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3.2 Total Differentiation

Differentiation of composite functions

Type-I

Ifu = f(x,y) isafunction of x and y where x = f(t) and y = g(t) then

du _du dx , dudy

=— .. (1) u
dt dx dt dy dt / \
x .y
In the differential form, (i) can be written as \ /
__du u
du = e dx + P dy t

du is called the total differential of w.

Example:

If =x%y3,wherex = logt,y = e' find%

Solution:
du NOBIEN, RN
dt  ox dt oy dt '’ (1) /u\
given u =x2y3, x = logt,y = €' X y
d dx _1d NS
au _ 3 R v )R
ax—ny, dt — t'dt t
ou _ 5 2 2
3y 3x“y
du 31 S YDA
(1) > —=2xy>.-+3x°y“.e
dt t
Put x = logt,y = €'
= 2logt(e")*.= + 3(logt)(e")%e"
3t
= Zlogtt'e + 3(logt)%e3t
au _ 3t 2
. =€ logt(t + 3logt)
Example:
Ifu = xy + yz + zatc,where;\c=%,y=et,z=e't find%
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Solution:

d_u_a_ud_x_l_a_ud_y_l_a_u% (1) /T\
dt  dxdt 9dydt dzdt x\f, z
1:/

Givenu = xy + yz + zx,

x=%,y=et,z=e't

ou _ ax _ -1 dy _ ,t 3 _ _ -t

ax_y+Z’ ac c2'at Coar €

9

£=x+z

ou

£=y+x

du 1 i
1 = E=(y+z)(—t—2)+(x+z)et+(y+x)(—e D)

1
Put x:;,y:et,z:e't

=(et+e™) (— tiz) + (% + e‘t) et + (et + %) —e™h)

du _ —(et+e™?)

du _ —(ete) (1 —t) t (t 1)_—t
” = +(t+e e+e+t(e )
Example:

If = xy? +x%y,wherex = at’,y = 2at find%

Solution:
du _ 0u dx | dudy
dt ~ ox dt+6ydt - (1) /u\
Given u=xy%+x%y, x =at?,y = 2at X
R —y2t2xy, E=2qt ,L=2 \t/
ax XV G T e g T e
ou _ 2
ay—ny+x
(1) = %z(y2+2xy)2at+(2xy+x2)2a

= (4a®t? + 4a?t3)2at + (4at3® + a*t*)2a
= 8a3t3 + 8a3t* + 8a3t3 + 2a3t*

= 16a3t3 + 10a3t*

= 2a3t3(8 + 5t)
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Example:

Ifz =sin"1(x —y),wherex = 3t,y = 4t find%
Solution:

/7N
a _ oz ax | 02y
dt ~ 9x dt T ay dt (1) X y

N

Given z=sin"!(x —y), x = 3t,y = 4t t
0z ___1 ax_ 5 Ay _
ox  Ji—(x—y)2 ' dat T 'dt
9z _ LA (-1)
0y  J1-(x-y)2

dz 3 12t2
(1) = Z= -
at  J1-(x-y)*> J1-(x-y)?
_ 3(1-4t%
Ne=r=ng
3(1-4t?)
J1-(3t—4t3)2

3(1-4t?)
V1-9t2—16t6+24t4

12t2

o 3(1-4t?)
B J(A-t2)(1-4t2)2

3(1-4t?)
(1-4t2),/(1-t2)
_3
Vi-t?

Type-I1

If z = f(x,y) isafunction of x and y where x and y are the functions

of u and v such that

Z
VRN
9z _ 02.0x | 029y .
du  dx du dy ou /\ :/y\
v dx dv dy ov

Example:

If g(x,y) = Y(u,v) whereu =
Pg P9 _ 42 2y W %Y
dx2 t ay? 4(x" +y )(auz T ov?

x* —y* and v = 2xy then prove that
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Solution:

Given u = x?2 —y?,v = 2xy

Ju

oy

dg _ 0y ou

ax  ou ox

og _ 0y ou |, 9Y
9y duay  ov

99 _
1 = =

0
”’2 +
99
0x

9%g 9 ,0dg

0x?2

@ =%

dy
9’9 8 ,0g

W dy ~ dy

0%g

@ +@ =8

_|_

oy ov
ov ax

- (2)

g— —
—2(xa +

o9 _ 0¥
_6u(

09 _ yr_, 0 o O
> =2(-yo-+x

— =2y, —=2x

(D

2y

9y
av)

: A 9 9
ax Sox’ 2(xau+ya) 2(xau+

%Y 0° 1!’
4 [xz Sl A%V 5

oy
2y) + E" 2x

oY
v

d 0 oY
2(-}15 + XE) 2(—)75 +

2 621,11 0%y
4 [y ny Judv T

d%g 2
- BSERL, +y)

=4(x* +y )(a¢+

=l
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a9¥)
/\

u v
7N /N

x oy x 'y

oY
v

2%y
22 .3

6_1/J
NG 617)

IO

Yt (x? +y2) }

0%y

ov?

Hence proved.
Example:

If f is a function of x and y then x = e'sinv and y = e"cosv, show that

2f L 2 (Pf L 1 _ p2u (9f | 9°f

6u2 - (x Tty )(ax2 ayz) - (axz T ayz) (OR)
aZf aZf —Zu aZf
ax? + (auz av?

