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UNIT -1: PARTIAL DIFFERENTIAL EQUATION



UNIT |- PARTIAL DIFFERENTIAL EQUATIONS

Notations: If z= f(X,y) then
oz 0z _ 0z 0’z . 0z
p:—1q:—1r:—2’S: 1t:—2
OX oy OX oxoy oy

Formation of PDE by eliminating arbitrary constants:

Let the given equation be= f (x,y,a,b) ————— @
Step 1:Differentiating (1) partially with respect %o
0z ,
—=p= f (X! y’a!b) _____ (2)
oX
Step 2:Differentiating (1) partially with respect Yo
0z
—=0= f’(X, y,a,b) _____ (3)
oy

Step 3:Eliminate a& bfrom (1) using (2) & (3)

1. | Obtain partial differential equation by eliminating arbitrary constant ‘a’ and ‘b’ from
z=(x-a)’+(y-b)?

Solution:

Given z=(x-a)*+(y-b)> ————(1)
Diff Partially w.r.t x

9 _ 2(x—a)+0

oX

p=2(x-a) -—---(2)

Diff Partially w.r.t y

o _ 0+2(y-b)

oy

q=2(y-b) -——-(3)

Eliminate a& bfrom (1) using (2) & (3)
@)= (x-a)=1 ——--(4

@)= y-b=1 ———-(5)

2
Sub (4) & (5) in (1)

2 2
o=e-(2] (9
2 2
The required the PDE is
p’+q° =4z

2. | Form the partial differential equation by eliminati ng the arbitrary constants ‘a’ & ‘b’ from
z=(x*+a)(y*+h).

Solution:

Given z=(X*+a)(y*+b) ————(1)

Diff Partially w.r.t x

% p=2x(y* +b) - (2)
OX

Diff Partially w.r.t y

A=y =

Eliminate a& bfrom (1) using (2) & (3)




(2):(y2+b)=2—px————(4)

B)=x+b=d____(5)
2y

Sub (4) & (5) in (1)

b

The required the PDE is

4xyz= pq
3. | Find the PDE of all planes having equal intercepten the x and y axis.
Solution:
: . Xy z
The intercept form of the plane equat|on—|9r5+— =1
a c
Given that equal intercepts on the& y axis= a=Db
XY E @
a a ¢
Diff Partially w.r.t x
L N _—1p ————(2)
a C OX a ¢
Diff Partially w.r.t y
0+i(1)+}§: 0 :>_1: __1q ————@)
a coy a ¢

-1 -1
From (2) & (3)— p=—0g The required the PDE|ip =
(2 &@—p=—01 q ip=q

4. | Obtain the partial differential equation by eliminating arbitrary constants ‘a’ and ‘ b’ from
(x—a)2+(y—b)2+z2 =r?

Solution:
(x—a)2+(y—b)2+z2 =1-———-(1) -1
Diff Partially w.r.t x
2(x—a)(1- 0)+ O+ ZQ =(
OX
=2(x-a)+2zp=0 ————-— (2)

Diff Partially w.r.t y

0z
0+2(y—b)A- 0+ 22— = C
(y-b)(1- 0) Y
=2(y-b)+229=0 ————- 3)
Eliminate a& bfrom (1) using (2) & (3)
(2= x-a=-zp ———- (@)
@)=>y-b=-zg-——-—- (5)

Sub (4) & (5) in (1)
(-20)*+(-z0)*+2° =1
The required PDE szz( p®+q° +1) =1

Formation of PDE by eliminating arbitrary functio ns:

1. | Eliminate the arbitrary function f from z= f (Xj and form the PDE.
X

Solution:




<
X

Diff Partially w.r.t x

oo (B(3) <o ()
OX X X X y

Diff Partially w.r.t x

St (2 —o
oy X X

P_—Y
From (1) & (2) —=— X+qy =0
rom()()q Pty

2. | Form the partial differential equation by eliminating f from z= x> + 2 f (l+ log xj .
y

Solution:
Given z= x>+ 2f (1+ Iong ————— 1)
y

Differentiate (1) partially w.r. tx
0z (1 1
— =2x+2f | =+ logx || O+—

OX y X
p=2X+ 2f'[1+ Iogx}(}j = f'(—1+ Iongz(p— 23()5 - (2
y X y 2
Q=2f'(1+long(_—3+ OJ
oy y y
2
q=_—§f'(i+long = f'(—1+long:ﬂ ————— (3)
y y y 2

Eliminating f from (2) & (3)

X —qy’ 2\_ 2
(p—2x)§ - = (px-2¢)=—qy

=|px+ay’ =2x°

Formation of PDE by eliminating f from f(u,v)=0 ------ 1)

Method 1:
P 9 -

The required PDE of (1) is, u, U,|=0
vV, Vv,

Method 2:

The required PDE i®p+Qq=R

Where

p:uy Vy .Q:uz Vz.R:ux Vx

uz Vz ux Vx Uy Vy

0

1. | Form the PDE from ¢(ax+ by +cz, X* + y* + zz)
Solution:
Given ¢(ax+by+cz,x* +y*+2°)=0

This is of the formf (u,v) = 0 whereu = ax+by+cz & v=x*+y*+z?




P q
The required PDE of (1) is, u, u,/=0
Vy

VX VZ
p q -
a b c|=0
2X 2y 2z

= p(2bz-2cy)-q(2az— x )+ L(Az— 2Xx )= (
+2=| (bz—cy)p+ (cx—az)q+ (az—cx) = 0|

Form the PDE from ¢(x2 +y?+ 7% xyz) =0
Solution:
Given ¢(X* +y*+2°,xyz) =0

This is of the formf (u,v) = 0 whereu = x>+ y*+ z°> & v=Xxyz

P aq -
The required PDE of (1) is, U, u,/=0
Ve v, Y,
P q -
2x 2y 22=0
YZ Xz Xy

= p(2xy* - 2x2%)-q(2°y - z* )+ UX*z—- Y2 )= (
2= | X(Y*-2°)p+y(2°—x)+z(x*~y?H)=0

Form the PDE from ¢(X, X2+ y*+ z2j =0
X
Solution:

Given ¢(l,x2 +y+ ZZJ =0
X

This is of the formf (u,v) = 0 whereu = Vg v=xty y? + 2°
X

P 9 -
The required PDE of (1) is, u, U,|=0
Vo v,y
p a9 -
__2/ 1 9lo0
X X
2X 2y 2

B2




xzp+ yzq —(y? +x°)
= X2

xzp+yzq—(y* +x*)=0

Solutions of standard types of First order PDE’s:

Different solutions of PDE:
Complete Integral (or) Complete Solution:
If the number of arbitrary constants is equal tmbhar of independent variables, then the solutiaraied Complete

integral.

Singular Integral (or) Singular Solution:

Consider a PDE of first order &5(x, y,z,p,q)=0 ————— @
It's complete integral may bef (Xx,y,z,a,b)=0 - ———— (2)
Diff (2) partially with respect taa & brespectively,

a9

—=0 ———- 3

7a ©)

a9

—=0 —\————- 4

b (4)

Eliminating a& b from (3) & (4) will get the Singular integral.

General Integral (or) Complete solution:
A Solution which contains number of arbitrary fuoos is equal to the order of the given PDE.
(or) A solution which contains the maximum possible banof arbitrary functions.

Type I:

Equations of the formf (p,q)=0————— @

To find Complete Integral:

Let the complete solution of (1) B=ax+by+c ————(2)

Let p=a & q=bin (1)

f(a,b) =0 and represenb = ¢(a)
(D)= z=ax+g(a)y+c ————(3)
To Find Singular Integral:

Diff (3) partially with respect tac

0= 1 which is impossible
There is no singular integral for this type.
To find General integral:

Putc=g(a) in (3)

)= z=ax+g¢(a)y+g(@) —-—-—(4)
Diff (4) partially with respect ta
O=x(M)+¢'@@)y+9'@@) ————(5)
Eliminating a from (4) & (5) we get general integral.

