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Lagrange’s   Linear   Equation 

  

Equations of the form Pp + Qq  = R ________ (1), where P, Q and R are 

functions   of x,   y,   z,   are   known   as   Lagrange solve this equation, let us 

consider the equations u = a  and v = b, where a, b are arbitrary constants and u, 

v are functions of x, y, z. 

 

   

Note : 

  

To solve the Lagrange’s equation,we have to form the subsidiary or 

auxiliary  equations 

 

 

which can be solved either by the method of grouping or by the method of 

multipliers. 

 

PROBLEMS UNDER METHODS OF MULTIPLIERS 

Solve (𝒎𝒛 − 𝒏𝒚)𝒑 + (𝒏𝒙 − 𝒍𝒛)𝒒 = 𝒍𝒚 − 𝒎𝒙 

 

The given PDE is a Lagrange's linear equation with 

𝑝 = 𝑚𝑧 − 𝑛𝑦, 𝑄 = 𝑛𝑥 − 𝑙𝑧, 𝑅 = 𝑙𝑦 − 𝑚𝑥. 

subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

𝑑𝑥

𝑚𝑧 − 𝑛𝑦
=

𝑑𝑦

𝑛𝑥 − 𝑙𝑧
=

𝑑𝑧

𝑙𝑦 − 𝑚𝑥
… … … 

Using the multipliers (𝑥, 𝑦, 𝑧), each of the ratios in (1) is equal to 

                     
𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

𝑥(𝑛𝑧−𝑛𝑦)+𝑦(𝑛𝑥−𝑙𝑧)+𝑧(𝑙𝑦−𝑚𝑥)
 =

𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

𝑥𝑚𝑧−𝑥𝑛𝑦+𝑦𝑛𝑥−𝑙𝑦𝑧+𝑦𝑧𝑙−𝑥𝑧𝑚
 

                                                                    =
𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

0
  

       ∴ 𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧 = 0  

Integrating, we get 
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𝑥2

2
+

𝑦2

2
+

𝑧2

2
 =

𝑐1

2
 

   𝑥2 + 𝑦2 + 𝑧2 = 𝑐1  

                       𝑢 = 𝑥2 + 𝑦2 + 𝑧2  

        Using the multipliers (𝑙, 𝑚, 𝑛), each of the ratios in (1) is equal to 

𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧

𝑙(𝑚𝑥 − 𝑛𝑦) + 𝑚(𝑛𝑥 − 𝑙𝑧) + 𝑛(𝑙𝑦 − 𝑚𝑥)
 

                               =
𝑙𝑑𝑥+𝑚𝑑𝑦+𝑛𝑑𝑧

𝑙𝑚𝑧−𝑛𝑙𝑦+𝑚𝑛𝑥−𝑙𝑚𝑧+𝑛𝑙𝑦−𝑚𝑛𝑥
  

                               =
𝑙𝑑𝑥+𝑚𝑑𝑦+𝑛𝑑𝑧

0
  

        ∴ 𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧 = 0  

Integrating, we get 

           𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝑐2  

                                𝑣 = 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧  

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓(𝑥2 + 𝑦2 + 𝑧2, 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧) = 0 

Solve (𝟑𝒛 − 𝟒𝒚)
𝛛𝒛

𝛛𝒙
+ (𝟒𝒙 − 𝟐𝒛)

𝛛𝒛

𝛛𝒚
= 𝟐𝒚 − 𝟑𝒙.   

 Sol: The given PDE is a Lagrange's linear equation with 

𝑃 = 3𝑧 − 4𝑦, 𝑄 = 4𝑥 − 2𝑧, 𝑅 = 2𝑦 − 3𝑥 

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

Using the multipliers (2,3,4), each of the ratios in (1) is equal to 

2𝑑𝑥+3𝑑𝑦+4𝑑𝑧

2(3𝑧−4𝑦)+3(4𝑥−2𝑧)+4(2𝑦−3𝑥)
 =

2𝑑𝑥+3𝑑𝑦+4𝑑𝑧

6𝑧−8𝑦+12𝑥−6𝑧+8𝑦−12𝑥
 

                                              =
2𝑑𝑥+3𝑑𝑦+4𝑑𝑧

0
  

           ∴ 2𝑑𝑥 + 3𝑑𝑦 + 4𝑑𝑧 = 0 

Integrating, we get 

           2𝑥 + 3𝑦 + 4𝑧 = 𝑐1  

                                 𝑢 = 2𝑥 + 3𝑦 + 4𝑧  

Using the multipliers (𝑥, 𝑦, 𝑧), each of the multipliers in (1) is equal to 
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𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

