BILINEAR TRANSFORMATION

A bilinear transformation is also called a linear fractional transformation because 2~ is a

cz+d

fraction formed by the linear fuctions az — b and cz + d.
Theorem: 1 Under a bilinear transformation no two points in z plane go to the same point
in w plane.
Proof:
Suppose z; and z, go to the same point in the w plane under the transformation w =

az+b
cz+d’

Then azi+b _ azy+b

czi+d - czx+d
= (az; + b)(cz, +d) = (az, + b)(cz; + d)
i.e., (az; +b)(cz; +d)—(az; +b)(cz; +d) =0
= acz, z, +adz, +bcz, + bd — aczy z, —adz, — bczy —bd =0
=>(ad —bc)(zy — z;) =0
or z; =z, [+ ad — bc # 0]
This implies that no two distinct points in the z plane go to the same point in w plane.
So, each point in the z plane go to a unique point in the w plane.

Theorem: 2 The bilinear transformation which transforms z4, z,, z3,into wq, w,, ws is

w-wy)(w2—w3) _ (z2-21)(22-23)
(w-w3)(wz-wy)  (z—23)(22-21)

Proof:

az+b
cz+d’

If the required transformation w =

az+b  azi+b _ (ad-bc)(z—2z1)
cz+d czi+d — (cz+d)(cz1+4d)

:>W_W1:

= (cz+d)(czy + d)(w—w;) = (ad — bc)(z — z;)

= (czy, + d)(cz3 + d) (W, — ws3) = (ad — bc)(z, — 23)

= (cz+d) (czz+d)(w —w3) = (ad — bc)(z — z3)

= (czy + d)(cz; + d)(w, —wy) = (ad — bc)(z, — z4)
(wow)waws) _ lesrdrin] [enrdionin

_ _ ~ [(ad-bc)(z—z3)] [(ad—bc)(z2—21)
(w=w3)(wz=w1) [(cz+d)(023+d)] [(czz+d)(czl+d)

_ (z—271)(22—23)
(z-23)(22—21)

Nowy WWDWaws) _ (2=21)(z32) (D

T(w-w3)(wa—wy)  (2-23)(22-21)



Let: A =273 p =272

)
Wa2—Wq Z2—21

Wows g 2oz
1) = W_WSA = B

Z—Z3

wA-wiA _ zB-z:B

wW—ws3 Z—Z3
= wAz — wAz; — w;Az + w;Az3; = wBz — wz;B — w3zB + w3z, B
> w[(A—B)z+ (Bz; — Az3)] = (Aw; — Bw3)z + (Bwsz; — Aw, z3)

_ (Aw{—Bw3)z+(Bw3z1—Aw,Zz3)

=w= (A-B)z+(Bz1—Az3)
az+b
il Hence a = Awy — Bws, b = Bw3z; — Awyz; ,c = A—B,d = Bz, —
Az,
Cross ratio
Definition:

(z—21)(23—24)

(22—23)(24=24)

Given four point z;, z,, z3, z, In this order, the ratio IS called the cross

ratio of the points.

az+b
cz+d

Note: () w = can be expressed as cwz + dw — (az4+b) = 0
It is linear both in'w and z that is why;, it is called bilinear.
Note: (2) This transformation is conformal only when ‘Z—‘;’ #0

] ad — bc )
l'e"(cz+d)2

i.e.,ad —bc + 0

0

If ad — bc # 0, every point in the z plane is a critical point.

az+b . __ —dw+b

Note: (3) Now, the inverse of the transformation w = —isz= which is also a

bilinear transformation except w = =

—
Note: (4) Each point in the plane except z = _Td corresponds to a unique point in the w plane.

The point z = _Td corresponds to the point at infinity in the w plane.
Note: (5) The cross ratio of four points

(wy —wy)(wz —w,) _ (2, — 2,) (23 — 24)
(wy —w3)(wy —wy) (2 — 23)(24 — 21)

transformation.

is invariant under bilinear

Note: (6) If one of the points is the point at infinity the quotient of those difference which

involve this points is replaced by 1.



