
 

 

BILINEAR TRANSFORMATION  

A bilinear transformation is also called a linear fractional transformation because 
𝑎𝑧+𝑏

𝑐𝑧+𝑑
 is a 

fraction formed by the linear fuctions 𝑎𝑧 − 𝑏 and 𝑐𝑧 + 𝑑. 

Theorem: 1 Under a bilinear transformation no two points in 𝒛 plane go to the same point 

in w plane. 

Proof:  

            Suppose 𝑧1 and  𝑧2 go to the same point in the w plane under the transformation 𝑤 =

𝑎𝑧+𝑏

𝑐𝑧+𝑑
.  

Then 
𝑎𝑧1+𝑏

𝑐𝑧1+𝑑
=

𝑎𝑧2+𝑏

𝑐𝑧2+𝑑
 

             ⇒ (𝑎𝑧1 + 𝑏)(𝑐𝑧2 + 𝑑) = (𝑎𝑧2 + 𝑏)(𝑐𝑧1 + 𝑑) 

           𝑖. 𝑒. ,    (𝑎𝑧1 + 𝑏)(𝑐𝑧2 + 𝑑) − (𝑎𝑧2 + 𝑏)(𝑐𝑧1 + 𝑑) = 0 

             ⇒ 𝑎𝑐𝑧1 𝑧2 + 𝑎𝑑𝑧1 + 𝑏𝑐𝑧2  + 𝑏𝑑 − 𝑎𝑐𝑧1 𝑧2 − 𝑎𝑑𝑧2 − 𝑏𝑐𝑧1 − 𝑏𝑑 = 0 

             ⇒ (𝑎𝑑 − 𝑏𝑐)(𝑧1  −  𝑧2) = 0 

                                         or    𝑧1 = 𝑧2                            [∵ 𝑎𝑑 − 𝑏𝑐 ≠ 0] 

 This implies that no two distinct points in the 𝑧 plane go to the same point in w plane. 

So, each point in the 𝑧 plane go to a unique point in the w plane.  

Theorem: 2 The bilinear transformation which transforms 𝒛𝟏, 𝒛𝟐, 𝒛𝟑,into 𝒘𝟏 , 𝒘𝟐, 𝒘𝟑 is    

(𝒘−𝒘𝟏)(𝒘𝟐−𝒘𝟑)

(𝒘−𝒘𝟑)(𝒘𝟐−𝒘𝟏)
=

(𝒛−𝒛𝟏)(𝒛𝟐−𝒛𝟑)

(𝒛−𝒛𝟑)(𝒛𝟐−𝒛𝟏)
 

Proof:             

           If the required transformation 𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
. 

                                ⇒ 𝑤 − 𝑤1 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
−

𝑎𝑧1+𝑏

𝑐𝑧1+𝑑
=

(𝑎𝑑−𝑏𝑐)(𝑧−𝑧1)

(𝑐𝑧+𝑑)(𝑐𝑧1+𝑑)
 

                               ⇒  (𝑐𝑧 + 𝑑)(𝑐𝑧1 + 𝑑)(𝑤 − 𝑤1) = (𝑎𝑑 − 𝑏𝑐)(𝑧 − 𝑧1) 

                               ⇒ (𝑐𝑧2 + 𝑑)(𝑐𝑧3 + 𝑑) (𝑤2 − 𝑤3) = (𝑎𝑑 − 𝑏𝑐)(𝑧2 − 𝑧3) 

                               ⇒ (𝑐𝑧 + 𝑑) (𝑐𝑧3 + 𝑑)(𝑤 − 𝑤3) = (𝑎𝑑 − 𝑏𝑐)(𝑧 − 𝑧3) 

                               ⇒ (𝑐𝑧2 + 𝑑)(𝑐𝑧1 + 𝑑)(𝑤2 − 𝑤1) = (𝑎𝑑 − 𝑏𝑐)(𝑧2 − 𝑧1) 

     ⇒
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

[
(𝑎𝑑−𝑏𝑐)(𝑧−𝑧1)

