ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Definition
Let V be a finite dimensional inner product space and let T be a linear operator
on V. Then there exist a unique function T*: V — V such that (T (x), y),

(x,T*(y)) forall x,y € V. The linear operator T* is called adjoint of operator T.

Theorem 3.14: Let T be a linear functional on a finite dimensional inner
product space V. Then there exists a unique vector y € V such that g(x) =
(x,y) foreveryx € V.

Proof: Let B = {v,, v,, ..., v, } be an orthonormal basis of V.

Lety = gv)vy + gw)vy + -+ g vy
Define h:V — F by h(x) = (x,y) forevery y € I/.
It is clear that h is linear.
Thenfori=1,2,.... M,
h(v) = (v, y) = (v, 9wy + gWR)va + -+ g (V) vy)
= (vl,MUi)['s (v, vj) = 0 for i # j]
= gy vi) = glvill® [+ Ivil® = 1] = h(v) = g(v)
This is true for each v;,i = 1,2, ...,n
~h=g
We have to prove the uniqueness.
Now suppose that y' is another vector in V for which
g(x) =(x,y')foreachx €V
Then
(x,y) = (x,y")
=>@xy)—(xy)=0=>MUky-y)=05y-y =0=>y=y
=~y IS unique
Let T be a linear operator on a finite dimensional inner prods then there

exists a unique linear operator T' on V such that
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(T(x),y) =(x,T*(y)) foreveryx,y € V.
Proof: Let y be an arbitrary but fixed element of V.
g:V->=Fbyg(x)=(T(x),y)foreveryy eV,
First we prove that g is linear.

Laxl,xz EVandaEF

(Dglx; +x) =T (x +x2),5)
= (T (x1) + T(x3), y)[~ T is linear |
= (T(x1),y) +(T(x2),y)
= g(x;) + g(x3)
(i)g(ax,) = (T(axqy),y)
(aT (xq),y)[~ T is linear ]
a(T (x1),y)
= ag(x)
Therefore g is a linear transformation on V.

By Theorem 3.14, There exists a unique vector y’ € V such that
Define T*:V -V by T*(y) =y fory e V.
Therefore (T (x),y) = (x,T*(y)) foreachx € V.
We have to prove that T is linear
Lety,,y, EVanda € F.
(x,T*()’1 + }’2)> =(T(xX), y1 +¥2)

® = (T (x),y1) +(T(x), y)
= (er*(y1)> + <x,T*(y2)>

Since x is arbitrary,

(T*"(y1 +y2) =T (y1) +T*(y2)

(i) (x, T*(ay1)) == (T (x), xy1)

= a(T(x), y1)
= d(X,T*(y1)>
= (X, aT*(}’l))

Since x is arbitrary,
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T*(ay1) = aT*(y,)
Therefore T* is linear.
Finally, we need to show that T* is unique. Suppose that U:V — V.
Is linear and that it satisfies (T'(x), y) = (x, U(y)) forall x,y € V. Then
(x, T*(y)) =(x,U(y)) forall x,y € V, so

T =U.

Theorem 3.16: Let V be a finite-dimensional inner product space, and let g8
be an orthonormal basis for V. If T is a linear operator on V, then [T*]z =
[T1g
Proof: Let A = [T*]g and B = [T]; and, f = {vy, vy, ..., v, } be an orthonormal
basis of V. Then

Thus B = A*

Theorem 3.17: Let T and U be linear operators on a finite dimensional
inner product space V and aeF. Then

N (T+U)" =T +U"

(i) (aT)* = aT*

(i) (TO)* = U'T*

(iv) (T*))* =T
MI'=1
Proof

(i) Letx,y eV

(T+U)x,yy= (T(x)+U(x),y)
=(T(x),y) +(U(x),y)
=, T*"(y)) +(x, U"(y))
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(x, T*)+U ()
(x,(T" +U")y)
(x,(T" +U")y)
(x,(T" +U"y)

= (x, (T +U)"y)

By the uniqueness of adjoint implies
T+U) =T"+U"

(i) Leta e Fand x,y € V

((@T)(x),y) = {aT (x),y)
= a(T(x)y)
= a(x, T*(y))
((@l)x,y) = (x,aT*(y))
~Ax, (aT) y) = (x,aT*(y))

By the uniqueness of the adjoint implies

(aT)* = aT~
(iii) Letx,y € V
(TU)(x),yy = (TWUX)),y)
={UX), T ()
(TU)(x), ¥y = (U (T"(¥)))
= (x, (U'T")(»))

AT, y) = U THY)
(x,(TU)y) = (x, (UT)())

By the uniqueness the adjoint implies
(TU)* = U*T*
(iv) Letx,y eV

(00, ) = 5,7 ()
T,
(7))
S = TR))
@ T =T

By uniqueness of adjoint implies

(T ) =T
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(v]) Letx,y €V
(I, y) = (x, ¥)
=, Iy 1(y) =y)
= (x,I*x () = (x,1y)
By uniqueness of adjoint implies
=1
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