1. | Find the complete integral of p+q = pg

Solution:

Givenp+qg=pq ———-(1)

This of the formf (p,q) =0

To find Complete Integral:

Let the complete solution of (1) B=ax+by+c ————(2)
Let p=a & q=bin (1)

()= a+b=ab = a+b-ab= o:bzail

Subb in (2)

ax(_jy
1

This is the required complete integral.




2. | Find the complete integral of p+q=1
Solution:

Givenp+q=1----(1)

This of the formf (p,q) =0

To find Complete Integral:
Let the complete solution of (1) B=ax+by+c ————(2)

Let p=a & q=Dbin (1)

D= a+b=1=b=1-a

Subb in (2)

|z=ax+(1-a)y+c]

This is the required complete integral.

3. Solve\/B+\/a =1

Solution:

Given\/B+\/a =1--——-()
This of the formf (p,q) =0

To find Complete Integral:
Let the complete solution of (1) B=ax+by+c ————(2)

Let p=a & q=bin (1)
W= Va+vb=1=+vb=1+a =b=(1-Va)

Subb in (2)
z= ax+(1—\/5)2 y+c |————(3)

This is the required complete integral.
To Find Singular Integral:
Diff (3) partially with respect tac

0=1 which is impossible
There is no singular integral for this type.
To find General integral:
Putc= f(a) in (3)
2
(9= z=ax+(1-Va) y+f@) ~—--(4)

Diff. (4) partially with respect ta
1
0=x()+ 2 1-~va)|—=y+ f' -——6
O+ +-Va)_“=y+1'e) (5)

Eliminatea from (4) & (5) we get the general integral.

Type Il

Equations of the fornze= px+qy+ f(p,q) —————- @
To find Complete Integral:

Putp=a & g=hbin (1)

()= z=ax+by+ f(a,b) —————— (2)

To Find Singular Integral:

Diff (2) partially with respect taa

0=x@+0+f'@b)-——-(@3)
Diff (2) partially with respect td
0=0+y@D+f'@b) ———-(4)

Eliminating a & b from (2) using (3) &(4), we get the singular intaigr

To find General integral:
Putb =¢(a) in (2)

()= z=ax+4(a)y+9(@) - ————- (5)
Diff (4) partially with respect ta




0=x(M)+¢'@)Y+9'@) ————(6)
Eliminating a from (5) & (6) we get General integral.

1. | solve z= px+qy+ p?g°

Solution:

Given z= px+qy+ p°q> ————— 1)
Equations of the fornz= px+qy+ f (p,q)
To find Complete Integral:

Putp=a & g=hbin (1)

Q) =|z=ax+by+a’h® |- ————— (2)

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect taa

0=x(1)+ 0+ 2ab*> = x+ 2b*= 0 = x=— 2b°———- (3
Diff (2) partially with respect tdd

0=0+yQ)+ 0+ 2°b = y+ a’h= 0> y=—2%D-———— (4
Eliminating a & b from (2) using (3) &(4)

3)= %z—Zab————(S)

4= Y=—2ab-———(6)
a

From (5) & (6)
y
a

===k (say)
Xke Yok
b a

b
=

X y
=b=—& a== ——H7
” ” ~7)
Subaé&hbin(2)
y X y2 X2
2)=> =" X+—Y+5—
@ k ky k* k?

To find k
Sub (7) in (3) (or) (4)
y X —2X°y
B)=>x=- e = X= K =k'=-
2,,2
8)= s RS P .
k  k(-2xy) k 2k

3,3 3,,3
_Ay-xy Y :>z3=27X3y _ A 2Ky
2k 2k & 8C 2 )
162° = —27x%y?

This is the required singular integral.
To find General integral:
Putb=¢(a) in (2)

(2)= z=ax+ f(a)y+a’[f(a)] —————- (9)

z




Diff (9) partially with respect ta
0=x@D)+ f'@)y+ 2f @)f'@) ———-(10)
Eliminating a from (9) & (10) we get General integral.

Find the singular integral of z= px+qy + p® + pq+g°
Solution:

Given z= pX+qy+ p°+ pq+q® ————— 1)
Equations of the fornz= px+qy+ f (p,q)

To find Complete Integral:

Putp=a & q=bin (1)

S Q)=| z=ax+by+a’+ab+b® |-————— (2)

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect taa

0=x)+0+ 22+b+ 0= A+b=-x ———- (3
Diff (2) partially with respect tdd
0=0+yQ)+O0+a+d = a+ b=-y ———— (4
Eliminating a & b from (2) using (3) &(4)
4)x2=> 22+ b=-2 ————— (5)

_X=2y

(3)-(5)= —-3b=—x+2y =|b

3

Sub the value db in (3)
2a+b=-x = 2a=-x-b= 2a:—x—(x_2yj
2X

:—3)(——:;(—#2)/ = 6a=—-4X+ 2y = |a= 3

Sub the value i & bin (2)

(e (2 (2222
3 3 3 3 3 3
-2 xy-2y" Y oAy Ayt xy- T X &y X Ay 4°
3 3 9 9 9
XY -+ XY - OyP Y - Ay + HHxy— Y- P+ Ky +XP— Ay+ ¥°
9

2a

z

V4

9z =—4x*+ y*+ xy

Solvez= px+qy++/p° +0°>+1

Solution:
Given

Z=pX+qQy+4yp*+q°+1 ————— 1)

To find Complete Integral:
Putp=a& g=hbin (1)

(1) = |z=ax+by+va®+b*+1 ————(2)

This is required complete integral.
To Find Singular Integral:
Diff (2) partially with respect taa

1 -a
0=x()+ O0+——=— () > |[X=——0o |~ (@3)
2va?+b?+1 Jat+b?+1

Diff (2) partially with respect tdd




1 -b
0=0+yWD+ = D) =|y=————
2Ja’+b*+1 Jai+b®+1
Eliminating a & b from (2) using (3) &(4)
2 2
(3)7+ (4 = x*+ y2=(—‘a j +(_—bj
a’+b?+1 a’+b+1
) ) a.2 b2
X +y = +
y a’+b*+1 a’*+b?*+1
» ., a+b’?

—---(®)

a?+b%+1
a’+b?
1- (¢ +yH)=1
+y9) a’+b*+1
2, h2.1_a2_h2
1—x2—y2:a +b2+12a b
a“+b°+1
1
1-xX-y?=
y a’+b?+1
=1+a’+b’= ;L 5

Taking square root on both sides

W@ et | ____(5)
’1_ X2_y2

Sub (5) in (2) and (3)

3) = x=_—1a = x=-a/l-X-y? =|a=———

l_ X2 _ y2

(4) = y:_—lb —y=-b/l-X¥-y? =>|b=—ou-

/1_ Nl y2

Sub (5)a & bin (2)

(2)= z= X x4 Y y+ !
1_X2_y2 1_X2_y2 1_X2_y2

= z= X + -y + !
\/1_ Xz_yz \/1_ Xz_yz \/1—x2—y2
g2\ 2
I
1_X2_y2

= z=41-X*-Vy?

Squaring on both sides

Z?=1-x*-y? = [xX*+y?*+z°=1

Find the singular integral of z= px+ gy + p*> - g°
Solution:

Given z= px+qQy+ p°—q°* ————— 1)
Equations of the fornz= px+qy+ f (p,q)

To find Complete Integral:




Putp=a & g=hbin (1)

() =|z=ax+by+a®-b*| —————— (2)

This is the required complete integral

To Find Singular Integral:

Diff (2) partially with respect taa

0=x(1)+ O+ 2+ 0= a:—_zx @3
Diff (2) partially with respect tdd
0=0+y()+ 0- = b=% @&

Suba & bin (2)

e Byt S E |

2 2 2 2

L@z Y Y

2 2 4 4

@)= Z:—2x2+2y2+x2—y
4

This is the required singular integral.