Suppose z; = oo, then we replace ~—* by 1 (or)Omit the factors involving oo
2741
Example: Find the fixed points of w = Zzz_i:is.

Solution:

The fixed points are given by replacing w by z

2Zi+5
Z = -
z—41
72 —4iz=2zi+5;2z°—-6iz—5=0
6i+v/—-36+20 18
z=—— « z=5i,i
Example: Find the invariant points of w = E

Solution:

The invariant points are given by replacing w by z

_ 14z

T 1-z
=>z—z2=1+z
=>z2=-1
=>z==%i

Example: Obtain the invariant points of the transformation w = 2 — %

Solution:

The invariant points are given by

z=2—3; Z:2z—z
zZ z

z2=272—2; 72 —22+2=0

2221\/24—8:21\2/—_4224_;2i:1ii

6z—9

Example: Find the fixed point of the transformation w =

Solution:

The fixed points are given by replacing w = z

- 6z—-9 6z-9
e, w=—>= zZ=
z

z
=z2=6z-9
=2z2-6z4+9=0
=>((z-3)?%=0
=z=3,3

The fixed points are 3, 3.



Example: Find the bilinear transformation that maps the points z = 0,—1,i into the
points w = i, 0, co respectively.
Solution:
Given z; =0, z, = -1, z3 =1,
wy =1, w, =0, wy =00,
Let the required transformation be

(w-w1)(wy—w3) — (z2=21)(z2—23)
(w-w3)(wz—wq) (2-23)(22—21)

[omit the factors involving ws, Since ws = o]

w-wy _ (Z=21)(22—Z23)

W2 —wq N (z-23)(22—21)

w=i _ (z=0)(-1-0)
0—-i  (z-0)(-1-0)

l z g
N = (GE))
. z g
Sw—1i= (Z_l,)(—l+1)
z . ; —iz+z+iz+1 z+1
Sw= =5 i+ +i= — AN ey
Aliter: Givenz, =0, z, = -1, z3 =1,
W1=i, W2=O, W3 = O,
Let the required transformation be
az+b
W=—.. (1), ad —bc £ 0
b
T
d
az,+b az;+b azs+b
w, = —— W, = —— Wy = ——
czq+d czy+d czz+d
i = 2 __—a+tb l __aith
T d T —c+d 0 ci+td
b=di >—a+b=0 >ci+d=0
>a=5> >d=—ci
a=b=di=c
. (1) = W = azta _ z+1  z+1
K = T ==

az+3  z+; 2
Example: Find the bilinear transformation that maps the points oo,i,0 onto
0, i, oo respectively.
Solution:
Given z; =, z, =1, z3=0w; =0, w, =i, wg =00,

Let the required transformation be



(w-w1)(wz—w3) — (z2—-21)(22—23)

(w-w3)(wz—w1) (z2-23)(22—-21)

[omit the factors involving z,, and w, since z; = co,w; = 0]

w—-w Zy—Z
N 1 _ (22-23)
Wo—Wq Z—Z3
w—-0 _ i-—
i—-0 z—0
-1
> W =

Example: Find the bilinear transformation which maps the points 1, i, —1 onto the points
0,1, oo, show that the transformation maps the interior of the unit circle of the z — plane
onto the upper half of the w — plane
Solution:
Given' z;, =1, z, =i, z3=-1
wy =10, w, =1, w3 = oo,
Let the transformation be

(w=—wq1)(wy—-w3) - (z2=21)(22723)
(w-wz)(wWz-wq) . (z-23)(22-21)