(𝑐𝑧+𝑑)(𝑐𝑧1+𝑑)
]

[
(𝑎𝑑−𝑏𝑐)(𝑧−𝑧3)

(𝑐𝑧+𝑑)(𝑐𝑧3+𝑑)
]

[
(𝑎𝑑−𝑏𝑐)(𝑧2−𝑧3)

(𝑐𝑧2+𝑑)(𝑐𝑧3+𝑑)
]

[
(𝑎𝑑−𝑏𝑐)(𝑧2−𝑧1)

(𝑐𝑧2+𝑑)(𝑐𝑧1+𝑑)
]
 

                             =
(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

         Now,
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
               … (1) 



 

 

                        Let ∶ 𝐴 =
𝑤2−𝑤3

𝑤2−𝑤1
, 𝐵 =

𝑧2−𝑧3

𝑧2−𝑧1
 

                            (1) ⇒
𝑤−𝑤1

𝑤−𝑤3
𝐴 =

𝑧−𝑧1

𝑧−𝑧3
𝐵  

                                      
𝑤𝐴−𝑤1𝐴

𝑤−𝑤3
=

𝑧𝐵−𝑧1𝐵

𝑧−𝑧3
  

             ⇒ 𝑤𝐴𝑧 − 𝑤𝐴𝑧3 − 𝑤1𝐴𝑧 + 𝑤1𝐴𝑧3 = 𝑤𝐵𝑧 − 𝑤𝑧1𝐵 − 𝑤3𝑧𝐵 + 𝑤3𝑧1𝐵 

            ⇒ 𝑤[(𝐴 − 𝐵)𝑧 + (𝐵𝑧1 − 𝐴𝑧3)] = (𝐴𝑤1 − 𝐵𝑤3)𝑧 + (𝐵𝑤3𝑧1 − 𝐴𝑤1𝑧3) 

                                   ⇒ 𝑤 =
(𝐴𝑤1−𝐵𝑤3)𝑧+(𝐵𝑤3𝑧1−𝐴𝑤1𝑧3)

(𝐴−𝐵)𝑧+(𝐵𝑧1−𝐴𝑧3)
 

                       
𝑎𝑧+𝑏

𝑐𝑧+𝑑
, Hence  a = 𝐴𝑤1 − 𝐵𝑤3, 𝑏 = 𝐵𝑤3𝑧1 − 𝐴𝑤1𝑧3 , 𝑐 = 𝐴 − 𝐵, 𝑑 = 𝐵𝑧1 −

𝐴𝑧3 

Cross ratio  

Definition: 

     Given four point 𝑧1, 𝑧2, 𝑧3, 𝑧4 in this order, the ratio 
(𝑧−𝑧1)(𝑧3−𝑧4)

(𝑧2−𝑧3)(𝑧4−𝑧1)
 is called the cross 

ratio of the points.  

Note: (1) 𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
 can be expressed as 𝑐𝑤𝑧 + 𝑑𝑤 − (𝑎𝑧 + 𝑏) = 0 

It is linear both in 𝑤 𝑎𝑛𝑑 𝑧 that is why, it is called bilinear. 

Note: (2) This transformation is conformal only when 
𝑑𝑤

𝑑𝑧
≠ 0 

𝑖. 𝑒. ,
𝑎𝑑 − 𝑏𝑐

(𝑐𝑧 + 𝑑)2
≠ 0 

𝑖. 𝑒. , 𝑎𝑑 − 𝑏𝑐 ≠ 0 

If 𝑎𝑑 − 𝑏𝑐 ≠ 0, every point in the 𝑧 plane is a critical point.  

Note: (3) Now, the inverse of the transformation 𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
 is 𝑧 =

−𝑑𝑤+𝑏

𝑐𝑤−𝑎
 which is also a 

bilinear transformation except 𝑤 =
𝑎

𝑐
. 

Note: (4) Each point in the plane except 𝑧 =
−𝑑

𝑐
 corresponds to a unique point in the w plane.  

