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RESIDUES

The residue of f(z) at z = z, is the coefficient of -~ L in the Laurent series of f(z)

about z = z,
Evaluation of Residues
(i) If z = z, is a pole of order one (simple pole) for f(z), then

[Res f(2),z = zp] = le_gl (z —zo) f(2).

(i) If z = z, is a pole of order n for f(z), then

[Res f @)z = 2] = lim o250 (2= 2)™ £(2)
Example: Calculate the residue of f(z) = )2 —— at its pole.
Solution:
Given f(z) = Here, z = —1 is a pole of order 2.

(z +1)2

We know that,

[Res f(z),z = zy] = lim

z— zo(m 1)'dZm t

( =zo)™ f(2)

Here, m = 2
L 1d 2
[Res f(z),z=—1] = llm o (z +1) ¥
= lim i[ezz] - lim 2[e??] =2e7?
z>-1dz =

sinz

Example: Find the residues at z = 0 of the function (i) f(z) = e Yz (i) f(z) =

(iii) f(z) = zcos;

Solution:
The residues are the coefficients of i in the Laurent’s expansions of f(z)
aboutz =0
1 1\2
Gn%=1+Q+Q)+-
1! 2!
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[Res f(z),0 ] = coefficient of i in Laurent’s expansion.

[Res f(z),0] = % = 1by definition of residue.
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(i) f(z) = T2 = 2_14[2_ . Z__...]: L_Li,o_
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[Res f(z),0 ] = coefficient of i in Laurent’s expansion.

[Res f(2),0] = — % =— 61by definition of residue.

1 11 11
(iii) f(2) = zcos— =z [1 — et - ]

[Res f(z),0 ] = coefficient of iin Laurent’s expansion.

[Res f(2),0] = - L= ~1

Example: Find the residue of z2sin G) atz=0

Solution:

Let f(2) = Zzsin(i) = z° [@—@+l = A

1! 3! 1! 6z

[Res f(z),0 ]| = coefficient of iin Laurent’s expansion.

- 1B
T 6
Example: Find the residue of the function f(z) = 23(:_2) at a simple pole.
Solution:
Here, z = 2 is a simple pole.
. 4
[Res f(z),z = 2] = £1_I)1’21(Z —2) e
. 4 4 1
= lim—= = -= =
722 8 2
Example: Find the residue of 1_;;_2 atz=20
Solution:
z (2?2 (23 (@*
—p—Z 1- 1——| —|——|+—|—
Given f(z) = - Z“; — [ 1 2 — TR ]
z Z2 Z3
i s
= g

Here, z = 0 is a pole of order 2.

[Res f(2),z = 0] = {lim = [(2)*f (2)]

1! z-0
2 3
= lim—“l— -y ]l
z—0dz 2! 3! 4!
= lim |2 + Z- 2y ]
I Y 3! 4!
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