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PROPERTIES OF LAPLACE TRANSFORM 

Property: 1 Linear property 

𝑳[𝒂𝒇(𝒕) ± 𝒃𝒈(𝒕)] = 𝒂𝑳[𝒇(𝒕)] ± 𝒃𝑳[𝒈(𝒕)] , where a and b are constants. 

Proof: 

 𝐿[𝑎𝑓(𝑡) ± 𝑏𝑔(𝑡)]  = ∫ [𝑎𝑓(𝑡) ± 𝑏𝑔(𝑡)]
∞

0
𝑒−𝑠𝑡𝑑𝑡 

     =𝑎 ∫ 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
± 𝑏 ∫ 𝑔(𝑡) 𝑒−𝑠𝑡𝑑𝑡

∞

0
  

𝐿[𝑎𝑓(𝑡) ± 𝑏𝑔(𝑡)] = 𝑎 𝐿[𝑓(𝑡)] ± 𝑏 𝐿[𝑔(𝑡)] 

Property: 2 Change of scale property. 

If   𝑳[𝒇(𝒕)] = 𝑭(𝒔),     then 𝑳[𝒇(𝒂𝒕)] =
𝟏

𝒂
𝑭 (

𝒔

𝒂
) ; 𝒂 > 0  

Proof: 

            Given 𝐿[𝑓(𝑡)] = 𝐹(𝑠)   

     ∴ ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡 = 𝐹(𝑠) ⋯ ⋯ (1)
∞

0
 

By the definition of Laplace transform, we have 

    𝐿[𝑓(𝑎𝑡)] = ∫ 𝑒−𝑠𝑡  𝑓(𝑎𝑡) 𝑑𝑡
∞

0
⋯ ⋯ (2) 

Put at=  𝑥 𝑖𝑒. , 𝑡 =
𝒙

𝒂
⇒ 𝑑𝑡 =

𝑑𝑥 

𝑎
 

                    (2) ⇒ 𝐿[𝑓(𝑎𝑡)] = ∫ 𝑒
−𝒔𝒙

𝒂
  𝑓(𝑥)

𝑑𝑥 

𝑎
 

∞

0
 

                          = 
𝟏

𝒂
 ∫ 𝑒

−𝒔𝒙

𝒂
  𝑓(𝑥)𝑑𝑥 

∞

0
 

Replace 𝑥 by t,   𝐿[𝑓(𝑎𝑡)] =  
1

𝑎
 ∫ 𝑒

−𝑠𝑡

𝑎
  𝑓(𝑡)𝑑𝑡 

∞

0
 

𝑳[𝒇(𝒂𝒕)] =
𝟏

𝒂
𝑭 (

𝒔

𝒂
) ; 𝒂 > 0 

Property: 3 First shifting property. 

If 𝑳[𝒇(𝒕)] = 𝑭(𝒔), then i)  𝑳[𝒆−𝒂𝒕𝒇(𝒕)] = 𝑭(𝒔 + 𝒂) 

   ii) 𝑳[𝒆𝒂𝒕𝒇(𝒕)] = 𝑭(𝒔 − 𝒂) 

Proof: 

        (i) 𝐿[𝑒−𝑎𝑡𝑓(𝑡)] = 𝐹(𝑠 + 𝑎) 

Given 𝐿[𝑓(𝑡)] = 𝐹(𝑠) 

                   ∴ ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡 = 𝐹(𝑠) ⋯ (1)
∞

0
 

By the definition of Laplace transform, we have 

   𝐿[𝑒−𝑎𝑡𝑓(𝑎𝑡)] = ∫ 𝑒−𝑠𝑡  𝑒−𝑎𝑡𝑓(𝑡) 𝑑𝑡
∞

0
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                                                            = ∫ 𝑒−(𝑠+𝑎)𝑡 𝑓(𝑡) 𝑑𝑡
∞

0
 

                = 𝐹(𝑠 + 𝑎)  by (1) 

(ii) 𝐿[𝑒𝑎𝑡𝑓(𝑎𝑡)] = ∫ 𝑒−𝑠𝑡  𝑒𝑎𝑡𝑓(𝑡) 𝑑𝑡
∞

0
 

                           = ∫ 𝑒−(𝑠−𝑎)𝑡 𝑓(𝑡) 𝑑𝑡
∞

0
 

  = 𝐹(𝑠 − 𝑎)  by (1) 

Property:  4 Laplace transforms of derivatives 𝑳[𝒇′(𝒕)] = 𝒔𝑳[𝒇(𝒕)] − 𝒇(𝟎) 

Proof: 

                       𝐿[𝑓 ′(𝑡)] = ∫ 𝑒−𝑠𝑡  𝑓 ′(𝑡) 𝑑𝑡
∞

0
= ∫ 𝑢𝑑𝑣

∞

0
 

     =  [𝑢𝑣]0
∞ − ∫ 𝑢𝑑𝑣 

     = [𝑒−𝑠𝑡  𝑓(𝑡)]0
∞ −

∫ 𝑓(𝑡) (−𝑠)𝑒−𝑠𝑡 𝑑𝑡
∞ 

0
  

     = 0 − 𝑓(0) + 𝑠𝐿[𝑓(𝑡)] 

     = 𝑠𝐿[𝑓(𝑡)] − 𝑓(0) 

    𝑳[𝒇′(𝒕)] = 𝒔𝑳[𝒇(𝒕)] − 𝒇(𝟎) 

Property: 5 Laplace transform of derivative of order n 

 𝑳[𝒇𝒏(𝒕)] = 𝒔𝒏𝑳[𝒇(𝒕)] − 𝒔𝒏−𝟏  𝒇(𝟎) − 𝒔𝒏−𝟐𝒇′(𝟎) ⋯ − 𝒔𝒏−𝟑 𝒇′′(𝟎) − ⋯ 𝒇𝒏−𝟏 (𝟎) 