 The point 𝑧 =
−𝑑

𝑐
   corresponds to the point at infinity in the w plane.  

Note: (5) The cross ratio of four points  

                 
(𝑤1 − 𝑤2)(𝑤3 − 𝑤4)

(𝑤2 − 𝑤3)(𝑤4 − 𝑤1)
=

(𝑧1 − 𝑧2)(𝑧3 − 𝑧4)

(𝑧2 − 𝑧3)(𝑧4 − 𝑧1)
  is invariant under bilinear  

                transformation.  

Note: (6) If one of the points is the point at infinity the quotient of those difference which 

involve this points is replaced by 1.  



 

 

Suppose 𝑧1 = ∞, then we replace 
𝑧−𝑧1

𝑧2−𝑧1
 by 1 (or)Omit the factors involving ∞ 

Example:  Find the fixed points of 𝒘 =
𝟐𝒛𝒊+𝟓

𝒛−𝟒𝒊
.  

Solution:              

               The fixed points are given by replacing 𝑤 𝑏𝑦 𝑧 

                             𝑧 =
2𝑧𝑖+5

𝑧−4𝑖
   

                 𝑧2 − 4𝑖𝑧 = 2𝑧𝑖 + 5 ; 𝑧2 − 6𝑖𝑧 − 5 = 0 

                       𝑧 =
6𝑖±√−36+20

2
            ∴ 𝑧 = 5𝑖, 𝑖 

Example:  Find the invariant points of 𝒘 =
𝟏+𝒛

𝟏−𝒛
 

Solution:  

              The invariant points are given by replacing 𝑤 𝑏𝑦 𝑧 

                        𝑧 =
1+𝑧

1−𝑧
 

                       ⇒ 𝑧 − 𝑧2 = 1 + 𝑧 

                       ⇒ 𝑧2 = −1 

                         ⇒ 𝑧 = ±𝑖 

Example:  Obtain the invariant points of the transformation 𝒘 = 𝟐 −
𝟐

𝒛
.  

Solution:    

              The invariant points are given by  

                             𝑧 = 2 −
2

𝑧
 ;                   𝑧 =

2𝑧−2

𝑧
 

                            𝑧2 = 2𝑧 − 2;                  𝑧2 − 2𝑧 + 2 = 0 

                              𝑧 =
2±√4−8

2
=

2±√−4

2
=

2±2𝑖

2
= 1 ± 𝑖 

Example:  Find the fixed point of the transformation 𝒘 =
𝟔𝒛−𝟗

𝒛
.  

 Solution:  

                   The fixed points are given by replacing 𝑤 = 𝑧 

                        i.e., 𝑤 =
6𝑧−9

𝑧
 ⇒  𝑧 =

6𝑧−9

𝑧
 

                              ⇒ 𝑧2 = 6𝑧 − 9 

                              ⇒ 𝑧2 − 6𝑧 + 9 = 0 

                              ⇒ (𝑧 − 3)2 = 0 

                              ⇒ 𝑧 = 3,3 

The fixed points are 3, 3. 



 

 

Example: Find the bilinear transformation that maps the points 𝒛 = 𝟎, −𝟏, 𝒊 into the 

points 𝒘 = 𝒊, 𝟎, ∞ respectively.  

Solution:  

                Given  𝑧1 = 0,   𝑧2 = −1,   𝑧3 = 𝑖, 

                 𝑤1 = 𝑖,   𝑤2 = 0,    𝑤3 = ∞, 

    Let the required transformation be  

                                    
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

     [omit the factors involving 𝑤3, since 𝑤3 = ∞] 

                                                            ⇒
𝑤−𝑤1

𝑤2−𝑤1
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

                                                            ⇒
𝑤−𝑖

0−𝑖
=

(𝑧−0)(−1−𝑖)

(𝑧−𝑖)(−1−0)
 

                                                             ⇒
𝑤−𝑖

−𝑖
=

𝑧

(𝑧−𝑖)
(1 + 𝑖) 