2

= |4z=-X*+Yy?

Type Il
Equations of the fornf (z,p,q)= 0—-———— @

In this typeXx & y do not appear explicitly.
To find Complete Integral:

Let the complete solution of (1) B= f(x+ay) ———-——-— (2)
Let x+ay=u

2= z=fu) —————- €©))

By total derivative,

0z dz ou dz

— = =—(@1 U= X+a —=1
OoX du axjp dx() =

0z dz ou dz ou
—=—— =>(g=a— TuUu=X+ay > —=a

oy du oy du

Substitute the value op & qin (1)

D= f (ZE ,an =0
du du

This may be solve by method of separation of véemb
Other solutions can obtain as usual.

1. | Solvep(1+q)=0z.
Solution:
Given p(1+q)=qgz----(1)
This is of the formf (z, p,q)= 0
To find Complete Integral:
Let the complete solution of (1) B= f(x+ay) —————-— (2)
Let x+ay=u = z= f(u)
dz dz

Thenp= @ &q—adu
Substitute the value op & qin (1)
(N :E(h aE j: aE z

du du du




az-1
Integrating on both sides

d
Jagor ~Ja

u=log(az-1)+c I i,((:(()) dx=logf (x)

|x+ay=logaz—1)+c |

This is the required complete integral.
Other solutions can be obtained as usual.

Solve z* =1+ p*+q°

Solution:

Given 2° =1+ p*+q° ————(1)
This is of the formf (z, p,q)= 0

To find Complete Integral:
Let the complete solution of (1) B= f(x+ay) ——————
Let x+ay=u = z= f(u)

dz dz

Thenp:a &q:aa

Substitute the value op & qin (1)

2 2
1) =7 :(%j +[a%} +1
u u

2 2
:(Ej +az(£j _ 21
du du

2\ dz ’ 2
>+a’)— | =z°-1
du

dz ) Z-1
=>— | =—
du l+a
Taking square root on both sides
dz _VJZ*-1
du  1+a?
dz du

- =
JZ-1 J1+@®
Integrating on both sides

cosh'z= ! u+c I z_ _ cosh' x
Jai-1 x?-1
cosh'z= ! k+ay c U= X+ay

Jai-1

This is the required complete integral.
Other solutions can be obtained as usual.




3. | Solve p(1-¢°)=q(1-2)

Solution:

Given p(1-¢*)=q(l-2) ———-(1)
This is of the formf (z, p,q)= 0

To find Complete Integral:

Let x+ay=u = z= f(u)

dz dz
Thenp=— & a—
P du 9= du

Substitute the value op & qin (1)

dz dz dz
= du{l_( duj}_ d_(l_z)

l-a+az=a (dZJ
du

Taking square root on both sides

gz =+l1-a+az
u

adz
J1-a+az

Integrating on both sides

a(@]zm [ E o= 2oux)

=du

2NJ1-a+az=x+ay+cC U= X+ay

This is the required complete integral.
Other solutions can be obtained as usual.

Let the complete solution of (1) 5= f(x+ay) —————

Type IV:
Equations of the formf, (x, p) = f,(y,q) —————— 1)

To find Complete Integral:

Let f.(x, p) = f,(y,q)=a(say)

~h(xp)=a ; f(y,0)=a

From the above we gep = f,(x,a) ; q= f,(y,b)
Substitute the value gb & q in Z:I pdx+jqdy

Integrating we get complete integral
Other solutions can obtain as usual.

1. | solve p?+ g% =x%+y?

Solution:
Given p®+q° = x*+y?
e A )

This is of the formf (X, p) = f,(y,q)
To find Complete Integral:

Let p?—x*=y?-qg?=a?(say)
pz_X2:a2 . y2_qz:az
pz — a4+ x2 ; q2: yz_az

p=ya’+x2| ;|g=+/y?-a2




Substitute the value gb & g in

Z=I\/X2+a2 dx+J'«/y2—a2dy
2

Z= )Z(w/X +a’ +%smh( j w/y —a’ +— cosh( j+c
a

1 j x2+a2dx=§\/x +a’ +a—223|nh‘( % j\/ ‘~a dy_—é«/ “~a +_2005h(Zj

Integrating we get complete integral
Other solutions can obtain as usual.

Find the complete integral of p?y(1+ x?) = gx?

Solution:
Given py(l+ x?) = gqx*
2(1+ x?
P _a_
X y

This is of the formf,(x, p) = f,(y.q)
To find Complete Integral:

tM_g a(say)
x* y
2 2
PUex)_, .9,
X y
X2
p’=a ; q=ay
1+ X2
Ja x

x|

Substitute the value gb & q in

Ja x dx+jaydy

z:j a

let 1+ x° =t = 2xdx=dt = xdx=d?t

z= \/__[——+a

2
2

Ja ay’ 1
z=—2 t+—— | —=dx=2/X
2 vt 2 I& Vx
2
z:\/E\/1+x2+a%+c

Find the complete integral of p+ g =sinx+ siny

Solution:
Given p+(Q=sinx+ siny
p-sinx=siny—-q ————-— @

This is of the formf (X, p) = f,(y,q)
To find Complete Integral:

Let p—sinx=siny—qg=a (say

. p-sinx=a ;siny—g=a

~.|p=sinx+a| ;|q=siny-a|
Substitute the value gb & q in




z= I(sinx+ a)dx+J' (siny—a)dy
Z=COSX+axX+ COg/—ay+C

|z=cosx+ coy/—a k- Y )c|
This is the required complete integral

Type V:
Equations reducible to standard form (Identificatio

1. | solve Z2(p?+g%) = x*+y?

Solution:

Given Z2(p?+q?) =x?+y?

This is of the form equations reducible to standarch
22p2+22q2: X2+y2

(zp)* +(za)* = x*+y?

zoz\ [ zoz ? 0z 0z
(—j == =Y @ vp=—i0=—
ox oy OX oy
Let z02z=0Z ; oX=0X ; oy=0Y

ZZ
Integrating EzZ ; X=X y=Y

2
M=[Z) [ Z] Zx24y?

oX oY
P?+Q%=X?+Y?| - =— =
Q Q aY

This is of the formF, (X, P) = FZ(Y,Q)
To find Complete Integral:

Let PP - X?=Y?-Q%=a’(say)
P2_x2:a2 . Y2_Q2:a2

L PP=a*+X?;Q%’=Y%*-a*

P i X’ 0 ar

Substitute the value gb & q in

z=J'«/X2+a2 dX +j\/Y2—a2dY

2

2

2:5\/X2+a2 +a—sinh1(£j+1\/Y2—a2 2 Cosh1(1j+c
2 2 a 2 2 a

Z X(a o @ X\ Y[ & ~1l Y

—==\x*+a® +—sinh| = |+ —a“+—cosh’| = |+c

2 2 2 a) 2 Y 2 a

72 =xx*+a’ +azsinh1(§j+y yz—a2+azcosh'(ij+ 2
a a
o x2+a2dx_;/x +a’ +—smh ( jj«/y azdy—lzwl ~a +—Zcosh'(yj

a

This is the required complete mtegral
Other solutions can obtain as usual.

2. | solve p*+x%y%q%=x%2?

Solution:

Given p?+x°y%g?=x%?