𝑥(3𝑧−4𝑦)+𝑦(4𝑥−2𝑧)+𝑧(2𝑦−3𝑥)
 =

𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

3𝑥𝑧−4𝑥𝑦+4𝑥𝑦−2𝑦𝑧+2𝑦𝑧−3𝑥𝑧
 

                                               =
𝑥𝑑𝑥+𝑦𝑑𝑦+𝑧𝑑𝑧

0
  

 

∴ 𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧 = 0 

Integrating, we get 

                 
𝑥2

2
+

𝑦2

2
+

𝑧2

2
 =

𝑐2

2
 

               𝑥2 + 𝑦2 + 𝑧2 = 𝑐2  

                                     v= 𝑥2 + 𝑦2 + 𝑧2 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓(2𝑥 + 3𝑦 + 4𝑧, 𝑥2 + 𝑦2 + 𝑧2) = 0 

Solve 𝒙(𝒚 − 𝒛)𝒑 + 𝒚(𝒛 − 𝒙)𝒒 = 𝒛(𝒙 − 𝒚). 

Sol: The given PDE is a Lagrange's linear equation with 

𝑃 = 𝑥(𝑦 − 𝑧), 𝑄 = 𝑦(𝑧 − 𝑥), 𝑅 = 𝑧(𝑥 − 𝑦) 

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

                                  
𝑑𝑥

𝑥(𝑦−𝑧)
=

𝑑𝑦

𝑦(𝑧−𝑥)
=

𝑑𝑧

𝑧(𝑥−𝑦)
… … … (1) 

Using the multipliers (1,1,1),each of the ratios in (1) is equal to 

𝑑𝑥+𝑑𝑦

𝑥(𝑦−𝑧)+𝑦(𝑧−𝑥)+𝑧(𝑥−𝑦)
=

𝑑𝑥+𝑑𝑦+𝑑𝑧

𝑥𝑦−𝑥𝑧+𝑦𝑧−𝑥𝑦+𝑥𝑧−𝑧𝑦
 
𝑑𝑥+𝑑𝑦+𝑑𝑧

0
  

∴ 𝑑𝑥 + 𝑑𝑦 + 𝑑𝑧  = 0 

Integrating, we get 

          𝑥 + 𝑦 + 𝑧 = 𝑐1  

    
 

𝑢  = 𝑥 + 𝑦 + 𝑧 = 𝑐1
   

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟𝑠 (
1

𝑥
,
1

𝑦
,
1

𝑧
) , 𝑒𝑎𝑐ℎ𝑜𝑓𝑡ℎ𝑒𝑟𝑎𝑡𝑖𝑜𝑠𝑖𝑛(1)𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 

1

𝑥
𝑑𝑥+

1

𝑦
𝑑𝑦+

1

𝑧
𝑑𝑧

1

𝑥
𝑥(𝑦−𝑧)+

1

𝑦
𝑦(𝑧−𝑥)+

1

𝑧
𝑧(𝑥−𝑦)

=

1

𝑥
𝑑𝑥+

1

𝑦
𝑑𝑦+

1

𝑧
𝑑𝑧

𝑦−𝑧+𝑧−𝑥+𝑥−𝑦
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                                         =

1

𝑥
𝑑𝑥+

1

𝑦
𝑑𝑦+

1

𝑧
𝑑𝑧

0
  

 
 

∴
1

𝑥
𝑑𝑥 +

1

𝑦
𝑑𝑦 +

1

𝑧
𝑑𝑧  = 0

  

Integrating, we get 
log 𝑥 + log 𝑦 + log 𝑧  = log 𝑐2

log (𝑥𝑦𝑧)  = log 𝑐2

𝑥𝑦𝑧  = 𝑐2

𝑣  = 𝑥𝑦𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓(𝑥 + 𝑦 + 𝑧, 𝑥𝑦𝑧) = 0 

Solve 𝒙(𝒚𝟐 − 𝒛𝟐)𝒑 + 𝒚(𝒛𝟐 − 𝒙𝟐)𝒒 = 𝒛(𝒙𝟐 − 𝒚𝟐). 

