ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

Contour Integration

Evaluation of Real Integrals
The evaluation of certain types of real definite integrals of complex functions over
suitable closed paths or contours and applying Cauchy’s Residue theorem is known as

Contour Integration.
Type 1: Integration round the unit circle
Integrals of the form foznf(cos 6, sin 8)d6 where f is a rational function in cos6 and
sin 6
To evaluate this type of integrals
We take the unit circle |z| = 1 as the contour C.

On|z| =1,let z =e™®

dz . 6 _

o = le iz
dz
oo de = —
1z
- 3 1
elfyo—if Z+= 72241
Also, cos @ = =—Z=
! 2 2 2z
; elf—e=i0 = 724
and, sin@ = e =

21 2iz

|z| =1 = 6 varies from 0 to 2w

21 . z%2+1 z%2-1\ dz
~ [, f(cos8,sin0)d6 = [ f ( e )—

2iz ). iz

21 do ; g .
Example: Evaluatef — using Contour integration.
0 5+4sin@
Solution:
Replacement Let z = e®
d ) 21
= do =,—Z and sin @ = 2
iz 2iz
2w de N
T -— i
T —— =] —& — wherecis|z| =1
0 5+4sin6 c 5+4(Z -1)
2iz
dz
— f iz
— J¢ siz+222-2
iz
_ f dz
€ 2z245iz-2
= [ f@dz ...(1)
1
Where, f(2) = =55
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To Evaluate, [ _f(z)dz
To find poles of f(z), put 2z2 + 5iz—2 =0

_ —5i+V-25+16 —5i+3i
- 4 - 4

VA

z = —%, —2i are poles of order one
GivenCis|z| =1
Consider z = —é
- 11 =[] <2<
nZ= —é lies inside C

Consider z = —2i
= |zl =|=2il=2>1
~ z = =2i lies outside C.
Find the residue for inside pole z = — -

[Res f(Z)]Z=_£ = lim, (z + é) f(z)

= lim (7 +3) s

B Ziril% z 2(z+5)(z+20)
e’ nilS

- 2(~+2i) 3

=~ By Cauchy’s residue theorem

J f(2)dz = 2mi  [Sum of residues]

i) -2

(1) — f2n dao _2m

0 5+4sin@ 3

do using Contour Integration.

2n
Example: Evaluate [~ ———

Solution:

Replacement Let z = e'?

dz . z%2-1
= df =—andsin® = —
iz 21z
2T de dz/iz .
- fo — = [ /22_1 where Cis |z| = 1
13+5sin 0 13+5( - )
21z
_f dz/iz
Y ¢ 26iz+522-5

2iz

:Zf dz

C 5z2+426iz-5
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=2 Sf(2)dz (D)

1
5z2+26iz—5

Where, f(z) =

Toevaluate [ _f(z)dz
To find poles of f(z), put 5z2 + 26iz—5=0

, — T26iEV=676%100 _ —26i+24i

10 10
=>z= —é, —5i are poles of order one.
GivenCis|z| =1
Consider z = —é
- W= [ =3

nz= —é lies inside C

Consider z = —5i
= |z| =|-5i|=5>1
~ z = —5i lies outside C.

Find the residue for inside pole z = —

[Res f(2)] = limi (z + é) f(2)

g

5 Z—)—E
i 1
= lerfl_ (Z * E) 5z2+26iz—5
5
i 1
. Zlirfli (Z + E) (5z+1)(z+51)
5
= lim (Z + i) il
St 5 (5(z+7)(z+51)

=~ By Cauchy’s residue theorem

fcf(z)dz = 2mi[Sum of residues]
—ogi(L) ="
= 2m (241’) T 12

0 13+5sin@ 12 6

de

2n
Example: Evaluate [~ ——

,a > b > 0 byusing contour integration.

Solution:

Replacement Let z = e'?
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2
= db =% and cos 8 = =22
. 2r dae _ dz/iz . _
il WL where cis |z| = 1
2z
_f dz/iz
— J ¢ 2az+bz2+b
2z
— Zf 9
T i’ cbz2+2az+b
2
= ?fc f(2)dz w (D)
1
Where, f(2) = parzars

Toevaluate [ _f(z)dz
To find poles of f(z),put bz? + 2az+ b

Al —2at/4(a?-b?) _ —atva?-b?