This is of the form equations reducible to standarch




2

+X onboth sidesp—2+ Vg°=2°
X

(Bj +(yq)? =2°
X

(1@)1 yo\ _. . _ oz _ @
X OX oy ST oy

2
oz | oz ) 0z 0z
— | = =2 ————- 1) p=—;g=—
(x@x} oy @ P axq oy

y
Let 0z=0Z ; Xox=0X ;@=6Y

y

X2
z=7 ; sz ; logy=Y

Integrating
2 2
Q)= 921, [%2) _z2
oX oY

0L 0Z
————(2 P:—, _ =
@) oX ° oY

P2 +Q2 — 22
This is of the formF (Z,P,Q)=0

To find Complete Integral:
Let the complete solution of (2) B=F (X +aY)

Let X+a¥=U = Z=FQU)
dz dz

ThenP=— &Q=a—
du du

Substitute the value dP? & Q in (2)

2 2
2) :{d—zj +(ad—z j _7?
du du
( dz jz 7z
du (1+a%)
Taking square root on both sides
@z
du  1+a?
dz  du
Z 1+a?
Integrating on both sides
1 U

logZ =
J1+a?

logZ = !
Vi+a?

This is complete integral of (2)

1 (X
logz= —+alogy |+cC
Vita® | 2

(X +ay)

This is the required complete intec.



Other solutions can be obtained as usual.

Find the complete integral of z* ( X’p®+q 2) =1
Solution:

Given Z*(x*p*+q*)=1

This is of the form equations reducible to standarch

X2p2+q2:i2
z
1
(x)’+09° ==
Vi
( 82}2 )V 1 0z = 0z
X— 4+ — :—2 =—,0=—
OX oy z OX oy
2
6z oz} 1
R I - 1
ox (ayJ 7 W
X

Let 0z=0Z ; %:EM ; oy=0Y
X

Integrating |[z=Z ; logx=X ; y=Y

2 2
o-(2-(2)-3
oX oY Z
Il wp=%q-%
Z oX oY
This is of the formF (Z,P,Q)=0

To find Complete Integral:
Let the complete solution of (2) B=F (X +aY)
Let X+a¥=U = Z=FQU)
This is of the formF (Z,P,Q)=0
dz dz

ThenP=— &Q=a—
du du

Substitute the value dP & Q in (2)

oo{ 8]+ -4
du du z

( dz JZ 1
du Z*(1+a%)

Taking square root on both sides

P?+Q%=

dz 1
du  zy1+a?
ZdZ = aJ
V1+a®
Integrating on both sides
zZ_1
2 J1+a?
2
zZ__1 (X +ay)

2 1+ a?




This is the complete integral of (2)

7 1
2 1+a?
This is the required complete integral .

Other solutions can be obtained as usual.

(logx+ay)+c

4. | solve X*p®+ y%q®=z?

S. | Solve x*p?+ y?zq = 222

Lagrange’s Linear Differential Equations:

Equations of the fornrPp+Qq=R (or) PQ+Qg =R
OX oy

WhereP,Q,R are functions ofx, y,z or constants.
Procedure :

1. Write the auxiliary equatiop— dx dy %

PQR

2. Solve the auxiliary equation by using
a) Method of grouping
b) Method of multipliers
a) Method of grouping: In the auxiliary equation, if the variables cansle@arated in any pair of equations, then

get a solution of the formi(x,y,z)=¢, & V(X Yy,2)=cC,

.". The general solution i®(u,v) =0

b) Method of Multipliers:
i) Choose any three multiplietsm, nwhich may be constants or functionsxfy, zwe have
dx _dy _dz_ ldx+mdy+ndz
P Q R IP+mQ+nR
If it is possible to choosem,n such thalP+ mQ+ nNR =0 thenldx+ mdy+ndz=0
Integrating this we get(X,y,z)=¢,
ii) Choose another any three multiplidfsm’,n" which may be constants or functionsxfy, zwe have
dx dy dz Il'dx+mdy+n'dz
P Q R IP+mQ+nR
If it is possible to chooské, n',n" such that "P+mM'Q+n'R=0 thenl’dx+ nm'dy+ n'dz=0
Integrating this we get(X, y,z) =C,
.". The general solution ig(u,v) =0

1. | Solve x(y—2)p+Yy(z—X)q=2z(x-Y)
Solution:
Given X(y—2)p+ y(z—Xx)q=z(x-Y)
This is of the formPp+ Qg =R
WhereP=x(y-2); Q=Yy(z-X); R=2z(x-Y)
The auxiliary equation be
dx dy dz

P Q R

dx _ dy _ dz R

X(y-2) y(z-% z(x-y)
i) Choose the multipliers as (1,1,1)

0o dy _ dz
X(y-2) y(z-%) z(x-y)

we




dx+dy+dz _ dx+dy+dz

:xy—xz+yz—xy+xz—yz 0
s.dx+dy+dz=0

Integratingj dx+jdy+jdz: (

X+y+z=¢

i) Choose the multipliers {si —1, —1j
Xy z

0= dx _ dy _ dz
X(y-2) y(z-x z(x-y)
dx, dy dz
_ x y z _dx+dy+dz
Y—Z+Z-X+X-Y 0
.'.%+ﬂ+$=0
X y z
Integratlngj—+_[ﬂ+ —=(
z

logx+logy+ logz= Iogc2
logxyz=logc, = (xyz=cC,
. The general solution i$¢( X+ Y+ z,Xyz) =

Solve x(Z% - y?) p+ y(x*— z%)q = z(y*- x?

Solution:

Given X(Z> - y?) p+ y(X* - z9)q = z(y*-x?

This is of the formPp+ Qg =R

Where P = Xx(Z° - y%); Q=y(x*-2%; R=2z(y*-x?
The auxiliary equation be

dx dy dz
P Q R
x dy  dz )
X2 -y*) y(x*-2%)  zZ(y’-x)
i) Choose the multipliers ag,y,2)
D)= xax ~ ydy < zdz
(2 -y?)  yHx*-29)  ziy*-x)
B xdx + ydy + zdz _ Xdx+ ydy + zdz
X2 -y 2+ Xyl yZiy2ixz? 0

- Xdx+ ydy+zdz=0
Integratingj Xadx + I ydy + J' zdz= (

2

2

y.,z_d

2 2 2 2
2 2

X +y*+2°=¢

2 2

X

i) Choose the multipliers {sl
X

< |k

N |k
A




dx dy dz

(1):> - X — y y — = Z
“(Z-y) 2(x*-2) Z(y'-x)
X y z
dx dy dz dx dy dz
_ X Yy z _X y z
22—y + x> 2%+ y®—x? 0
%+ﬂ+§ =0
X Yy z
Integratingj'%JrJ'ﬂJrJ‘%: (
X y z
logx+logy+ logz = logc,
logxyz=logc, = (xyz=cC,
.. The general solution is;¢(x2 +y*+ 2% xyz) =0
Solve (X? — y? — %) p+ 2xyq = 22X
Solution:
Given (X — y* — z%) p+ 2xyq = 22X
This is of the formPp+Qg=R
Where P = (x* — y*—7%); Q=2xy; R= 2z
The auxiliary equation be
x_dy_gaz
P Q R
dx dz
2 2 2 Y - -
X -y -z 2xy 2«
i) by method of grouping, from last two ratios
0 Y _d
2xy  2ZX
dy_az
y z
Integratingj'ﬂ = J‘ﬁ
y z
logy=logz+ logc,
logy-logz=logc,
y
log==lo
g . ¢
Y_
. G
i) Choose the multipliers as,y,2)
xdx ydy zdz
1)= = =
@ X(X*-y*=2%)  y(2y) z(2x)
xdx+ ydy + zdz _ Xdx+ ydy + zdz

TR XAy 22 X xy Xz ?




_ Xdx+ ydy + zdz

X+ Y+ 29
From 3 and last rati
dz  xdx+ydy+ zdz

(22x)  x(¢ +y?+2°)
dz _ 2xdx+ 2ydy + 2zdz

z (X +y*+2°

. rdz ¢ 2xdx+ 2ydy+ 2zdz
Int t —=
ntegra ng‘ ; I ey D)
logz=log(x +y? + 2?) - ';(()’(‘)) dx= log[ f (x)]

logz=log(x* + y* + z%) + logc,

log z—log(X’ + y*+2*) = logc,

log =log

X2+ y*+2° G
z =c

XC+yi+z? ?