Sol: The given PDE is a Lagrange's linear equation with 

𝑃 = 𝑥(𝑦2 − 𝑧2), 𝑄 = 𝑦(𝑧2 − 𝑥2), 𝑅 = 𝑧(𝑧2 − 𝑦2) 

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

                
𝑑𝑥

𝑥(𝑦2−𝑧2)
=

𝑑𝑦

𝑦(𝑧2−𝑥2)
=

𝑑𝑧

𝑧(𝑥2−𝑦2)
… … … (1) 

 

 Using the multipliers (𝑥, 𝑦, 𝑧), each of the multipliers in (1) i s equal to  

𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧

𝑥2(𝑦2 − 𝑧2) + 𝑦2(𝑧2 − 𝑥2)
+ 𝑧2(𝑥2 − 𝑦2) 

=
𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧

𝑥2𝑦2 − 𝑥2𝑧2 + 𝑦2𝑧2 − 𝑥2𝑦2 + 𝑥2𝑧2 − 𝑦2𝑧2
 

=
𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧

0
 

∴ 𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧 = 0 

Integrating, we get 

𝑥2

2
+

𝑦2

2
+

𝑧2

2
 =

𝑐1

2
𝑥2 + 𝑦2 + 𝑧2  = 𝑐1

𝑢  = 𝑥2 + 𝑦2 + 𝑧2
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Using the multipliers (
1

𝑥
,

1

𝑦
,

1

𝑧
), each of the ratio in (1) is equal to 

1
𝑥

𝑑𝑥 +
1
𝑦

𝑑𝑦 +
1
𝑧

𝑑𝑧

𝑦2 − 𝑧2 + 𝑧2 − 𝑥2 + 𝑥2 − 𝑦2
=

1
𝑥

𝑑𝑥 +
1
𝑦

𝑑𝑦 +
1
𝑧

𝑑𝑧

0
 

 

∴
1

𝑥
𝑑𝑥 +

1

𝑦
𝑑𝑦 +

1

𝑧
𝑑𝑧  = 0

 

Integrating, we get 

 

log 𝑥 + log 𝑦 + log 𝑧  = log 𝑐2

log (𝑥𝑦𝑧)  = log 𝑐2

𝑥𝑦𝑧  = 𝑐2

𝑣  = 𝑥𝑦𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓(𝑥2 + 𝑦2 + 𝑧2, xyz) = 0 

Solve 𝒙𝟐(𝐲 − 𝐳)𝐩 + 𝒚𝟐(𝐳 − 𝐱)𝐪 = 𝒛𝟐(𝐱 − 𝐲) 

 

Sol: the given PDE is a Lagrange’s linear equation with 

           P = 𝑥2(y − z), Q = 𝑦2(z − x), R = 𝑧2(x − y) 

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

𝑑𝑥

𝑥2(y − z)
=

𝑑𝑦

𝑦2(z − x)
=

𝑑𝑧

𝑧2(x − 𝑦)
… … …  (1)  

Using the multipliers (
1

𝑥
,

1

𝑦
,

1

𝑧
), each of the ratio in (1) is equal to 

1

𝑥
𝑑𝑥 +

1

𝑦
𝑑𝑦 +

1

𝑧
𝑑𝑧  =

1
𝑥

𝑑𝑥 +
1
𝑦

𝑑𝑦 +
1
𝑧

𝑑𝑧

𝑥𝑦 − 𝑥𝑧 + 𝑦𝑧 − 𝑥𝑦 + 𝑥𝑧 − 𝑦𝑧

(𝑦 − 𝑧) + 𝑦(𝑧 − 𝑥) + 𝑧(𝑥 − 𝑦)  =

1
𝑥

𝑑𝑥 +
1
𝑦

𝑑𝑦 +
1
𝑧

𝑑𝑧

0

∴
1

𝑥
𝑑𝑥 +

1

𝑦
𝑑𝑦 +

1

𝑧
𝑑𝑧  = 0

 