2b b
—a+Va?-b% —a+va?-b?
z= > . b are poles of order one.
_a+ila?Tp? §i 4
Clearly, z = % =« lies inside ¢
—a=va?-b

2
and z = = [ lies outside ¢

b
Since a > b, we can write bz? + 2az + b = b(z — a)(z — B)

Find the residue for inside pole z = «
. 1
Res f@lo—a = (= =05y
" 1
~ b(a-p)
1
= WNar-p?

= By Cauchy residue theorem

J f(2)dz = 2mi [sum of residues]

_ Tl

Vva2-p2

(1) — J«OZH ae _

a+bcos@

~ N

=
21

Vva2-p2

2 30d6
Example: Evaluate [ =~

using contour integration.

Solution:
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Replacement Let z = e??

z%+41
2z

$d0=% and cos 8 =

cos 30 = Real part of e®®? = R.P (z°)

21 cos 360 d6 2T R-P(Z%)dz
Y — iz . _
: fo c—dcosd fO —5_4(22+1) where Cis |z| =1
2z
_ z3dz/iz
=R.PJ, 52-(222+2)
Z
1
=R.P(=3) [ f(2) dz (D
h __z° 4
Where, f(z) = —

Toevaluate [ _f(z)dz
To find poles of f(2),put 2z2 =5z +2 =0

5= 54V25-16 _ 513
- 4 N

1
>z= 2,5 are poles of order one.
GivenCis |z| =1

. 1
Consider z = .

=>|z|=|%|=%<1

nZ= % lies inside C
Consider z = 2
szl =12=2>1

~ z = 2 lies outside C

Find the residue for inside pole z = %

[Res f(2)],2 = lim (z =) )
77
. 1
= Zl_rg (z - 5) f(z)
. 1 z3
-m (Z B E) (22-1)(z-2)
2
R T _ 1 z3
- Zlig (Z 2) 2(z-3)(z-2)
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~ By Cauchy’s Residue theorem

fcf(z)dz = 2mi [sum of residues]

. 1 i
= 2mi (——) = ——
24 12

W= [ dg=RpP (-3)(-2) ==

5—4cosf 12 12

. 21 sin? 6d6 2w cos26do
Example: Evaluate fO g = fO o eeod

Solution:

Replacement Let z = e

z%+1
2z

=>d0=% andcos @ =

cos 20 = Real part of e'?® = R.P (Z?)

2
c J-27t sin% 6 do _f 14”’%
. 0] 5—3 cos 0 A (0] 10—6(22+1)
2Z
where Cis |z| =1
il (1-z%)dz/iz
=R.P fc 10z—-32z2-3

z

= RiP|(-1) f ke

3z2-10Z+3

=R.P (—%) Jo f(2)dz

1-z2
3z2-10z+3

Where, f(z) =

To evaluate fc f(z)dz

To find poles of f(z),put 3z2 —10z+3 =0

7 10+y/100—36 _ 1048
F 6 T 6

1
nZ= 3,5 are poles of order one.

GivenCis|z| =1

- 1
Consider z = 3

:>|z|=|§|=§<1

1,. . .
“Z=3 lies inside C

Consider z = 3
=>|z|=13=3<1
~ z = 3 lies outside C

Find the residue for inside pole z = §
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[Res f ()], s = lim (z = 3) f(2)

_1\__(-2z?)
IZH%( 3) 3(2z-3)(z-3)

wIHB

=~ By Cauchy’s Residue theorem
fc f(2)dz = 2mi [sum of residues]
g 1
= 2ri (=)

T e (-)(-3) -5

l

1+2 0
Example: Using Contour Integration, evaluate the real integral ;' 5+4EZZ 5

Solution:

Replacement Let z = e®®

Z%41

:d0=% and cos @ =

N fn 1+2cos 6 __ 1 r2m1+2cosf
'JO 5+4cos@ 270 5+4cosf

[ [0 FOdx = 2 [ FOo)dw, if £Q2a = x) = f(x)]

1+[1+2(Z +U) =

L1 2w 142 cos @ _lf 2z
270 s5+4cos6 T 27c 5+4(ZZ+1))
2z
1 (z%+z+1)
T 2iJC z(2z2+5z+2
1
= Efc f(2)dz . (1)

Where, f(z) = F

Z(222+52+2)
To evaluate fc f(z)dz
To find poles of f(z), put z(2z2 + 5z+2) =0
=2z=0;22°4+5z2+2=0
=2z=0z=-2,z= —%are poles of order one.
GivenCis|z| =1
Consider z =0

=>|z|=10=0<1
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~ z = 0lies inside C