                                                             ⇒ 𝑤 − 𝑖 =
𝑧

(𝑧−𝑖)
(−𝑖 + 1) 

                                                             ⇒ 𝑤 =
𝑧

(𝑧−𝑖)
(−𝑖 + 1) + 𝑖 =

−𝑖𝑧+𝑧+𝑖𝑧+1

(𝑧−𝑖)
=

𝑧+1

𝑧−𝑖
 

   Aliter: Given 𝑧1 = 0,   𝑧2 = −1,   𝑧3 = 𝑖, 

𝑤1 = 𝑖,   𝑤2 = 0,    𝑤3 = ∞, 

                     Let the required transformation be  

                          𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
… (1), 𝑎𝑑 − 𝑏𝑐 ≠ 0 

                                              𝑖 =
𝑏

𝑑
 

          𝑤1 =
𝑎𝑧1+𝑏

𝑐𝑧1+𝑑
               𝑤2 =

𝑎𝑧2+𝑏

𝑐𝑧2+𝑑
            𝑤3 =

𝑎𝑧3+𝑏

𝑐𝑧3+𝑑
  

        𝑖 =
𝑏

𝑑
                        0 =

−𝑎+𝑏

−𝑐+𝑑
                     

1

0
=

𝑎𝑖+𝑏

𝑐𝑖+𝑑
     

        𝑏 = 𝑑𝑖                           ⇒ −𝑎 + 𝑏 = 0            ⇒ 𝑐𝑖 + 𝑑 = 0 

             ⇒ 𝑎 = 𝑏                      ⇒ 𝑑 = −𝑐𝑖     

                              ∴ 𝑎 = 𝑏 = 𝑑𝑖 = 𝑐 

                          ∴ (1) ⇒ 𝑤 =
𝑎𝑧+𝑎

𝑎𝑧+
𝑎

𝑖

=
𝑧+1

𝑧+
1

𝑖

=
𝑧+1

𝑧−𝑖
 

Example: Find the bilinear transformation that maps the points ∞, 𝒊, 𝟎 onto 

𝟎, 𝒊, ∞ respectively.   

Solution:  

             Given  𝑧1 = ∞,   𝑧2 = 𝑖,   𝑧3 = 0, 𝑤1 = 0,   𝑤2 = 𝑖,    𝑤3 = ∞, 

Let the required transformation be  



 

 

                            
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

[omit the factors involving 𝑧1, and 𝑤3, since 𝑧1 = ∞, 𝑤3 = ∞] 

                              ⇒
𝑤−𝑤1

𝑤2−𝑤1
=

(𝑧2−𝑧3)

𝑧−𝑧3
 

                              ⇒
𝑤−0

𝑖−0
=

𝑖−0

𝑧−0
 

                              ⇒ 𝑤 =
−1

𝑧
 

Example:  Find the bilinear transformation which maps the points 𝟏, 𝒊, −𝟏 onto the points 

𝟎, 𝟏, ∞, show that the transformation maps the interior of the unit circle of the 𝒛 − plane 

onto the upper half of the 𝒘 − plane 

Solution:  

                 Given    𝑧1 = 1,   𝑧2 = 𝑖,   𝑧3 = −1          

𝑤1 = 0,   𝑤2 = 1,    𝑤3 = ∞, 

    Let the transformation be  

                                  
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

[Omit the factors involving 𝑤3, since , 𝑤3 = ∞] 

                                              ⇒
𝑤−𝑤1

𝑤2−𝑤1
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
                              

                                               ⇒
𝑤−0

1−0
=

(𝑧−1)(𝑖+1)

(𝑧+1)(𝑖−1)
                    ∵ [(

𝑖+1

𝑖−1
) (

𝑖+1

𝑖+1
)] =   [

𝑖2+𝑖+𝑖+1

𝑖2−𝑖2
] 

=[
2𝑖

−2
] = −𝑖 

                                                 ⇒ 𝑤 =
(𝑧−1)(𝑖+1)

(𝑧+1)(𝑖−1)
 

