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Boolean Algebra:
A complemented distributive lattice is called Boolean Algebra.

A Boolean algebra is distributive lattice with “0” element and “1” element in

which every element has a complement.

A Boolean algebra is.a non empty set with 2 binary operations A and v and is

satisfied by the following conditions. Va, b,c € L

1. Lzaha=a andaVa=a

2.L,;aANb=bAa andaVb=bVa

3. Lz:an(bAc)=(aAb)Ac andaVv(bVc)=(aVb)Vc

4.Ly;an(avb)=a andaVv(aAb) =a

5. D;:av(bAc)=(aVb)A(aVc)

6. D,;an(bvc)=(aAb)V(aAc)

7. There exist between “0” and “1” such thata A0 =0,aV0=qa,aA1l = a and

aV1l=1Va

8. Va € L, there exist corresponding element a’ in L such thata A a" = 0 and

ava =1
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Note:

Boolean Sumisdefinedas1+1=1,1+0=1,0+1=1,04+0=0

Boolean Productisdefinedas1-1=1,1-0=0,0:-1=0,0-0=0

Absorption law in Boolean Algebra

1. Prove thata + ab = a

Solution:

LHS=a+ ab

=a(l+b) (Distributive law)

=a(l) (1+a)=1

a+ab=a (a-1=a)

2. Provethata+ab =a +b

Solution:

LHS=a+ ab

=a+ab+ab (a =a+ ab)

=a+bla+a) (Distributive law)

=a+ b(1) (a+a)=1 (@a-1=a)
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= RHS
3. Prove that (a+ b)(a+ c) = a+ bc
Solution:
LHS=(a+ b)(a+c)
= aa + ac + ab + bc (Distributive law)
=a+ac+ab + bc (a-a=a)
=a(l+c)+ab+bc (Distributive law)
=a+ab+ bc 1+a=1)
=a+ bc (a+ab=a)

=RHS

4. In any Boolean Algebra, show that a = b < ab + ab = 0

Proof:

Let (B,,+,0,1) be any Boolean Algebra.
Leta,beEBanda=>b .. (1)
Claim: ab + ab = 0

Nowab+ab=a-b+ab
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Conversely, assume ab + ab = 0
=>a+ab+ab=a
=>a+ab=a
=>(a+a)-(a@a+b)=a
=>1-(a+b)=a (a+a=1)
=>(a+b)=a (a-1=a)
Consider ab +ab = 0

=>ab+ab+b=>h

=>ab+b=>b

= (a+b)-(b+D)=b

=>(a+b)-1=a (b+b=1)

> (a+b)=b (b-1=h)

From (a) and (b)) wegeta =a+b =0»>b
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(sincea-a=0)

(Left Cancellation law)

(Absorption law)

(Distributive law)

(Right Cancellation law)

(Absorption law)

(Distributive law)
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Hencea = b

5. If a and b are two elements of a Boolean algebra, then prove that

a+(a-b)=aa-(a+b)=a

Proof:

Considera+ (a-b)=a=a-1+ (a-b)

=a-(1+b)

[a+1=1,14+a=1]

Considera-(a+b)=a=a-a+ (a-b)

=a+ (a-b)

=a-1+a-b

=a-(1+b)

[a-a=a,a-0=0]

Hence the proof.

6. Prove that in a Boolean algebra, the complement of any element is unique.
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Proof:

Let b and c be the complements of the element a.
Thenb+a=1, b-a=0
a+c=1 a-c=0
Considerb = 1-b
=(a+c)-b
=a-b+c-b
=0+4+c-b
=a-c+c-b

=c:(a+b)

Hence the complement is unique.

7. In a Boolean algebra show that the following statements are equivalent. For

anyaandb ()a+b=hb(i)a-b=aliila+b=1(@{v)a-b'=0(\)a<h

Proof:
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To prove (i) = (ii)

Assumethata +b = b

To provethata:-b = a

Nowa =a- (a+b)

Hence (i) = (ii)

To prove (ii) = (iii)

Assume thata b = a

To provethata' +b =1

Nowa +b=(a-b")+b

=a +b' +b

a +1

Hence (ii) = (iii)

To prove (iii) = (iv)

Assume thata' + b =1
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To provethata-b' =0

Taking complement on both sides

= (@ +b) =1

>a-b'=0

Hence (iii) = (iv)

To prove (iv) = (v)

Assume thata - b’ = 0

To prove thata < b

Thena-b=a-b+0

=a-b+a-b

= a(b+b")

Hence (iv) = (v)

To prove (v) = (i)

Assume thata < b
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Toprovethata+ b =b

Wehavea-b=b»

>a+b=(a-b)+b

=a-b+1-b

=(a+1):b

Hence the proof.

8. Prove that in a Boolean algebra

(a+b) - (a"+c)=ac+a'b=ac+a'b+ bc

Proof:

Now, (a+b)-(a"+c)=(a+b)-a"+(a+b): c

=a -(a+b)+(a+b)- c

=aa +a'b+ ac+ bc

=0+4+a'b+ac+ bc

=a'b+ ac + bc
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=ac(b+b')+ab(c+c')+bcla+a’)

abc +ab'c +a'bc+ a'bc’ + abc + a’'bc

abc +ab'c +a'bc+ a'bc’

abc + ab’'c + a'b(c + ¢")

ac(b+b')+a'b(c+c')

=ac(1)+a'b(1)

=ac+a'b

= RHS

9. Show that in a Boolean algebra the law of the double complement holds.

(or) Prove the involution law (a')" = a

Solution:

It is enough to prove that "+ a=1anda-a =0
By domination laws of Boolean algebra, we get
a+a=1anda-a" =0

By commutative law, we geta’+a=1anda-a' =0

Therefore complement of a’ is a
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Hence the proof.
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