Interating, we get 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451-PROBABILITY AND RANDOM PROCESSES 

log 𝑥 + log 𝑦 + log 𝑧  = log 𝑐1

log (𝑥𝑦𝑧)  = log 𝑐1

𝑥𝑦𝑧  = 𝑐1

𝑢  = 𝑥𝑦𝑧

 

Wing the multipliers (
1

𝑥2
,

1

𝑦2
,

1

𝑧2), each of the ratio in (1) is equal to 

1
𝑥2 𝑑𝑥 +

1
𝑦2 𝑑𝑦 +

1
𝑧2 𝑑𝑧

𝑦 − 𝑧 + 𝑧 − 𝑥 + 𝑥 − 𝑦
=

1
𝑥2 𝑑𝑥 +

1
𝑦2 𝑑𝑦 +

1
𝑧2 𝑑𝑧

0
1

𝑥2
𝑑𝑥 +

1

𝑦2
𝑑𝑦 +

1

𝑧2
𝑑𝑧 = 0

 

Integrating, we get 

log 𝑥 + log 𝑦 + log 𝑧  = log 𝑐1

log (𝑥𝑦𝑧)  = log 𝑐1

𝑥𝑦𝑧  = 𝑐1

𝑢  = 𝑥𝑦𝑧

 

Using the multipliers (
1

𝑥2
,

1

𝑦2
,

1

𝑧2), each of the ratio in (1) is equal to 

1
𝑥2 𝑑𝑥 +

1
𝑦2 𝑑𝑦 +

1
𝑧2 𝑑𝑧

𝑦 − 𝑧 + 𝑧 − 𝑥 + 𝑥 − 𝑦
=

1
𝑥2 𝑑𝑥 +

1
𝑦2 𝑑𝑦 +

1
𝑧2 𝑑𝑧

0
1

𝑥2
𝑑𝑥 +

1

𝑦2
𝑑𝑦 +

1

𝑧2
𝑑𝑧 = 0

 

Integrating, we get 

 

−
1

𝑥
−

1

𝑦
−

1

𝑧
 = −𝑐2

1

𝑥
+

1

𝑦
+

1

𝑧
 = 𝑐2

𝑣  =
1

𝑥
+

1

𝑦
+

1

𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓 (𝑥𝑦𝑧,
1

𝑥
+

1

𝑦
+

1

𝑧
) = 0 
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Solve (𝒙𝟐 − 𝒚𝒛)𝒑 + (𝒚𝟐 − 𝒛𝒙)𝒒 = 𝒛𝟐 − 𝒙𝒚. 

Sol: The given PDE is a Lagrange's linear equation with 

𝑃 = 𝑥2 − 𝑦𝑧, 𝑄 = 𝑦2 − 𝑥𝑧, 𝑅 = 𝑧2 − 𝑥𝑦 

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

𝑑𝑥

𝑥2 − 𝑦𝑧
=

𝑑𝑦

𝑦2 − 𝑥𝑧
=

𝑑𝑧

𝑧2 − 𝑥𝑦
… … …  (1)  

Using the multipliers (𝑦 + 𝑧, 𝑧 + 𝑥, 𝑥 + 𝑦), each of the ratio in (1) is equal to 

(𝑦 + 𝑧)𝑑𝑥 + (𝑧 + 𝑥)𝑑𝑦 + (𝑥 + 𝑦)𝑑𝑧

(𝑦 + 𝑧)(𝑥2 − 𝑦𝑧) + (𝑧 + 𝑥)(𝑦2 − 𝑥𝑧) + (𝑥 + 𝑦)(𝑧2 − 𝑥𝑦)