                                                     =
𝑧−1

𝑧+1
[−𝑖] 

                                             ⇒ 𝑤 =
(−𝑖)𝑧+𝑖

(1)𝑧+1
[∵ 𝑤 =

𝑎𝑧+𝑏

𝑐𝑧+𝑑
, 𝑎𝑑 − 𝑏𝑐 ≠ 0 Form] 

To find 𝒛: 

                    ⇒ 𝑤𝑧 + 𝑤 = −𝑖𝑧 + 𝑖 

                      ⇒ 𝑤𝑧 + 𝑖𝑧 = −𝑤 + 𝑖 

                     ⇒ 𝑧[𝑤 + 𝑖] = −𝑤 + 𝑖 

         ⇒ 𝑧 =
(𝑤−𝑖)

𝑤+𝑖
 

To prove:  |𝑧| < 1 maps 𝑣 > 0 

                                ⇒ |𝑧| < 1 

                                ⇒ ⌈
−(𝑤−𝑖)

𝑤+𝑖
⌉ < 1 



 

 

                                ⇒ ⌈
𝑤−𝑖

𝑤+𝑖
⌉ < 1 

                                ⇒ |𝑤 − 𝑖| < |𝑤 + 𝑖| 

                                ⇒ |𝑢 + 𝑖𝑣 − 𝑖| < |𝑢 + 𝑖𝑣 + 𝑖| 

                                ⇒ |𝑢 + 𝑖(𝑣 − 1)| < |𝑢 + 𝑖(𝑣 + 𝑖)| 

                                ⇒ 𝑢2 + (𝑣 − 1)2 < 𝑢2 + (𝑣 + 1)2 

                                ⇒ (𝑣 − 1)2 < (𝑣 + 1)2 

                                ⇒   𝑣2 − 2𝑣 + 1 < 𝑣2 + 2𝑣 + 1 

                                ⇒  −4𝑣 < 0 

                                ⇒ 𝑣 > 0 

Example:  Find the bilinear transformation which maps 𝒛 = 𝟏, 𝒊, −𝟏 respectively onto 

𝒘 = 𝒊, 𝟎, −𝒊. Hence find the fixed points.  [A.U, May 2001] [A.U April 2016 R-15 U.D] 

Solution:                        

            Given  𝑧1 = 1,   𝑧2 = 𝑖,   𝑧3 = −1, 

                      𝑤1 = 𝑖,   𝑤2 = 0,    𝑤3 = −𝑖, 

Let the required transformation be  

                                          
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

                   𝐿𝑒𝑡     𝐴 =
𝑤2−𝑤3

𝑤2−𝑤1
=

0+𝑖

0−𝑖
= −1 

                             𝐵 =
𝑧2−𝑧3

𝑧2−𝑧1
=

𝑖+1

𝑖−1
= −𝑖 

                ⇒ 𝑎 = 𝐴𝑤1 − 𝐵𝑤3 = (−1)(𝑖) − (−𝑖)(−𝑖) = −𝑖 + 1 

               ⇒ 𝑏 = 𝐵𝑤3𝑧1 − 𝐴𝑤1𝑧3 = (−𝑖)(−𝑖)(1) − (−1)(𝑖)(−1) = −1 − 𝑖 

               ⇒ 𝑐 = 𝐴 − 𝐵 = (−1) − (−𝑖) = −1 + 𝑖 

               ⇒ 𝑑 = 𝐵𝑧1 − 𝐴𝑧3 = (−𝑖)(1) − (−1)(−1) = −𝑖 − 1 

We know that, 𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
, 𝑎𝑑 − 𝑏𝑐 ≠ 0 

                         ∴ 𝑤 =
(−𝑖+1)𝑧+(−1−𝑖)

(−1+𝑖)𝑧+(−𝑖−1)
=

𝑖𝑧+1

(−𝑖)𝑧+1
 

Example:  Find the bilinear transformation which maps 𝒛 = 𝟎 onto 𝒘 = −𝒊 and has −𝟏 

and 1 as the invariant points. Also show that under this transformation the upper half of 

the 𝒛 plane maps onto the interior of the unit circle in the 𝒘 plane.  