Consider z = -2

> |zl=]-21=2>1
~ z = —2 lies outside C
Consider z = —%

-l = |- =2 <
Lz = —% lies inside C

Find the residue for the inside pole
() Whenz=0

[Res f(D)]z=0 = Lt (z — 0)f(2)

(z%+z+1)

750" Z(2Z%2+45z+42)

(ii) When z = —=

—1

2

[Res f(2),__1 = lim, (z + %) f(2)

z>-=
] 1 z247+1
= llm Z+ - —
Z_)_% 2/ Z(2z+1)(z+2)
. 1 z%+z+1
= lim (z + —)+
792 2/ 7 2(z43)(z+2)
Toad
T
= N 1
2(3)(3+2)
2
LY 1
- 2
2

= By Cauchy's Residue Theorem

Jo f(2)dz = 2mi [Sum of residues]

- omt -
1 2w 1+2cos6 1
(1):>E o 5+4cos€d0_z[0] =0

Type Il: Integration around semi — circular contour

Integrals of the form [~ % dx,

where f(x) and g(x) are polynomials in x, such that the degree of f(x) is less than that of
g(x) atleast by two and g(x) does not vanish for any value of x.

Let C be a closed contour of real axis from —R to R and semicircle 'S’ of radius R above real

axis.
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Thus,

f@ _ (R f(x) @
le 50 = Frge @+ Js 442

AsR — oo, [ %dz — 0 by Cauchy’s lemma

L[ L@ g, e L
=Je 5042 =Lagmdx

[ x%dx

Example: Evaluate f_mm wherea > b > 0

Solution:
Replacement put x = z = dx = dz

. f_oo x2dx fc z2dz) where

© (x2+a?)(x%2+b2) - (z%2+a?)(z2+b?2)

Where C is the upper semi circle

= fc f@dz - ..(1)

Where, f(z) = @Tﬂiﬁ
To find the poles, put (z2 + a?)(z? + b?) =0

= z = tai,z = t+bi,are poles of order.one.
Here z = ai, bi lies in upper, half of the z —plane.
Find the residue for the inside pole
(i) When z = ai

Z2

(z+ai)(z—ai)(z%2+b?2)

[Res f(2)],-qi = lim(z — ai)
Z—at
_a?
" 2ai (b2-a?)
_ a
— 2i (a®—b?)

(ii) When z = bi
[Res f(2)],=pi = lim (z = b)f (2)

72

= lim (z — bi)

z-bi (z2+a?)(z+bi)(z—bi)
b2

(a%2-b2)2bi
b

= T 2 (@-b?)

=~ By Cauchy’s Residue theorem
J, f(2)dz = 2mi [sum of residues]

= 2mi [ — |

2i(a2-b2)  2i (a®-b?)
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. E a-b ]
~ 2i La-p)(a+b)
T

- a+b

1) = foo x2%dx m

—© (x2+a2)(x2+b2) ~ a+b

Example: Evaluate f;o m, a>0b>0

Solution:

foo dx _ lfoo dx
O (x2+a?)(x2+b2) 2Y=%(z2%+a?)(x%+b?)

Replacement put x = z

>dx =dz

dx s dx

1 oo
5 e (x?+a?)(x2+b2) Ef—oo (x?+a?)(x2+b?)

Where C is the upper semi circle

= %fc f(2)dz... (1)
Where, f(z) = L

To find the poles, put (z2 + a?)(z? + b?) =0

= z = +ai, 2 bi are poles of order one.
Here z = ai, bi lies in the upper half of the z- plane.
Find the residue for the inside pole
() When z = ai

[Resf(z)]z=ai = zli—>r¢r11i(z [ & ai)f(z)

= lim(z — ai) S

z-ai (z+ai)(z—ai)(z%+b?)
_ 1 - 1
" 2ai(b2-a?)  2ai(a2-b2)

(i) When z = bi
[Res f(2)],=pi = lim (z ~ bi)f (2)

. N 1

- lergli(z —bi) = (z2+a?)(z+bi)(z—bi)
_ 1

" (a2-b2)2bi

~ By Cauchy’s Residue theorem

fc f(2)dz = 2mi [— : + :

2ai (a®2-b2) = 2bi (az—bz)]

21l 1 1
~ 2i(a?-b?) [_ P E]
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= e ()

[

~ ab (a+b)

1 T
1) =3 foo(x +a2)(x +b2)  2ab (a+b)
_ A
~ 2ab (a+b)

dx
Example: Evaluate [° o (Zrad)?
Solution:

Replacement putx =z =>dx =dz

1 oo dx
Now, fO (x2 +az)2 B Ef—oo (x?+a?)

