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PROPERTIES OF LAPLACE TRANSFORM

Property: 1 Linear property

Llaf(t) £+ bg(t)] = aL[f(t)] + bL[g(t)] , where a and b are constants.
Proof:

Llaf(t) £ bg(®)] = [; laf(t) £ bg(t)] e~*'dt
=a [ f()estdt + b [ g(t) e~Stdt
Llaf(t) £ bg(®)] = a L[f (] £ b LIg(®)]

Property: 2 Change of scale property.
If LIf(B)] = F(s), thenL[f(a)] =>F (%) ;a>0

Proof:
Given L{f(t)] = F(s)
fgoe‘“ f@)dt =F(s) - (D)

By the definition of Laplace transform, we have
LIf(an)] = J; e~ f(at) dt -~ (2)
Putat= xie.,t === dt = =
(2) = L{f(at)] = f == f(x)—
=— fooeT f)dx

Replace x by t, L[f(at)] = —f o f(t)dt

Lf(at)] = EF(E) ca>0

Property: 3 First shifting property.
If L[f(t)] = F(s),theni) Lle*f(t)] = F(s + a)
ii) Lle*f(t)] = F(s —a)
Proof:
(i) Lle™f(O] =F(s +a)
Given L[f(t)] = F(s)
et () dt = F(s) - (1)
By the definition of Laplace transform, we have

Lle=@f(at)] = [ e st e~ f (1) dt
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= [, e GOt £(¢) dt
=F(s+a) by(1)
(ii) L[e9 f (at)] = f, e~st e®f(¢) dt
= [ e"C"Dt £(1) dt
=F(s—a) by(1)
Property: 4 Laplace transforms of derivatives L[f'(t)] = sL[f(t)] — f(0)

Proof: u=eSt
LIf®] = [ e f @) dt = [ udv

= [w]y — [udv

s du = —se Stdt

= [e=St F(O)]Z — dv = f'(t)dt
I, @) (—s)est dt sv=[f()dt

=0— f(0) + sLIf ()]

= SLIFO)] — £(0) =70

LIf'(t)] = sLIf(®)) - £(0)

Property: 5 Laplace transform of derivative of order n
LIf*(®] = s"LIf(®)] — s"7* f(0) — s"2f'(0) - = s"3 f7(0) — - f*1 (0)
Proof:
We know that L[f ()] =sL[f(&)]= f(0)--- - (1)
LIf* )] = LIIf ®)]]
= sL[f' (O] - f(0)
= s[sLIf(®)] = f(0)] = f'(0)
= s2LIf(©)] — sf(0) = £(0)
Similarly, L[f"(®)] = s?L[f(£)] — s*f(0) = sf'(0) = f"(0)
Ingeneral, L[f"(£)] = s"L[f(®)] = s"* f(0) —s"2f'(0) -+ —s"3 f(0) — - 1 (0)
Laplace transform of integrals
Theorem: 1 IfL[f(t)] = F(s), then L[ [; f(t)dt| = 2
Proof:
Let g(t) = [, f(t)dt
g’ ®)=f()
And  g(0) =[] f(t)dt =0
NowL[g'(t)] = L[f (t)]
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sLlg(®)] - g(0) = L[f(®)]
sLlg®] =LIf(®)] - g(0)=0

Llg(®)] = 4
L|f, f®)at| = @
Theorem: 2 IfL[f(£)] = F(s), then L[tf (£)] = - F(s)
Proof:
Given L[f(t)] = F(s)
s [ eTSF(E) db = F(s) (1)

Differentiating (1) with respect to s, we get
= [y et f (D) dt = = F(s)
i Z @O dt = £F(5)
J7 (~)e=t £(£) dt = L F(s)
— e f () dt = SF(s)
—LItf(®)] = =-F(s)
 L[tf(D)] = === F(s)

Note: In general L[t"f(t)] = (—1)":—;F(s)

Example: If LIf(8)] = - sﬂ;(’l 5 thenfind L[f(2t)].

Solution:

s2-s+1

(2s+1)2(s-1) - (S)
LIF2ol =1F (%)

Given L[f(t)] =

52-25+1
4(s+1)2(s-2)
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