % 4 x(3)e™ ) VAR
-

“1=2004+ 1 +3(=1=JO)+ 20— ) = =2~ |4
Xk)= 4.2+ j4.4. -2 j4)