1 dz o i
i Efc Girary where C is the upper semi circle

= lfc f(2)dz 2D

Where, f(z) =

To find the poles, put (z2 + a?)? =0

= z = tai are poles of order 2 here z = ai lies in the upper half of z — plane. Find the
residue of the inside pole.

() When z = ai

[Res f(@)]=qi = Lim - (z = a) f(2)

= lim — [(z —ai)?

z—ai dz (z— al)2 (z+ al)z]

. d 1
= lim — ,
z—ai dz L(z+ai)?

= Jim [ %]
z>ai L(z+ai)3
2 2 1

(2ai)® = —8a3i  4ia3

=By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

—-x+2

Example: Evaluate [ mm

Solution:
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Replacement Putx =z = dx = dz

o x2-x+2 z%2-z+42 . ..
< f_mm dx = fC mdz, where C is the upper semi circle.
= fC f(z)dz ..(1)

z%—z+42
(z*+10z2+9)

Where, f(z) =
To find the poles, put z* + 1022+ 9 = 0

=22+ 1)(Z2+9) =0

= z = +i,+ 3i are poles of order one.
Here z = i, 3i lies in the inside pole
Find the residue of the inside pole.
() Whenz =i

[Res f(2)],~; = lim(z < i) f(2)
_F. . (z°-z+2)
- IZIIH (z -0 (z+i)(z—i)(z2+9)]

i (z2-z+2) ]

z>i L(z+1)(z2+9)

L Sl-ie2y 1
T 2D(@®) | 160

(ii) When z = 3i
[Res f(@)),=a = lim +-(z = 30) £ (2)

= lim [(z —3i)

(z%=z+2) ]
z-3i

(z2+1)(z+3i)(z—310)
(z%-z+2)
z—3i (22+1)(z+30)

_ —9-3i+2 _ -7-3i
(-8)(6i) . —48i
7+3i
48i

~By Cauchy’s Residue theorem,
fC f(2)dz = 2mi [sum of residues]

1- l 7+31)
16i 48i

(
()
(

10)
48i

2mi

I
[\

2mi
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(1) — f_oo x2—x+2 dx = 5T

0 (x*+10x2+9) 12
. © dx
Example: Evaluate [ ——
Solution:
fOO dx _lfoo dx
0 x%t+at 27J-o0xtiqt

Replacement Put x = z = dx = dz

1 po© dx _1f dz
27C z%*+q*

where C is the upper semi circle.

2J-coxtyqt

=) f@dz .. (1)

1

z4+a*

Where, f(z) =

To find the poles, put z* + a* = 0

=>z* = —a*

=>z= (—a4)i

=z=(=1)"*a
= (cosm +isin n)% a
= [cos(m + 2km) + isin(m + 2kn)]ia
— [cos (Hik”) + i sin (Hikn)] a

=aet (20) k =0,1,2,3 ...

Whenk =0,z = ae%

3im

Whenk =1,z = ae ™+

5im

Whenk =2,z =ae ¢
7im
When k = 3,z = ae = are all poles of order one.
3im

Here z = ae% and ,z = ae + lies in the upper half of the z plane.
Find the residue for the inside pole

()When z = ae

[Res f(D] s (z—ae) f2)

z—ae 4
i
= lim |lz—ae+ L
im (z%+a*)

z—ae 4

= % [Apply L'Hospital rule]
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= lim %
im 4z
z-ae 4
_ 1
- 3im
4a3e 4
(i) When z = ae +
3im
( i — . ' _ -
[Res f(z)] sn= lim |z—ae™* |f(2)
z=ae 4 3in
z—ae 4

3im
= lim (z—ae+ |——
3im z4+a*
z-ae 4

= g [Apply L'Hospital rule]

3im 473
z—ae 4
1
9iT
4a3e 4

= By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

. 1 1
= 2mi ( 3 T 91_”>
4q3e 4 4a3e 4

2mi =37 —i97
——(e 4+ +e 4

T 4q3
X % (e"”ieT + e_iZ"e_T> [+ e™ =~1]

- E%(Ll)ef " (—1)e_T> [ 7 = —1]
—i e%—e_% e s

_ ?< 2 > [ = isin x]
i (., . T

Y (l Sin _)
% 4

_ (i)

T a3 \yv2

co dx 1 T
1 = fo (x*+a*) 2 2a3)
. oo dx
Example: Evaluate f_w—(x2+1)3

Solution:
Replacement Putx = z = dx = dz

- ff‘;ﬁ = /. (z‘*d%P where C is the upper semi circle.

