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2.4 Transformation of Random Variables:

Let (X,Y) be a continuous two dimensional random variables with JPDF

fxy(x,y). Transform X and Y to new random variables U = h(x,y),V = g(x,y).
Then the joint PDF of (U, V) is given by

fovw,v) = ]| fxy (x,¥)

dx 0x
oxy) _ |lou ov
auwy) |9y 9y

du OJdv

where | =

Procedure to find the Marginal pdfof U & V

(1)Take u as the random variable to which the PDF to be computed and take v =
y. (if not given)

(2) Express x and y in terms of u and v.

x ox

. _0xy) _ fou ov

(3) FindJ = o |y oy
ou ov

(4) Write the JPDF of (U, V), fuv (w,v) = ]| fxy(x,y)

(5) Substitute the values of J,x and y.

(6) Find the range of u and v using the range of x and y.
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(7) The PDF of U is fy (w) = [ ,_ . fu(u, v)dv

(8) The PDF of Viis £, (v) = [ ... fup (1, V)dus

Problem based on Transformation of Random Variables
1. If the JPDF f(x,y) isgiven by fxy(x,y) =x+y;0 < x,y < 1, find PDF of

U = XY.
Solution:

Given (X,Y) isacontinuous 2D RV.definedin0 <x < land0 <y < 1.

Also Given f,(x,¥y) =x+y0<x,y <1
we have to find the PDFof u = xy ......... (1)

letv = y=>y=u.

(D=2u=xv=>x=

P e /] 1
Ju v'ov v?’'0du ov
oz
]= v vi|=-
0 1 v
1
J=5
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The JPDF of (U, V) fup (1, v) = /| fay (%, ¥)

=fletn =5G+v)

u
fuv (U, v) = ;"' 1
To find the range for u and v:

mmmWOst1zos%s1

le0<u<sv
Also0<y<1=0<v<1

On combining the two limits, weget 0 <u <v <1
“fw@v) =—+1,0susv<1
PDF of U is given by
v=1
fo@) = [ _, fuwr@v)dv 0<u<wv<l
1/u
= fu (; + 1) dv

= ful (uv=2 + 1dv

_ [uv‘l n v]
-1
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=(£+1)+1-u

=—u+l+1-u

=2-2u

fuw) =21-uw)d<u<l1

2. Let (X,Y) bea continuous two dimensional randow. with JPDF f(x,y) =

4xye‘(x2+y2)x > 0,y > 0. Find the PDF of VX2 + Y?
Solution:

Given (X,Y) is a continuous two dimensional random variables defined in 0 <

x < oo and
O<y<o

Given f(x,y) = 4xye ® ) 0 < x < 0,0 < y < o

letu = x2+y?....(1) Takev=y=>y=v

(1) =>u® = x* + y?

u? =x*+y* y=v
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ox 1 1 217} = u dy 0
E)u 2\/u2 —UZ( u) N \/uz _v2'6u
ox 1 1 -V ay
— == (—=2v) = i—=1l=1
v Zvuz — p2 Vué — p2 dv
Ox e u —v
] = g; g; = [Vu2-v2 Vu2—v2
_u
) = G

PDF of (U, V) is fyy(u,v) = /| fxv(x,¥)

= = 4'xye_(x2+y2)

Vuz—v2
= hélm(v)e_”z
fuv(w,v) = 4uve ¥
To find the range for u and v:
We have x > 0 Wehavey >0
u?—v2>0 v>0
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u? —v?2>0 > 0< v < ®©
wW>visu>v

S>v<u

On combining the two limits, we get 0 < v < u < o

fov(u,v) = 4uve‘u2,0 <v<u<o

PDF of U is given by

v=u
fu(w) = [ =y fur(w, v)dv
= fou4uve_“2dv
= 4ue‘“2fouvdv
_ —u? [v? “
= 4ue [ > ]o

=2ule ™ 0<u<
3. The JPDF to two dimensional random variables X and Y is given by,
(x,y) = e~ G+ i Xty
,y) =e ;x> 0,y > 0. Find the PDF of —

Solution:

Given (X,Y) is a continuous two dimensional random variable defined in

0<x<ooand
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0 <y < oo Alsogiven f(x,y) =e ;0 < x < 00,0 <y < o

let u=——........ (1). Takev=y=>y=v

2u=x+vx=2u—v

X =2u-—v;
0x dx dy dy
Y=V = Bl N T e
dx Ox
_|ou av| 2 -1
]_ay ay_|0 1|_2
du 0Jv

the PDF of (U, V) is fuy (1, v) = [/ fxv (%, ¥)

= 2e " (x+¥)

= 2o~ (Qu-v+v)

= 2e~ 2

To find range for u and v :
Wehavex >0=2u—-—v >0
Le2u>v>v<2u

Alsoy>0=>v>0
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cv<2uv>0 O<v<22u< o
On combining the two limits, we get 0 < v < 2u < o

S v) =27 0<v<2u< o

The PDF of U is

v=2U

fu() = fvzo fuv(w, v)dv

- fozu 2e *%dv

= 2e %% fozu dv
= 2e M [v]3¢
= 2e %% (2u)
f,(u) =4ue ™% u >0
UNIT STEP FUNCTION:
u(x) =1forx >0

u(x) =0forx <0
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1. If X and Y are two independent random variables each normally

distributed with mean = 0 and variance ¢ , find the density function of R =
VXZ+¥Z and ¢ = tan™? ()
Solution:

Given that X follows N (0, o).

-1

o
fX(x) = J\/_ewzx 1 —00 < x < 00

1
21
Also Y follows N(0,0).

-1

2
(): eZ_O'_Zy;—OO< < 00
W) = Y
Since X and Y are independent, fyy (x,y) = fx(x) i (v)
1 =1
- mezﬁ("zﬂ’z); =0 X< 00,-0y < ®©

We have r = \/x2 + y2;8 = tan! (%)
= x =rcosf,y =rsin0,

>/=r

JPDF of (R, @) is frep(1,0) = | fxy(x,¥)
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-1
= r 1 e?(xzﬂ’z)

022w

-1
T —2T2
= e2o
0221

To find the range for r and 0 :

We have —oo < x < 00, —0 <y < 0o t.e entire XY plane.

The entire XY plane is transformed into x = rcos @,y = rsin 6

i.e the entire XY plane is transformed into x* + y? = 2 ( a circle of infinite
radius)

Whole region is transformed into a circle of infinite radius.

2c0<r<o,0<6<2n

r —— 2
e2? (0<r<o0<6<2m

fR¢(r; 9) =

o221

The PDF of R is

fr@) = [, fro(r,0)do
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r —r2
= 0-227.[6202 [9](2)7-[

r _—11'2
fr(r) = ;ewz ;0<r<ow

The PDF of ¢ is

fp(0) = [_, fro(r,0)dr

L21‘dr = dt
202

rdr = o?dt

There is no change on the limits

foooe_tazdt

fo(6) =~

1 [e 1%
T oom —1]0
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1
—E(O-l-l)

1
=—0< <
fp0) =5-0<0<2m

2. The random variables X and Y each follows an exponert distribution with

parameter 1 and are independent. Find the PDF of U = X — 1

Solution:
Given X and Y follows exponential distribution with parameter with 1 = 1

s f(x) = le x>0

Il
®

) =eY;y>0

Since X and y are independent,

fy(xy) = (0 f(v)

letu = x—y .o () Takev=y=>y=v
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D) s2u=xv=>x=u+tv

X=u+v,y=v

ox Ox
_low av|_1 1y_
/=ty ay|=lo al=1
Ju Jv

The JPDF of (U, V) 1S fuv (u, 17) = Ulfxy(x; :Y)
— (1)8—(x+y) — e—(u+v+v)
— o~ u+2v)

To find the range for u and v :
Wehavex >0=>ut+v>0=>u>—v
fiey>0=>v>0
afy, (W) =e @20y > —y v >0

The PDF of U is

fu) = [ f(wv)dv
Since there are two slopes, the region is divided into two sub regions R; and R,

InR;: InR, :

At Py, v =—u; AtQ,,v AtP,,v =0; At Q,,v =0
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INR, :

fow) =, fwv)dv

InR,
Q D
BSERVE opTiMIZE OUTSPRED
fyu) = ‘u,v dv

N 4

— f0°° e~ Wt2v) 4y,

w — —
= [, e e *dv
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_(®, -uln_ 1
—Jo [0 -2
-u
=2 .u>0
2
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