 =
(𝑦 + 𝑧)𝑑𝑥 + (𝑧 + 𝑥)𝑑𝑦 + (𝑥 + 𝑦)𝑑𝑧

𝑥2𝑦 − 𝑦2𝑧 + 𝑥2𝑧 − 𝑦𝑧2 + 𝑧𝑦2 − 𝑥𝑧2 + 𝑥𝑦2 − 𝑥2𝑧 + 𝑥𝑧2 − 𝑥2𝑦 + 𝑦𝑧2 − 𝑥𝑦2

 =
(𝑦 + 𝑧)𝑑𝑥 + (𝑧 + 𝑥)𝑑𝑦 + (𝑥 + 𝑦)𝑑𝑧

0

 

(𝑦 + 𝑧)𝑑𝑥 + (𝑧 + 𝑥)𝑑𝑦 + (𝑥 + 𝑦)𝑑𝑧 = 0
𝑦𝑑𝑥 + 𝑧𝑑𝑥 + 𝑧𝑑𝑦 + 𝑥𝑑𝑦 + 𝑥𝑑𝑧 + 𝑦𝑑𝑧 = 0
𝑦𝑑𝑥 + 𝑥𝑑𝑦 + 𝑧𝑑𝑥 + 𝑥𝑑𝑧 + 𝑧𝑑𝑦 + 𝑦𝑑𝑧 = 0

𝑑(𝑦𝑥) + 𝑑(𝑧𝑥) + 𝑑(𝑧𝑦) = 0

 

Integrating, we get 

𝑦𝑥 + 𝑧𝑥 + 𝑧𝑦  = 𝑐1

𝑢  = 𝑥𝑦 + +𝑧𝑥 + 𝑧𝑦 

Each of the ratios in (1) is equal to 

𝑑𝑥 − 𝑑𝑦

(𝑥2 − 𝑦𝑧) − (𝑦2 − 𝑥𝑧)
 =

𝑑𝑦 − 𝑑𝑧

(𝑦2 − 𝑥𝑧) − (𝑧2 − 𝑥𝑦)

𝑑(𝑥 − 𝑦)

𝑥2 − 𝑦𝑧 − 𝑦2 + 𝑥𝑧
 =

𝑑(𝑦 − 𝑧)

𝑦2 − 𝑥𝑧 − 𝑧2 + 𝑥𝑦
𝑑(𝑥 − 𝑦)

𝑥2 − 𝑦2 + 𝑥𝑧 − 𝑦𝑧
 =

𝑑(𝑦 − 𝑧)

𝑦2 − 𝑧2 + 𝑥𝑦 − 𝑧𝑥
𝑑(𝑥 − 𝑦)

(𝑥 + 𝑦)(𝑥 − 𝑦) + 𝑧(𝑥 − 𝑦)
 =

𝑑(𝑦 − 𝑧)

(𝑦 + 𝑧)(𝑦 − 𝑧) + 𝑥(𝑦 − 𝑧)
𝑑(𝑥 − 𝑦)

(𝑥 − 𝑦)[𝑥 + 𝑦 + 𝑧]
 =

𝑑(𝑦 − 𝑧)

(𝑦 − 𝑧)[𝑦 + 𝑧 + 𝑥]

 

𝑑(𝑥 − 𝑦)

𝑥 − 𝑦
=

𝑑(𝑦 − 𝑧)

𝑦 − 𝑧
 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451-PROBABILITY AND RANDOM PROCESSES 

Integrating, we get 

log (𝑥 − 𝑦)  = log (𝑦 − 𝑧) + log 𝑐2

log (𝑥 − 𝑦) − log (𝑦 − 𝑧)  = log 𝑐2

log (
𝑥 − 𝑦

𝑦 − 𝑧
)  = log 𝑐2

𝑥 − 𝑦

𝑦 − 𝑧
 = 𝑐2

𝑣  =
𝑥 − 𝑦

𝑦 − 𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓 (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥,
𝑥 − 𝑦

𝑦 − 𝑧
) = 0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                 PROBLEMS UNDER GROUPING 

Solve 𝒙𝒑 + 𝒚𝒒 = 𝒛 
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Given 𝑥𝑝 + 𝑦𝑞 = 𝑧 

