CONSTRUCTION OF ANALYTIC FUNCTION
Method: [Milne — Thomson method]

M To find f(z) when u is given

Letf(z) =u+iv
f'(2) = uy + ivy
= u, — v, [by C—R condition]
~ f(2) = [u, (z,0)dz — i [ uy(z,0)dz + C_[by Milne—Thomson rule],

Where, C is a complex constant.

(i) To find f(z) when v is given

Let f(z) =u+iv
f1(2) = uyx + ivy
= v, +iv, [by C—R condition]
~ f(2) = [v,(2,0)dz + i [ v,(2,0)dz 4+ C [by Milne—=Thomson rule],
Where, C is a complex constant.
Example: Construct the analytic function f(z) for which the real part is e* cos y.
Solution:
Given u = e*cosy
= u, =e*cosy [+ cos0 = 1]

= U,(z,0) = e*

= u, =e*cosy [+ sin 0 = 0]

= uy(z,0)=0

~ f(2) = [u, (2,0)dz — i [ uy(z,0)dz + € [by Milne—Thomson rule],
Where, C is a complex constant.
“f(@)=[e?dz—i[0dz+C
=e’+C

Example: Determine the analytic functionw = u + ivif u = e**(xcos2y —
ysin2y)
Solution:

Given u = e**(x cos 2y — y sin 2y)

U, = e?*[cos 2y] + (xcos2y — ysin2y)[2 e?*]
Uy (z,0) = e?*[1]+[z(1) — 0][2e**]



= e%% 4 2ze%*
= (14 22)e**
uy, = e**[—2xsin 2y — (y2cos2y + sin 2y)]
uy(2,0) =e**[-0—-(0+0)] =0
~ f(2) = [u, (2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(2)=[(1+22)e**dz—i[0+dz+C
= [(1+22)e*dz+C

2z 2z
=(1+22)e7—267+6 ['.‘fuvdz:uvl—u’vz+u”v3_...]

2z 2z
e e
=— 5 S

= ze*’ +C
Example: Determine the analytic function where real part is
u = x3 — 3xy% + 3x% — 3y% + 1.
Solution:
Given u = x3 — 3xy? + 3x2=3y% +1
U, = 3x% — 3y? + 6x
= u;(2,0) =322 -0+ 62
U, =0—6xy+0—6y
=>u,(z,0) =0
f(2) = [ uy,(2,0)dz —i [ u,(z 0)dz + C [by Milne—Thomson rule],
Where, C is acomplex constant.
f(z) = f[(Bz2+62)dz—i[0+dz+C
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Example: Determine the analytic function whose real part in ————
cosh 2y—cos 2x

Solution:

. sin 2x
Given u = ——
cosh 2y—cos 2x

o (cosh 2y—cos 2x)[2 cos 2x]—sin 2x[2 sin 2x]
v =

[cosh 2y —cos 2x]?

(1 - cos 2z)(2 cos 2z)—2sin?2z
[cosh 0—cos 2z]?

Uu,(z,0) =



_ 2co0s2z—2cos?2z—2sin?2z
(1-cos2z)?

2 cos 2z—2[cos?2z+sin?2z]
(1-cos2z)?

_ 2cos2z-2
(1-cos2z)?
_ —2(1-cos2z)
(1-cos2z)?
_ 2cos2z-2
(1--cos2z)
-2
2sin?2

= —cosec?z

__ (cosh2y—cos 2x) (0) — sin 2x[2 sin 2y]

y [cosh 2y —cos 2x]?
= u,(z0)=0
f(@) = [u,(z,0)dz—i [ u,(z 0)dz + C [by Milne—Thomson rule],
where C is a complex constant.
f(2) = [(=cosec?’z)dz—i [0dz +C

=cotz+C
Example: Show that the function u = %log(xz + y#) is harmonic and determine its
conjugate. Also find f(z)

Solution:

Given u = llog(x2 +y?)

= 2(x2+y2)( e 2+yz'

1
:>ux(z,0)=—2=;

ey =5 +[yz)+y S x:;y:y_zz]fz = [;2+_:22]2 (D)
Uy 2x2+y iy (2Y) = Ty
= uy(z,0)=0
uyy = I = - (2)
To prove u is harmonic:
gy, = LD by (1)&(2)

[x2+y2]2

= u is harmonic.

To find f(2):



f(2) = [u,(2,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f@)=[-dz—i[0dz+C
=logz+C
Tofindv:
f(2) = log (re®) [ 2 =Te®]
u+iv =logr + log e’ =logr +i6
= u = logr,v =20

Note: z =x + iy

r=|z| = x%2+ y?
logr = %log(x2 + y?)

tang =2

6 = tan?! (X) i.e.,v=tan™?! (X)
X X

Example: Construct an analytic function f(z) = u + iv, given that

x

2 2 .
u =e* 7Y cos2xy. Hence find v.