Proof: 

               We know that  𝐿[𝑓 ′(𝑡)]  = 𝑠𝐿[𝑓(𝑡)] − 𝑓(0) ⋯ ⋯ (1) 

    𝐿[𝑓𝑛(𝑡)] = 𝐿[[𝑓 ′(𝑡)]′] 

         = 𝑠𝐿[𝑓 ′(𝑡)] − 𝑓 ′(0)  

            = 𝑠[𝑠𝐿[𝑓(𝑡)] − 𝑓(0)] − 𝑓 ′(0) 

         = 𝑠2𝐿[𝑓(𝑡)] − 𝑠𝑓(0) − 𝑓 ′(0) 

   Similarly, 𝐿[𝑓 ′′′(𝑡)] = 𝑠3𝐿[𝑓(𝑡)] − 𝑠2𝑓(0) − 𝑠𝑓 ′(0) − 𝑓 ′′(0) 

In general,   𝑳[𝒇𝒏(𝒕)] = 𝒔𝒏𝑳[𝒇(𝒕)] − 𝒔𝒏−𝟏  𝒇(𝟎) − 𝒔𝒏−𝟐𝒇′(𝟎) ⋯ − 𝒔𝒏−𝟑 𝒇′′(𝟎) − ⋯ 𝒇𝒏−𝟏 (𝟎) 

Laplace transform of integrals 

Theorem: 1 If𝑳[𝒇(𝒕)] = 𝑭(𝒔), then 𝑳 [∫ 𝒇(𝒕)𝒅𝒕
𝒕

𝟎
] =

𝑭(𝒔)

𝒔
    

Proof: 

               Let 𝑔(𝑡) = ∫ 𝑓(𝑡)𝑑𝑡
𝑡

0
 

 ∴ 𝑔′(𝑡) = 𝑓(𝑡) 

 And 𝑔(0) = ∫ 𝑓(𝑡)𝑑𝑡 = 0
0

0
 

Now𝐿[𝑔′(𝑡)] = 𝐿[𝑓(𝑡)] 

𝑢 = 𝑒−𝑠𝑡 

 ∴ 𝑑𝑢 =  −𝑠𝑒−𝑠𝑡𝑑𝑡 

 𝑑𝑣 = 𝑓 ′(𝑡)𝑑𝑡 

 ∴ 𝑣 = ∫ 𝑓 ′(𝑡)𝑑𝑡 

 = 𝑓(𝑡) 
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        𝑠𝐿[𝑔(𝑡)] − 𝑔(0) = 𝐿[𝑓(𝑡)]  

         𝑠𝐿[𝑔(𝑡)] = 𝐿[𝑓(𝑡)]    ∴ 𝑔(0) = 0 

                    𝐿[𝑔(𝑡)] =
𝐿[𝑓(𝑡)]

𝑠
 

   ∴ 𝑳 [∫ 𝒇(𝒕)𝒅𝒕
𝒕

𝟎
] =

𝑭(𝒔)

𝒔
 

Theorem: 2 If𝑳[𝒇(𝒕)] = 𝑭(𝒔), then 𝑳[𝒕𝒇(𝒕)] = −
𝒅

𝒅𝒔
𝑭(𝒔) 

Proof:  

          Given   𝐿[𝑓(𝑡)] = 𝐹(𝑠) 

 ∴ ∫ 𝑒−𝑠𝑡 𝑓(𝑡) 𝑑𝑡 = 𝐹(𝑠) ⋯ ⋯ (1)
∞

0
 

Differentiating (1) with respect to s, we get 

 
𝑑

𝑑𝑠
∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡 =

𝑑

𝑑𝑠
𝐹(𝑠)

∞

0
 

 ∫
𝜕

𝜕𝑠
(𝑒−𝑠𝑡  )𝑓(𝑡) 𝑑𝑡 =

𝑑

𝑑𝑠
𝐹(𝑠)

∞

0
 

 ∫ (−𝑡)𝑒−𝑠𝑡 𝑓(𝑡) 𝑑𝑡 =
𝑑

𝑑𝑠
𝐹(𝑠)

∞

0
 

 − ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡 =
𝒅

𝒅𝒔
𝐹(𝑠)

∞

0
 

 −𝐿[𝑡𝑓(𝑡)] =
𝑑

𝑑𝑠
𝐹(𝑠) 

 ∴ 𝑳[𝒕𝒇(𝒕)] = −
𝒅

𝒅𝒔
𝑭(𝒔) 

Note: In general  𝑳[𝒕𝒏𝒇(𝒕)] = (−𝟏)𝒏 𝒅𝒏

𝒅𝒔𝒏 𝑭(𝒔) 

Example: If 𝑳[𝒇(𝒕)] =
𝒔𝟐−𝒔+𝟏

(𝟐𝒔+𝟏)𝟐(𝒔−𝟏)
  then find   𝑳[𝒇(𝟐𝒕)]. 

Solution: 

             Given  𝐿[𝑓(𝑡)] =
𝑠2−𝑠+1

(2𝑠+1)2(𝑠−1)
= 𝐹(𝑠) 

            𝐿[𝑓(2𝑡)] =
1

2
𝐹 (

𝑠

2
) 

              =
1

2

(
𝑠

2
)

2
− 

𝑠

2
+1

(2 
𝑠

2
+1)

2
 (

𝑠

2
−1)

  

            =
1

2

[
𝑠2

4
− 

𝑠

2
+4]

(𝑠+1)2  (
𝑠−2

2
)
 

            =
𝑠2−2𝑠+1

4(𝑠+1)2(𝑠−2)
 

 