     PDE is a Lagrange's linear equation with 

𝑃 = 𝑥, 𝑄 = 𝑦, 𝑅 = 𝑧 

diary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
=

𝑑𝑧

𝑧
 

the first two ratios, we get 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
 

Integrating we get 

log 𝑥 = log 𝑦 + log 𝑐1 

log 𝑥 − log 𝑦 = log 𝑐1

log (
𝑥

𝑦
) = log 𝑐1

𝑥

𝑦
= 𝑐1

 

𝑢 =
𝑥

𝑦
  

Taking the last two ratios, we get 

𝑑𝑦

𝑦
=

𝑑𝑧

𝑧
 

Integrating we get 

log 𝑦  = log 𝑧̇ + log 𝑐2

log 𝑦 − log 𝑧  = log 𝑐2

log (
𝑦

𝑧
)  = log 𝑐2

𝑦

𝑧
 = 𝑐2

𝑣  =
𝑦

𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓 (
𝑥

𝑦
,
𝑦

𝑧
) = 0 
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Solve 𝒙𝒑 + 𝒚𝒒 = 𝒙. 

Sol: The given PDE is a Lagrange's linear equation with  

𝑃 = 𝑥, 𝑄 = 𝑦, 𝑅 = 𝑥  

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
=

𝑑𝑧

𝑥
  

Taking the first two ratios, we get 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
  

Integrating we get 

log 𝑥  = log 𝑦 + log 𝑐1

log 𝑥 − log 𝑦  = log 𝑐1

log (
𝑥

𝑦
)  = log 𝑐1

𝑥

𝑦
 = 𝑐1

𝑢  =
𝑥

𝑦

 

Taking the first and the third ratios, we get 

𝑑𝑥

𝑥
=

𝑑𝑧

𝑥
𝑑𝑥 = 𝑑𝑧

 

Integrating we get 

𝑥  = 𝑧 + 𝑐2

𝑐2  = 𝑥 − 𝑧
𝑣  = 𝑥 − 𝑧

 

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

𝑓 (
𝑥

𝑦
, 𝑥 − 𝑧) = 0 

Solve 𝒑𝐭𝐚𝐧 𝒙 + 𝒒𝐭𝐚𝐧 𝒚 = 𝐭𝐚𝐧 𝒛.  

Sol: Given 𝑝 tan 𝑥 + 𝑞tan 𝑦 = tan 𝑧 

The given PDE is a Lagrange's linear equation with 
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                  𝑃 = tan 𝑥, 𝑄 = tan 𝑦, 𝑅 = tan 𝑧  

The subsidiary equations are 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

                   
𝑑𝑥

tan 𝑥
=

𝑑𝑦

tan 𝑦
=

𝑑𝑧

tan 𝑧
  

Taking the first two ratios, we get 

𝑑𝑥

tan 𝑥
 =

𝑑𝑦

tan 𝑦
cot 𝑥𝑑𝑥  = cot 𝑦𝑑𝑦

 

Integrating, we get 

log (sin 𝑥)  = log (sin 𝑦) + log 𝑐1

 = log (sin 𝑦𝑐1)
sin 𝑥  = sin 𝑦𝑐1

 

sin 𝑥

sin 𝑦
= 𝑐1  

𝑢 =
sin 𝑥

sin 𝑦
  

Taking the last two ratios, we get 

𝑑𝑦

tan 𝑦
=

𝑑𝑧

tan 𝑧
 

       

              cot 𝑦𝑑𝑦 = cot 𝑧𝑑𝑧 

Integrating, we get 

                   log (sin 𝑦) = log (sin 𝑧) + log 𝑐2 

                                       = log (sin 𝑧𝑐2)  

                            sin 𝑦 = sin 𝑧𝑐2  

                               
sin 𝑦

sin 𝑧
= 𝑐2  

                                     𝑣 =
sin 𝑦

sin 𝑧
  

The general solution of the given equation is 𝑓(𝑢, 𝑣) = 0 

                          i.e., 𝑓 (
sin 𝑥

sin 𝑦
,

sin 𝑦

sin 𝑧
) = 0  

 