Solution:
Given u = e*" 7" cos 2xy = e*’e=Y" cos 2xy
Uy = e~V [exz(—Zy sin 2xy) + cos 2xy ex22x]
Uy(z,0) = 1[e22(0) + ZZezz] = 2ze?’
Uy, = e’“z[e‘y2 (=2x sin 2xy) + cos nye‘yz(—Zy)]
uy(z,0) = e?’ [0+ 0] =0
f(2) = [u,(z,0)dz—i[u,(z0)dz+ C [by Milne—Thomson rule]
= [2ze?’dz+C
=2[ze?’dz+C
putt = z2, dt= 2z dz
= [etdt+C
=et+C
f(2)=e? +C
Tofindv:

u+iv= e(x+iy)2 — 6,xz—yz+i2xy — exz—yzeiz xy



= e**~¥* [cos(2xy) + isin (2xy)]
v=e*""Ysin2xy [vequating the imaginary parts]
Example: Find the regular function whose imaginary part is
e *(xcosy+ ysiny).
Solution:

Given v = e ¥(xcosy + ysiny)
v, = e *[cosy] + (xcosy + ysiny)[—e™¥]

v, (2,0) =e?+ (2)(—e?)= (1 —z)e

v, = e *[=xsiny + (ycosy +siny (1))]

,(2,0) =e7#[0+ 0+ 0] =0

~f(2) = [v,(2,0)dz + i [ v.(2,0)dz+ C  [by Milne—Thomson rule]

Where, C is a complex constant.
f(2)=[0dz+i[(1—2)e"?dz+C

=if(1—-2)e?dz+C

~ia- o[- ol

(-D2

=i[-(1-2e?+e %]+ C
=ize “+C
Example: In a two dimensional flow, the stream functionis ¥ = tan™?! (i—’) Find the

velocity potential ¢.
Solution:

Given ¥ = tan~(y/x)
We should denote, ¢ by u and yby v

~ v =tan"1(y/x)

e 1 V=Y v (2,0) = 0
— 1+(y/x)? [xz] x2+y?2’ (2, 0)

1 1 x z 1
Yy = i /m2 [Z] = XZ4y? Vx(2,0) = 25
~f(@2)=[v,(2,0)dz+i[v,(20)dz+C
f(z)=f§dz+if0dz+C =logz+C
To find ¢:

f(2) = log (re')

[ 7 = reie]
u+ iv = logr + log e



u+iv=Ilogr +i6

= u =logr

= u=log/x?+y?

z=x+1iy,|z| = x% + y?

= ~log(x* +y?)
So, the velocity potential ¢ is

1
¢ = ;log(x* +y?)

Example: If f(z) = u + iv is an analytic function and u — v = e*(cosy — sin y), find

f(z) interms of z.
Solution:
Given u— v =e*(cosy —siny),
Differentiate (A) p.w.r. to X, we get
Uy — v, = e¥(cosy — siny),
Uy (2,0) —v,(2,0) =€”
Differentiate (A) p.w.r. to y, we get
Uy — v, =e*(—siny — cosy)
Uy(2,0) — vy (2,0) = e?[—1]
e, uy(z0)—v,(z0) =—e?
—1,(2,0) —u,(z,0) = —e?
(D+(2) = —2v,(2,0)=0
= 1,(2,0) =0
(1) = u,(z,0)=¢e”

- (A)

(D)

...(2) [by C—R conditions]

f(2) = [u,(2,0)dz+ i [ v.(z,0)dz+ C [by Milne—Thomson rule]

f(z) = [e?dz+i0+C
=e’+C

Example: Find the analytic functions f(z) = u + iv given that

Q) 2u+wv =e*(cosy—siny)
(i) u—2v=-e*(cosy—siny)
Solution:
Given (i) 2u+v =e*(cosy —siny)
Differentiate (A) p.w.r. to x, we get
2u, + v, = e*(cosy — siny)

2u, —u, = e*(cosy — siny)

.(4)

[by C—R condition]



2uy(z,0) —u,(z,0) = e” (D)

Differentiate (A) p.w.r. to y, we get
2u, + v, =e*[—siny — cosy]
[by C—R condition]

2uy(z,0) + u,(z,0) = e?(—1) = —e” .. (2)
(D x2) = 4u,(z0) - 2u,(z0) = 2e* ..(3)

2uy, +u, = e* [—siny — cosy]

(2)+(3) = 5u,(z,0)=e?

=>U,(z,0) = gez
2 3
(1) 2u,(z0) = Eez—ez =—gez

= uy(z,0) = —Eez

f(2) = fu,(z,0)dz —i [u,(z0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.

f(2) = fiezdz— if—zezdz+ C
=Z2ez 43074 C
5 5

1+3i
= Tez +C

(i) u—2v=e*(cosy — siny) ...(B)
Differrentiate (B) p.w.r. to X, we get
U, — 2v, = e*(cosy —siny)
u, + 2uy, = e*(cosy —siny)  [by C—R condition]

Uy (2,0) + 2u,,(z,0) = e? (D)

Differentiate (B) p.w.r. to y, we get

U, — 2v, = e*[—siny — cosy]

u, — 2u, = e* [—siny —cosy] [by C—R condition]

Uy (2,0) — 2uy(z,0) = —e? .. (2)
(D x(2) = 2u(z0)+4u,(z0) = 2e* ..(3)
(2)+@B) = 5uy(z0) =e”

1
= u,(z,0) = EeZ

2
D) > u(z0) = —ze +e”

3
=~ pZ
5



f(2) = [u,(z,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.

f(z) = f%ezdz— if%ezdz+C