Solution:  

              Given  𝑧1 = 0,   𝑧2 = −1,   𝑧3 = 1, 

                            𝑤1 = −𝑖,   𝑤2 = −1,    𝑤3 = 1, 

  Let the required transformation be  



 

 

                           
(𝑤−𝑤1)(𝑤2−𝑤3)

(𝑤−𝑤3)(𝑤2−𝑤1)
=

(𝑧−𝑧1)(𝑧2−𝑧3)

(𝑧−𝑧3)(𝑧2−𝑧1)
 

              𝐿𝑒𝑡     𝐴 =
𝑤2−𝑤3

𝑤2−𝑤1
=

−1−1

−1+𝑖
=

−2

−1+𝑖
= 1 + 𝑖 

                         𝐵 =
𝑧2−𝑧3

𝑧2−𝑧1
=

−1−1

−1−0
= 2 

                ⇒ 𝑎 = 𝐴𝑤1 − 𝐵𝑤3 = (1 + 𝑖)(−𝑖) − 2(1) = −𝑖 + 1 − 2 = −𝑖 − 1 

               ⇒ 𝑏 = 𝐵𝑤3𝑧1 − 𝐴𝑤1𝑧3 = (2)(1)(0) − (1 + 𝑖)(−𝑖)(1) = 𝑖 − 1 

               ⇒ 𝑐 = 𝐴 − 𝐵 = (1 + 𝑖) − 2 = 𝑖 − 1 

              ⇒ 𝑑 = 𝐵𝑧1 − 𝐴𝑧3 = (2)(0) − (1 + 𝑖)(1) = −(1 + 𝑖) 

We know that, 𝑤 =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
, 𝑎𝑑 − 𝑏𝑐 ≠ 0 

                              ∴ 𝑤 =
(−𝑖+1)𝑧+(𝑖−1)

(𝑖−1)𝑧+(−1−𝑖)
=

𝑧+(−𝑖)

(−𝑖)𝑧+1
 

              We know that, 𝑧 =
−𝑑𝑤+𝑏

𝑐𝑤−𝑎
=

−𝑤−𝑖

−𝑖𝑤−1
=

𝑤+𝑖

1+𝑤𝑖
 

                                                    𝑧 =
𝑢+𝑖𝑣+𝑖

1(𝑢+𝑖𝑣)𝑖
 

                                                        =
𝑢+𝑖𝑣+𝑖

1+𝑖𝑢−𝑣
=

𝑢+𝑖𝑣+𝑖

(1−𝑣)+𝑖𝑢
 

                                                        = [
𝑢+𝑖𝑣+𝑖

(1−𝑣)+𝑖𝑢
] [

1−𝑣−𝑖𝑢

(1−𝑣)−𝑖𝑢
] 

                                                        =
𝑢−𝑢𝑣−𝑖𝑢2+𝑖𝑣−𝑖𝑣2+𝑢𝑣+𝑖−𝑖𝑣+𝑢

(1−𝑣)2+𝑢2  

                                          𝑥 + 𝑖𝑦 =
2𝑢+𝑖[−𝑢2−𝑣2+1]

(1−𝑣)2+𝑢2  

                                   ⇒    𝑦   =
1−𝑢2−𝑣2

(1−𝑣)2+𝑢2 

     Upper half of the 𝑧 −plane 

                                 ⇒ 𝑦 ≥ 0 

                                 ⇒
1−𝑢2−𝑣2

(1−𝑣)2+𝑢2 ≥ 0 

                     ⇒ 1 − 𝑢2 − 𝑣2 ≥ 0 

                     ⇒ 1 ≥ 𝑢2 + 𝑣2 

                     ⇒ 𝑢2 + 𝑣2 ≤ 1 

Therefore the upper half of the 𝑧 −plane maps onto the interior of the unit circles in the 𝑤-

plane.  