=[ f(2)dz . (D
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1
(z*+1)3

Where, f(z) =
To find the poles, put (z2+ 1)3 =0
>2z2+1=0
= z = +i are poles of order 3.
Here z = i lies in the upper half of z — plane.

Find the residue for the inside pole z = i
[Resf(z)]z U3 —le—(Z = l)3f(Z)

—le— [(z —i)3 ;]

(z+1)3(z—-0)3

1., d? 1
= —Lim— -
2! 251 dz? L(z+0)3
P ]
2 z5i dz L(z+i)*

112 _ 6 3

T 2205 320 0 160

~By Cauchy’s Residue theorem,
fc f(z)dz = 2mi [sum of residues]
= 2mi (i) =3

31
LS f—oo( 413 8

Type 11

Integrals of the form

[z " fix; sin(nx)dx (or) [ T fEx; cos(nx)dx

To evaluate this integral, write sin(nx) and cos(nx) in terms of e** thus,

f(Z) i ] &0 d(Z) inx
Je 5re Rl e

Where C is the closed curve as in type 11 and finally equate imaginary part or real part
accordingly to get the required integral.

cosmx

Example: Evaluatef ~dx,a>0,m>0

Solution:

Replacement put x = z = dx = dz and cosmn = R.P e'™"

oocosmx © RP e”nx
Now, f x2+a2 __foo X +a2

= —f RP e dz where C is the upper semi circle.
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=, f(@dz (D)

mz

Where f(z) =

2+a2
To find the poles, put z2 + a2 = 0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai

[Resf(z)]z=ai 3 zli—gzli(z = ai) f(Z)

l lmz
mi\z—-=al)——————=
z—>al( )(z+al)(z ai)
eimz

m -
z—ai (z+ai)

. | e—ma

2ai

~By Cauchy’s Residue theorem,

Jo f(@2)dz = 2mi [sum of residues]

o (5

T e—ma

a

00cosmx P e~ma T
) = [ adx =5 (n ) = F e

x sin mx

>-dx where a > 0,m > 0

Example: Evaluate f

Solution:

Replacement put x =z = dx = dz and sin(mx) = IP e"™*

OOxsmmx © xIP e‘mx
Now, f x2+a2 :_f © x24+q2
IP z eimz . ..
== dz where C is the upper semi circle.
2 J¢ z24q?
I.P
= —fc f(2)dz . (D
lmZ
Where, f(z) = 2+a2

To find the poles, put f(2), put z2 + a®> = 0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai

[Res f(2)] =ai = lim (z = ai) f(2)
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ze mz

= lim(z —ai) —————
z—>a1( )(z+az)(z ai)

_ (ade~™ma _ e—ma

T 20 2

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

e—ma

2

= 2mi ( )=7re‘m“

0 x sin mx _E . “ma\ — T _—ma
(1)=f e x—z(me )—Ze

cosx dx

o G2 ran 2107 >b>0

Example: Evaluate [

Solution:

Replacement put n = z = dz = dzcosx = R.P e%*

Now, f cosx dx = _ RP e'Z dz
o x24g? (x24b2)  Jc (22+a?)(z%+b?)
where C is the upper semi circle.
R.P
=—J, f@dz
Where, f(z) = {

To find the poles, put f(2), put (z? + a®)(z? + b?) =0
= z = tai, 2 bi are poles of order one here z = ai, bi lies in the upper half of z — plane.
To find the residue for the inside pole
() when z = ai
[Res f(@)],-a: = Jim(z ~ ai) f(2)

elZ

- ZIL‘EE(Z —al) (z+ai)(z—ai)(z%+b?)

1' eiz
N -
z—ai (z+ai)(z%+b2)

e” @ —e @

(2ai)(b%-a?) - (2ai)(a%-b?)

(ii) when z = bi
[Res f(2)],=pi = lim (z — bi) f (2)

iz

. . e
- Zh_,%(z —b) (z2+a2)(z+bi)(z—bi)
lim,%
z—bi (z°+a*)(z+bi)
o—b

2bi(a?-b?)
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~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

. e @ e b
= 2mi ((Zai)(az -b2) + (zbi)(aZ—bZ))

(Zl)(zan;l b2) [_ - ;a]

[ uassnvs OPTIMIZE uuTSP“E"D

W
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