[Omit the factors involving wy, since , ws = 0]

w-wy _ (2-21)(22-23)
wy—wy | (z—-23)(22—21)
w=0_ (z—1)(i+1) [(i+1) (i+1)] [i2+i+i+1]
= - - A=l = =
1-0 (z+1)(i—-1) i—-1/ \i+1 i2-i2
_[Zi]
=|—| = —i
-2
_(z=1)(i+1)
WS (z+1)(i-1)
z-1p .
gl
D rocan [ w = ﬂ' ad —bc # 0 Form]
(D)z+1 cz+d
To find z:
>wz+w=—iz+1i
>wz4+iz=—-w+i
>zw+i]l=—-w+i
= z=00
w+i

To prove: |z| < 1mapsv >0
=zl <1

:[M <1

w+i



= E] <1
=>|w—i|l <|w+il
slutiv—il <|u+iv+il
Slu+i(v—1D|<|u+i(v+i)l
Sul+@w-12<u?+ (v+1)>2
=>Ww-1)2%2<(v+1)?
> v -2v+1<vi+2v+1
= —4v <0
>v>0
Example: Find the bilinear transformation which maps z = 1,i,—1 respectively onto
w = i, 0, —i. Hence find the fixed points. [A.U, May 2001] [A.U April 2016 R-15 U.D]
Solution:
Given'z, =1, z, =1, z3 =—1,
wi=1i w, =0, w3 =—I,
Let the required transformation be

(w=wq)(Wp—w3) — (z=21)(z2—23)
w-wz)(wz—wy)  (z2-23)(22-21)

Wy —W 0+i
Let A=—2"=—=-1
Wo—Wq 0=i
Zy—Z i+1 .
B=22=—=—

>a=Aw; — Bw; = (1)) — (-D(-)=—-i+1

= b = Bw3z; — Aw;z3 = (=) (=D(D) - (D@ (1) = -1-i
=>c=A-B=(-1)—-(-)=-1+1

>d=Bz—Az; = (-)(D)-(-D(-1)=-i—-1

az+b

We know that,w = ——,ad — bc # 0
cz+d

(mi+DzH(-1-0) _ iz+1
T(—1+D)z+(—i-1)  (—Dz+1

Example: Find the bilinear transformation which maps z = 0 onto w = —i and has —1
and 1 as the invariant points. Also show that under this transformation the upper half of
the z plane maps onto the interior of the unit circle in the w plane.
Solution:
Given z;, =0, z, =—-1, z3 =1,
wy=-—i, w,=-1, wy =1,

Let the required transformation be



(w=-w1)(wa—w3) _ (z=21)(Z2—73)

(w-w3)(wz—w1) N (z-23)(Z2—71)

Wy —Ww -1-1 -2 ,
Let A=—2"T=——=—"=1+i
Wy —W;q —1+i —1+i
Zy—Z -1-1
B = 2 %3 = = 2
Zy—71 -1-0

Sa=Aw, —Bws =1 +i)(=)—2(1)=—i+1-2=—i—1
=> b =Bwsz; — Aw;z; = 2)(DO0) - A+ D)D) =i—-1
Sc=A-B=(1+i)-2=i-1
>d=Bz —Az; = (2)(0) = (1 +)(1)==(1+1i)

az+b

We know that, w = ——,ad = bc # 0
cz4d

(it DzH(i-1) _ z+(=D)
T (i-Dz+(=1-i)  (=i)z+1

—dw+b -w—i w+i
We know that,z = = = ,
cw—a =iw—=1 1+wi
__utiv+ti
1(u+iv)i
_ utiv+l  C utivti

1+iu—v. (1=v)+iu

| [ U+iv+i ] [ 1-v—iu ]
A-v)+iud L(1-v)-iu
_ u—uwv—ivl+iv-iv2uv+i-ivtu
(1-v)2+u?

2u+i[-u?-v2+1]
(1=v)2+u?

x+iy=

1-u?—v?

E :(1—v)2+u2

Upper half of the z —plane
>y=0

1-u?—p?

>1-u?—v2>0
=>1>u?+v?
su?+rvi<1
Therefore the upper half of the z —plane maps onto the interior of the unit circles in the w-

plane.