The general solution ig¢ [l %] =0
Z X +y+z

4. | Solve (3z—4y)p+ (X— 2= - X
Hint:
The multipliers argx, y,z) & (2,3,4)

The general solution i$ﬁ(x2 + Y2+ 2%, 2x+ 3y + 42) =0

5. | Solve (y—xz)p+(yz—X)g=(X+Yy)(Xx-Y)
Hint:
The multipliers argx, y,z) & (y,%,1)

The general solution i$ﬁ(x2 + Y2+ 2% Xy + z) =0

6. | Solve x(y*+2)p+ y(X*+2)q=z(x*-y?)
Hint:

The multipliers ar{l,_—l,—lj & (x,-y,-1)
Xy z

The general solution i?gﬁ(E X —y?— ZZJ =0
y

Homogeneous Linear PDE of second and higher orderiila constant co-efficient:
Consider the second order homogeneous linear PDE

0’z 0%z d%z
+ + =f(xy) ———- 1
Let the differential operatob =i &D'= 9
oX oy
()= (D*+aDD'+a,D%)z=f(x,y) ———-- 2

The general solution of equation (2) is
|z = complementary function+ Particular Integ:é].F+P.|




To find complementary Function:
1. Write the Auxiliary equation by puttinp =m,D'=1,z=1, & RHS=0

(2)= m+am+a,=0
2. Solve the auxiliary equation, we get the rodtsoSay the roots aren, m,

3. Comparing the roots af and write the complementary function.
Case 1 The Roots are real and distinct : gay= m,

C.F=f(y+mx)+ f,(y+myx)

Case 2 The Roots are real and equal : say=m, =m

C.F = f,(y+mx)+ xf,(y+mx)

Note: If the roots arem=a tif
thenC.F = f[y+(a+ip)]+ fly+(a—-ip)]

To find Particular Integral :
Type : |

If |IRHS=e™"| then

Plo— T gt
f(D,D")
|Rule:D=a &D'=b |
1
f(a,b)
If Denominatoe (, then 1) multiply the numerator by x 2) differiating denominator partially w.r.td
pl=_ %
f'(D,D)
Pl L
f'(a,b)
Continuing this process until we gBtr = 0.

P.l e Provided Denominatot |

ax+hy

™ Provided Denominator 0. R epla2=a R'=b

Type : Il
If [RHS=sin(ax+by) (or) RHS=coséx+by )| then

P.l = sin(ax+b
f(D? DD’,D'?) (@xby)

Rule:D? = — @*);DD’ = (-ab);D"* = - p*

1 . .
Pl = sin(@x+by) ,Provided De 0O
f(Cal.—ab,b3) e bY)

Note 1 After substitutions the denominator will be imrtes of D & D' . Multiply and divide byD so that the

denominator will havB? & DD’ terms.
Note 2 After substitutions the denominator will be imrtes of D & constaniterms,

For eg. P.I :ﬁsin(x— 2y)

Take conjugate of denominator with constant terchrmnltiplied with both numerator and denominator.

1 DHOink= 2y)=— T sink— %

D-5 D+5 D*-25
Then apply the rule as usual.

Type : 1l

If |RHS=x"y"| (polynomial type then




1

f(D,D)
(i.e) Pl =[1% f (D,D)]*x"y"
This will be expanded by using the formulae
(I-X)" =1+ X+ x>+ X3+ ...
I+ X) ' =1-x+x*=x3+ ...
(L-X)? =1+ X+ X+ &%+ ..
L+ X)?=1- %+ X — &%+ ..

P.l = X™y", we bring this into a standard binomial formattéking out highest power term of D.

Note:
i=_[dx ,D'=2
D oy

Type : IV (Exponential shifted rule)

If |RHS=e™"™ cosx+by) or )JRHS=e™" sinéx+by ) br )RHS=e>""x"y"| then

P.l =;eax
f(D,D")

¥ sin(ax+ by)

P.| =™ 1 sinfx+by)
f(D+a,D' +hb)

Here after apply the rule as we discussed in Th§dd

Type :V
If |RHS=ycosx| r) |[RHS=Yy sinx| then
Case 1:

!

Y y COSX
D-mD

P.l = c—nmx)cosxdx - Rule |y=c—nmx
D—mD’I( ) Y
Case 2:
| = y COSX
D+mD’
Pl = j(c+mx)cosxdx ~*Rule :y=c—nx
D+mD’

Note: After integration we have to replace mx =y

L. | Solve(D*-DD’'-20D"*) z= €™ + sin(&-y )

Solution:

Given (D? - DD'-20D"%) z= €™ + sin(&-y )

To find C.F

The auxiliary equation is

m?-m-20=0 creplacd®=mD'= k=

(m-5)(m+4)=0
~|CF = f(y-4x)+ f,(y+5x)| - The roots are real and distinetC F = f, (y+mx)+ xf, (y + mx)
To find P.I

1

P.l = e + sin(4x—
57— DD ~2007 (4-y))

Pl=Pl +Pl,




1

P.l, = ey Rule:replac®= 5&'= 1  Type
' D?-DD’'-20D" P /P
1 e :Ee‘r’X+y -+ Introducingx in Nr.DiffD r. partially w.r.td

25-5- 20 0
Xy Rule: replac® = 58'=
2D-D'
— X DX+Yy
10-1
X
P.l, ==&
' 9
1 .

P.l, = sin(4x — hera= 4&=-1 Type:

? D?-DD'-20D" (-y) ( Type}

Rule: replac®?=— &> ¥— 1@"*=—HK* ¥- 1&OD'=—-db ¥

. 1 .
A, = sin(4x—y)==sin(&-y
? 16— 4- 20¢ 1) (&-y)=geintx-y.

. X
2D-D’

sin(4x-y) ~+ Introducing in Nr.DiffD r.partially w.toD

D .
= x —SIin(4x —
2D-D' D ( y)

xD .
207 oo oY)

~ xD
 2(-16)- 4
xD(sin(4x—y))

- -32-4
4xcos(&+ 3)
36

sin(4x—vy)

P.l, = - cos(&+ 3) .4 (simx :n cosx
9 dx

P.l, %x cos(&+ 3

_X
9

The general solution is
z=CF+Pl

P.1

SX+ 1 X SX+
e y—gx cos(&+ 3):5[e Y~ cos(A+ 3

z=f(y—-4x)+ f,(y+ 5x)+g[e5x+y— cos(&+ 3]

o’z 0% .
Solve — —2——— =€ + 4sini+
ox>  OX°0X x+y)
Solution: same as previous problem
Hint:
0’z _ 0%z :
Given — —2 =e“? 1 4sink+
x> OX%ox oY)
(D*-2D°D’)z=€"% + 4sinx+y) p=2 gp=2
X oy

C.F = f,(y) + Xf,(y) + f5(y + 2x)




P.l =_§1eX+2y —4cosk+ &

Solve (D’ + DD’ -6D"?) z= X’y +e>"
Solution:

Given (D?+ DD’ -6D"?) z= X’y +e>*
To find C.F

The auxiliary equation is

m +m-6=0
(m-2)(m+3)=0
~|CF =1 (y=3x)+ f,(y+ 2x)
To find P.I

Pl=—; 1 .
D2+ DD’—6D’
PI=Pl+Pl,
1 X
D2+ DD’'-6D"?
1
(DD’—GD'Z
1+ - Dz
1_(
D!

12
LD 6D

X2

D D? } y

_D'(xy) , 6D"(X*y)
D D2

I:X2y+ e3x+y:|

2

P.l, = y

2

-
I

6D12
D2

6D!2
DZ

2

Xy

D

|

3X+
e y

D?+DD’'-6D"?

Rule: replac® =a= 3&'=b= 1

s replacdD=mD'= &=

"> The roots are real and distt= C F = f, (y+ mx)+ f, (y+m,x)

(Type:3

SEX) = X+ X=X L

ool
oy

Type:




l e3><+y — 1— e3><+y

T 9+3-6(1) 6
1
Pl,==¢&>"
° 6
4 5
12Xy X Ly
12 60 6
The general solution is
z=C.F+PI
X'y x° 1,
z=f(y-3x)+ f(y+2X) + ——-—+—=e>"
H(Y=3)+ L (y+ 20+ =" %
Solve(D*+2DD'+D"?) z= X’y +€"”
Solution: same as previous problem
Hint:
m=-1,-1
C.F=f,(y—=x)+xf,(y-x)
12Xy X X
12 30 2
Solve(D? -6DD'+5D'*) z= xy+€” sinhy
Solution:
Given (D?-6DD’+5D'*) z= xy+€* sinhy
Y _ Ay o _ A0
:xy+ex[e 2e ] sinhH:e € Jher@ =y
Cxy+ e’ —e'e”’
2
(D*-6DD'+5D2)z=xy + e’ &’ - gheP = g
2 2 '
To find C.F
The auxiliary equation is
m’ —6m+5=0 v replacdD=mD'= Z=
(m-1)(m-5)=0

~|CF =1 (y+x)+ f,(y+5x)| - The roots are real and distine C.F = f, (y+mXx)+ xf, (y + mx)
To find P.I

Pl 3 1 Xy+ex+y _ex—y
" D?-6DD'+5D" 2 2
Pl=Pl +Pl,-Pl, ————— @)
To find P.L
1
Pl = Type:3
1~ D?_6DD'+ 5D ) (Type:3
1

Y%
-6DD’ +5D"
D2[1+ (Dz H




_i_1+ 6D,+ 5D,2 ; Xy
D2_ D D?
B ' /2
=§ 1—( —6D 5D Axy o XY = X+ -xC+
1 6D’ 5D'2
“o7| Yo " it
1[  6x 5(0) , o i’ 0°
—— et e S wD'(Y)=—(y)=1 &D?(y)=— 0
o -5 }xy =2 =20
1r 1 6x° 1
=—|xy+6 xdx =—|xy+— | —==|dx
pz LY J D? {Xy 2 } D J
1 1(x?y 3 x%y
el +3x%)dx=—| 2L+ = | = [| 22+ %3 |dx
L EE el )
3
pl =Y, X
6 4
To find P.I,
1 eX+y
P, = Type:1
? D?-6DD'+5D"? 2 P
=(lj L e“y:(—lj—le“y Rule: replac® =a= 18'=b= 1
2)1-6+5 2)0
1 X Xty
== |———e€
2)2D-6D'+0
- 1 Lewry
2)2-6
— i __Xex+y
2) 4
—X
Pl =—¢&"
>’ 8
To find P.I3
1 e’
P.l,= Type:1
° D?-6DD'+5D"? 2 P
=(ij—lex+y Rule: replac® =a= 18&'=b=-1
2)1+6+5
P, =L e
24
3
L= P.I=P.I1+P.I2—P.I3=ﬂ+x— Ry ie**y
6 4 8 24

The general solution is
z=CF+Pl

y X X X+ 1 X+
z=f(y+XxX)+ f (y+5x) +—= —e ——eY
L(y+X)+ f,(y+5x) 5 "1 8 Y

Solve (D’ +2DD' + D'?) z= sinh(x+y )+ €%
Solution: same as previous problem




Hint:
(D?*+2DD’+D'?)z=sinh(x+y }+ &>
eX+y _ e(X*Y) .y ex+y e—x—y

+eY =~ +eY
2 2

(D2+2DD’+ D'z)z

X+ Y —X—y
€ _e_+ ex+2y

2 2

(D2 +2DD' + D'Z)z:
m=-1-1
C.F=f,(y-x)+xf,(y-x)

P I B ex+y e—x—y ex+2y
8 8 9

Solve(D2 —_4DD' + 4D'2) 7=

Solution:
Hint: m=2,2

CF=1f(y+x)+ f,(y+5x)

2
Pl =2y
2

Solve (2D* - 5DD' + 2D'*) z= 5sin(X+y |

Solution:

Given (2D* - 5DD'+ 2D'%) z= 5sin(X+y |

To find C.F

The auxiliary equation is

2m* —5m+2=0 creplac®=mD'= ¥=

. —b++/b?—-4ac
2a
_—(-5)£/25- 4(2)(2)

2(2)
 5+25-16 5:4/9
- 4 4
 5+.25-16 59 & ¢
- 4 4 4
5+3 5- 3

1
M=——, M=—— => M=2, M=—
4 4 2

herea= 2b=- 5¢c= :

~|C.F = f(y+2x)+ fz(y+%j - The roots are real and distine C.F = f,(y+mx)+ f,(y+ mxX)

To find P.I
1 .
P.l = 5sin(2x+ Type::
2D2_5DD/+ 2D12 ( y) yp
P.l= ! 5sin(x+y) hera= 2&=

2D%-5DD’ + 2D"?
Rule: replac®’=- &° y— D'*=- 1" ¥- 1&OD'=- b -

1 .
P.l= 2C4) 5L 2 2C 1)53|n(2<+ y)

) 1 _ .
Pl =—5sin(X+ — 5sin(x+
-8+10- 2 ( y)¥ 0 +y)




X : ) ) . )
=—— 5sin(X+ Introducingx in Nr. & Diff Dr.partial{y w.r.toD
5 5o gosneY) | o partialy }

X D_ .
=——  x—b5sin(X+
aD_5p Do SN&+Y)
xD )
=5— —  _sin(Xx+
407 —spp’ S HY)
xD|sin(2x
s D Goxs y)e 2SN
4(—4)— 5(2) ~16+ 10
:%x[2cos(2<+y]

P.l Z%SXCOS(2(+ y

The general solution is
z=C.F+Pl

z=f(y+2x)+ fz(y+%j—%xcos(2<+ y

Solve the equatior( D®*+D?D'-4DD'* - 4D’3) z=cos(X+Yy )

Solution:

Given (D°®+ DD’ ~4DD'*- 4D"°*) z= cos(X+Y |

To find C.F

The auxiliary equation is

m’+m?*-4m-4=0 wreplacd®=mD'= Z=

m*(m+1)—4(m+1)= 0
(m+1)(n’-4)=0
m=-1,-2,

~|CF = f(y=x)+ f,(y—2x)+ f,(y+ 2X)
To find P.I

Pl = D3+DZD’—ZDD'2—4D’3COS(2(+y) herea= 2b= 1 ( Type:}
Rule: replac®’=-&° y— D'*=-1* ¥- 1&OD'=- b -
P.l = !
—4D —4D'— 4D (- 1)~ 4( 1P’
3 1
~ —AD-4D'+ 4D + 4D

X ) . . .
P.l= cos(X+ Introducingx in Nr. & DiffD r.partia w.r.toD
307+ 20D~ 407~ 0 S E Y ) * partiay J

= X COS(X+VY )= X cos(R+y |
3(-4)+ 22 4¢ 1) -12 4 4

cos(X+y)

cosS(X+y = —10 cos(2+vy )

—X
P.l =—cos(X+
T (X+y)

The general solution is
z=C.F+Pl

z=f(y—x)+ f,(y—2x)+ fo(y+ 2x)—%2 cos(X+y




10.

Solve(D3—7DD’2—6D’3)z: cosk+ & } ¢

Solution:
Given (D°~7DD"?~6D'%)z= cosf+ ¥ ) ¢
To find C.F
The auxiliary equation is
m’—7m-6=0 - replac®=mD'= k=
m=-1 1 0 -7 6
0 -1 1 6
1 -1 -6 0

m=-1m" -m-6=0
m=-1,(m-3)(m+ 2)=C
m=-1,-2,
S|CFE =1 (y—x)+ f,(y—2x)+ f,(y+ 3x)
To find P.I

P.l

_ 1 [
- D*-7DD'?-6D"®
P.l=Pl,+Pl,

1
D3—7DD’2—6D'3COS(X+ %) herea= 1b= 2( Typei}
Rule: replac®’=- §* ¥- D’=-I(* ¥- 4®OD'=- b ¥- :

1 1 ,
L= b2 ecap ¢ ¥ piipy 1 O 2

1 D
-~ x—cosi+
13D+ 120 Dok )

cosk+ 2 W 4

P, =

D
=—————CcoS(X+
13D*+12D'D X+ )

3 D ~ Dcosik+ 2)
131+ 12¢ 2)005()“r ¥r— 13- 24
_ —sin(x+ 2y)
- 37

P.I,

To find P.I»

PI,= !

D®-7DD'?-6D"*
1 X+ 1 X+ ,
- D3_7DD'?— 6D’34e0 o :6490 ¥ Rule: ReplacB = @' =
_ X 4e0x+0y — §4eOX+0y
3D?-7D'*-0 0
= L480X+0y :f 4%+
6D -0 0

X2

=24
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0x+0y

+e%=1 Type::




2

-1 . 2X
P.l =—sin(x+ +—
37 X+ 2y) 3

The general solution is

z=C.F+Pl
1 . 2x°
z=f(y—-x)+ f,(y—2x)+ fo(y+ 3x)—§ sinix+ Zy)r—g
11.) Solve(D*+3DD' - 4D'?) z= Xy + COS(X+Y |
Solution: same as previous problem
Hint:
m=-4,1
C.F=1f(y—4x)+xf,(y+Xx)
-1 X’y x*
P.l =—cos(X+ —_—
5 (X+y W 5 8
12| Solve(D? +3DD' - 4D'?) = x+ siny
Hint:
m=-4,1
C.F = f(y—4x)+xf,(y+X)
1 . X2 siny
P.l = X+sin(Xx+y)|=..=—+——
D2+3DD’—4D’2[ (Ocy) 6 4
13| Solve(D* - DD’ -2D"?) z=(2x+ 3y)+e>" ¥
Hint:
m=-1,2
CF=1f(y—-x)+f,(y+2x)
3 2
p i =X Y L sy
6 2 35
14.| Solve(D? -2DD’ + D'?) z= (2+ 4x g*?
Solution:
Given (D*-2DD'+D"?)z=x’y%e*?¥
To find C.F
The auxiliary equation is
m* —-2m+1= 0 creplacd=mD'= ¥=
(m-1)(m-1)=0
m=1,
S|CFE = f(y+x)+ Xxf,(y+X)
To find P.I
1
P.I = 2+ 4x)e“?  herea=2p=1 ( Type:
D?-2DD’ + D'2( r (Type:d
P.I =;2(24r 4x)e*?
(D-D")
Rule:replac® =D+a=D+ D'=D'+b=D"+

1
(D+1-D'- 2y

P| _ AXt+2y

(2+ 4x)




x+ 1
=€ 2ym(2+ 4x)

Y 1 ~(2+ 4x) =€ 5 (2+ 4X)
1-D+D) [1-(D-D')]

] (2+ 4x)

=1

—e*?[1+2(D-D)) 3(D—D')2+..] (2r &) v (LxP=1 2+ 8+ £+

2[1+2D-2D"+ D2- OD'+ 3)'2] (2 &)
e |1+ 2D + SDz] (2+ 4 ) - thereis ng term in RHS, negléw termD’
(2+4x)+ 2D (2+ & ) D* (2 & )]
= X+2y[2+ 4x+ 2(4)y+ 0]
P.l =% [4x+10]

[-
[2-(
[
ex+2y[1+2D 20"+ D?~ DD'+D'?)+ ](a &)
=1
[
all

The general solution is
z=C.F+PI

z=f,(y+x)+xf,(y+x) +€%[4x+10]

15.

2 2
Solve 2 f % =€V sin(2x+ 3Jy)
Solution:
2 2
Given a—i—a—f =€ sin(2x+ 3y)
ox~ oy

(D*-D"*)z=€""sin(2x+ 3y)

To find C.F
The auxiliary equation is
m’ -1=0 replacdD=mD'= &=
1o
SLCFE =1 (y—-x)+ f,(y+Xx)
To find P.I
1
P.I =5r_pz® Ysin(2x+ 3) herea=1p=-1( Type:}
Rule:replac® =D+a=D+ D'=D'+b=D"-
1 :
Pl =" sin(2x+
(D+1°-(D'-1) ( ¥)
1 .
= sin(2x+
D*+2D+1-D"*+2D'-1 2+ )
1 .
=e sin(2x+ Hera= 2H= .
D?+2D-D"*+ 2D’ ( ¥) b
Rule: replac®®=— > ¥— D°=—*> ¥— 9&OD'=—4b ¥ |
1 . 1 :
=7 sin(2x+ 3y )=V ——— sin(X+
—-4+2D- (-9)+ D’ ( ¥) D+ D'+ 5 ( )
=ex‘y; ES|n(2><+ )

2D+2D'+5 D




- D .
= o7 0D s & Y)

D )
=Y ———sin(x+ ey
-8-12+ D ( ¥ - 20

If we multiply and divide by D, we can not get tleem D’ ,D? term, so we take conjugate for constemhtend multipliedwith both Nr. & Dr.

D 5D+ 20 .
55-20 D+ 20 ">+ Y)
2

_ ex-y—Z’EDj_zggosin(zH )

ey 5D*sin(x+ 3 + 2@ sin(R+ § )
25(-4)— 400

_ gy 5Dcos(X+ 3 x 2 20cosf+ Bx) 2
-100- 400

oy -20sin(X+ 3  40cos(@+ B )

-500

sin(X+ ¥

— XY

X—y

p1=%
25

[sin(2x+ 3y }- 2cos(2+ ]

The general solution is
z=C.F+Pl

e’
z=f(y—x)+ f(y+x) +
(Y=X)+ f(y+X) e

[sin(2x+ 3y ) 2cos(2+ § |

16.

Solve (D*+ DD’ -6D'?) 2= y cosx

Solution:

Given (D*+ DD’ -6D'"?) 2=y cosx

To find C.F

The auxiliary equation is

m*+m-6=0 creplacdD=mD'= L=

(m-2)(m+3)=0

To find P.I

1
Pl = D7+ DD —6D" y COSX Type: !
1
~(D+3D')(D-2D) ycosx

:(I:)+—1:3[),)J(c—2x)c09<dx .~ Rule :y=c—mx heren=

:(D+—13D,)[(c—2x)(sinx)— o cox) ¢ o v,

1 .
:(D+—3D,)[y3|nx— ZCOS(]

:w+—1:3mf[(c+3x)sinx— 2coxfdx - Rule y=c+mx heren=

=(Cc+3x)(—cosx }- ()¢ six } 2six - y=c+ 8

~|CF =1 (y-3x)+ f,(y+2x)| - The roots are real and distt= C F = f, (y+ mx)+ f, (y+ myx)




=—yCoSX+ 3SinK— 2six

|P.I =sinx-y cos|

The general solution is
z=C.F+Pl

z=f(y-3x)+ f,(y+2x) + sinx—y cox

17.| Solve(D*-5DD’ + 6D"?) 2= y sinx

Solution:

Given (D? -5DD'+6D'?) z= y sinx

To find C.F

The auxiliary equation is

m? —5m+ 6= 0 creplacd®=mD'= =

(m-2)(m-3)=0

To find P.I
B 1 . £
Pl = D?_5DD’ 6D’ ysinx Type: £
1 .
~(D-3D')(D-2D") Yo
=w—1:3mj(c—2x)sinxdx ~ Rule:y=c—-mx herem= .
:—(D 13D,)[(c—2x)(—cosx)— €2)¢ sik) juvdx=uv1—u'v2+ .
—;[— COSX— Zsim]—_—l[ CO%+ 2SiR]
~(D-3D) y ~(D-3D) y
:_J'[(c—3x)cosx+ Zsirx]dx ~ Rule y=c—mx heren=

=_[(C_3X)(Sinx)_ 3)c cox ¥ 2{ cos ] v y=c— B
=—[ysinx—3cosx— 2cox |

P.l =5cosx—y sirx
| |

The general solution is
z=C.F+PI

z=f,(y+3x)+ f,(y+2x) + 5cox—y six

Non-Homogeneous Linear PDE of second and higher oed with constant co-efficient:
Consider the second order non-homogeneous linear PD
0°z 0%z 0’z o0z _ oz

o By Tyt Rt = (XY) —mo M
0

Let the differential operatob = 9 &D'=—
OX oy

()= (D*+aDD'+a,D"*+a,D+a,D’)z= f(xy) ————- (2)

The general solution of equation (2) is

| 2= complementary function+ Particular Integr@l.F+P.|

To find complementary Function:
Case : |

~|CF =1 (y+3x)+ f,(y+ 2xX), -~ The roots are real and distt= C F = f, (y+ mXx)+ f, (y+ mx)




The given PDE will bring into the form (D —-mD’'-C,)(D-m,D'-C,)z=0

C.F =e"f,(y+mx)+e?f,(y+myxX)
Case : Il
The given PDE will bring into the form D —mD’'—C)?z=0

C.F =e™f,(y+mx)+ xe™ f,(y+mx)

Note: Particular Integral can be obtained, similar itkélomogeneous types.

1. | Solve(D*+2DD'+ D"~ 2D - 2D') z=€>"" + sinf+ ¥ |
Solution:

Given (D?+2DD'+D'*~ 2D - 2D')z=€%" + sinf+ 2 )

To find C.F

(D+D)*-2(D+D"))z=0

(D+D)YD+D'-2)z=0 ————- )

This is of the form
(D-mDb'-C)(D-mD'-C))z=0-———- (2)
Comparing (1) & (2)

m=-1C,=0m,=-1C, =

C.F =e™f (y+mx)+e?f,(y+myx)

C.F=f(y-x)+e*f,(y-x) cel=1
To find P.I
1 .
P.l = e +sin(x+
D2+2DD'+D'2—2D—2D'( ( Zy))
Pl=Pl +Pl,
To find P.I1
1
Pl = e  Rule:replac® = 3&'= 1 Type:
' D?4+2DD'+D'?-2D- 2D’ P P
— 1 3X+Yy
9+6+1-6- 2
P., e
8
To find P.I>
1

P.I,= sin(x+ 2y) herea= hH= 2 type:

D?+2DD'+ D>~ 2D - 2D’
Rule: replac®?=—-4* ¥— D'?’=—H> ¥— 4®D'=— &b ¥ -
1 1

P.l, = sin(x+ = sink+ &
2 142(-2)-4 D- D (e 2y) -+ 4 4 D- D .

) D .
=—FFX—S|N(X+
2D+ 2059 D oMX+ )

_ sin(x+ 2
2D?+ 2D+ D ( 2

:msin(x+ 2y)= ol 1OSinQ<+ %)

If we multiply and divide by D, we can not get tleem D’ ,D? term, so we take conjugate for constemhtend multipliedwith both Nr. & Dr.

-D  9D+10_.
= X sin(x+ 2y)
9D-10 PD+10




-9D%-10
:—sm X+
81D% -100 e+ 2y)

_ —9D%sin(x+ 2y ) 1O sink+ ¥ )
B —-81-100

—9D cosf+ % )} 10cos(+ ¢ ])

1
—181[

1 .
P.l, :ﬁ[95|n(x+ 2y ) 10cost+ 2

Pl = ;3X+y+ [95|n(x+ % ) 10cos(+ ¢ |

The general solution is
z=C.F+PI

z=f,(y-x)+€”f,(y—X) +;e3x*y+1%3 [9sin(x+ 2y }- 10cost+ ¢ |)

Solve(D®-D'*-3D+3D')z=€™" + 4
Solution:

Given (D?-D'*-3D+3D')z=€>" + 4

To find C.F

((D +D")(D-D")-3(D- D’)) zZ=
(D-D)YD+D'-3)z=0 ————— @

This is of the form
(D-mD'~C)(D-m,D'~C,)z=0-—~~- (2)
Comparing (1) & (2)

m=1C,=0m,=-1C,= 3|

C.F =e™f (y+mx)+e7f,(y+myx)

C.F=f(y+x)+e*f,(y-X) cel=1
To find P.I
1
Pl = e + 4
DZ—D'2—3D+3D'( )
P.1 =Pl +Pl,
1
Pl = eV  herem= 3p=1 type:
1T D?_D?_3D+3D b P
1 3X+Yy
=—— & Rule:Replac® = =
9-1-9+3 P b
P, = S et
2
1
P.l, = 4e”%  herea= Ob= 0 type:
> D?-D'?>-3D+3D' b P
1

:64e°“°y Rule:Replac®= @'= 0

Introduce x in Nr. and Diff. Dr. Partiglw.r.to.D in the previous ste

— X 0x+0y
2D-0-3+0
4x

-3




—4x
Pl,=—=
> 3
P = tepy X
2 3

The general solution is

z=C.F+PI

z=f(y+x)+e*f,(y-x)+

163x+y _ﬁ
2 3

Solve (2D*~ DD’ D'?+ 6D + 3D') z=xe’
Solution:
Given (2D*~DD'~D'*+ 6D + 3D') 2= xe’
To find C.F
(2D*-DD'-D'*+6D +3D')z= 0
(2D+D')(D-D')+3(2D+D')z= 0
(2D+D")(D-D'+3)z=0

(D+—
2

D!

This is of the form
(D-mD'-C)(D-m,D'~C,)z=0-—-—- (2)
Comparing (1) & (2)

J(D—D’+3)z:0

-1

ml=7,C1=0,m2=1,C2=—3

C.F =e™f (y+mx)+e“f,(y+myx)

CF= f{y—gj+e‘3xf2(y+ X) ce’=1
To find P.I
P.l = ! xe’ Type:4

Pl =—— .
2D>-DD’'~D'?+6D + 3D’

2D*-DD'-D"?*+6D + 3D’

1

xe”*Y  herea= Ob= 1

Rule:replac® =D+a=D+ 8D D'=D'+b=D'+

P.l =

=g

e0 X+y

1

ey

X
2D’-D(D'+1)- D'+ 1+ @D+ 30"+ 1)

1

2D*-DD'-D-D*-2D'-1+ @D+ D'+ 3

ey

X Type: 3
1

2 ' 12 ' X
2D°-DD'+5D-D"“+D'+ 2

1

ZM

2D>-DD'+5D-D'?+D’

|

[ normally we take out highest power term of Dhe homogeneous type, but it is not necessaryeimaom-
homogeneous type]

\ 2
e_[1+(2D
2

wD=—-,D'=
2

-DD'+50-D2+D")|" o ., @
oX oy




2D*-DD’'+5D-D"*+D’

g

[2x-5

2

(%)}

50

5 } ~+D*(x)=0

|

\
pI=S
4

[2x- 5|

The general solution is
z=C.F+Pl

> j+ }x [neglect the terms'D , sinBe x E)

+D?(x)=0

\
z=f(y+x)+e>f,(y- x)+%[2x— 5]