Solution:
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Given x = eYsinv,y = e%cosv

9 ) 9
Z = elsinv, Y — elcosv
ou ou
9x _ Lu 9 _ _ ue;
5, = € cosv, = = —e’siny /f\
of of ox . Of dy
of _ 08 ox  of oy
dv  dx v 9y v - (2) u vu v
of _ of of
(1 = Pl 2 Ysinv + ye CoSvV
of _ af of
ou +y ay
0*f _ 0 (Ofy _ 9. 6f
ou? ou au ( +y ) ( ay
N 2 0%f
_[ +2xyaa v ayZ]
of _9f Ju 1 §8F Sy
2 = 30 — g £ COSV—o- ersinv
of _ ., U PN\S
v 7 ox xay
azf_i of\ _ 0 af
vz av “av’ ) (y ay
— [ s LI
—[y — nyaxa +x 37 .. (4)
i 2f
(3)+(4):—+ —(2+y) L+ (22 +y9) 5
2
2 f)
=(@*+y )( 372
[ x? = e*¥sin?v, y? = e*¥cos?V]
= oL L
0x2 = 0y?
© 9x2 + - (auz ov?

Example:
If z is a function of x and y where x = e+ e Vandy = e ™ — eV, show that

0z 0z 0z 0z

=X
du OJv ox ay
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Solution:
Given x =e¥4+ e V;y=¢e*—¢"
ox u ady —u
— =e, -— = —e
du du
ox _ )
—=—e7 Y, 2= v z
v ov / \
0z _ 0z Ox 0z dy (1) X
du odxodu odyou 2N /y\
0z 0z 0x . 0z dy
v  dxdv 0y ov - (2) u vu v
0z 0z 0z
1) = Z=Zeu_Zyu
( ) du dx g aye
0z 0z 0z
2) o Z=_Zev _Zyv
( ) ov dx ; aye

_ CANG- _ 4% | ), vy _ Oaeds il [ v
-2 = —~ = € +e™") ay(e e’)

0z 0z

0x y@

Hence proved.
Example:

If u = e*siny where x = st?andy = s’ find a—: and Z_u
Solution:

Given u=e*siny, x =st?,y = s’

du X s O0x

— =e?*siny, — = 2st

0x y at

% _ e*cosy, = =g2 u

dy ' ot / \
du ou 0x , duad

/N /N

ou du dx . Oudy
LN B L A
dat dx ot dy ot ( ) S ts t

d .
(1) = a—: = e*siny x t* + e*cosy x 2st

G :
(2) = a—’; = e¥siny x 2st + e*cosy x s*

Example:
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g ) 5 s
Ifu= (uu) show that x2 = + y2 = + 222 = 0
Xy XZ ox ay 9z
Solution:
X 1 1 VA x 1 1
Letr=l——=——— S=E— — — == — =
Xy xy X y XZ Xz X z
du ou or . 0uds
o orox Tasax (D
0 ou d ou
ou_oguor, ouos 2)
dy  9rdy 9sdy
du ou or . Ouds
9 —araz T asas (3
1 1 1
Herer= -—= |, s= ——-
y X z
or _ _ 1 QoW /A
ox xZ ! ox xZ
or 1 ds
Py _2 ] = 0
oy y ady
aor Js 1
2-0 %T=z
ou 1 ou 1 du
= 2= — __ESWERL ™
(1) ox xZ or xZ ds
20u_ _0u_du
dox - or s
du 1 du ou
@) =5, =55 105
20u _ Ou
dy or
ou u 1 ou
= — = ()— =S g R
(3) = = Ol
20u _ ou
0z ds
ou ou ou ou Jdu , du , du
2 2 2
= — e Ju _ _Ou_Ou  Ou  Ou
(1) F (2) " (3) * ax+y 2 tz 0z or 0ds Or O0Os
=0
Hence proved.
Example:
Ju u u
Ifu = fx-y,y-zz-x) showthata+a—y+g_ 0
Solution:
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Letr =

u = f(r,s,t)ywhere r = x—y,s = y—2zt =
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X—y,s =y—zt =z—x

Z—X
au_au or ou 0s ou ot (1) u
ox ~ Or ox = dsodx ot ox PR
au_au or ou ds du ot (2) r S t
dy drdy adsdy odtay
ou _ oudr  ouds  oudt /\ /\\ /\
dz Ordz 09sdz otdz

Xy ZXYy zZ XYy Z
Givenr =x—y, s=y—z t=2z—Xx XyzXxXy
ar as at
Ay~ A o
ar as at
_——= = ’—=1’—=0
oy y dy
or as at
2-0 ="Lg=1
u ou ou ou
= @ — = — 2 e
(1) ox 6r1+650+6t( 1)
=
T ar ot
u ou ou ou
> —=—(— — e
(2) ay ar( 1)+651+6t0
_ u ou
o or as

du

u ou ou
(3) =>£—a—ro+£(—1)+al

=0

Hence proved

Example:

If u =f(§§f—c) show thatxg—:+yg—1;+za—u =0

Solution:

z
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’ ) g RN
= f(ris,ywhere r =2, s =2 =2 r s ¢
4 AN NN

ou _ Ou Or 6u65 du dt

ox ~ orox Tosox acax (D)
ou Odu dr  duds , dudt 2
oy ~oray Tasay Taray (D
ou _ Ou Or auas auat 3

9z oroz asaz Toror 3

XYyZ XYz Xyz

. X 7
Given r = —, S=X, t = -
y z X
or_1 ¥ _g 8t _ _z
ax y' ox " 9x  x2
or__x as_1 dt_
dy  y2' a9y z' ay
or g 9 _ _yor_1
0z e 34 72! Oz =y
du du 1 du du z
D= Z=Z_4T04+ (-2
() ox 6ry+6s +6t( x2
— 19y
Ty ar  x2ot
du x ou z 0u
Il e,
0x y or x Ot
6u Ju1l
)= WXy dul,
@) o (= SR
__10_u o
y2or = z0ds
ou x ou ou
—=—==32= (5
ay y or z 0s
ou 6u du 1
: — — —
3) 0z ar ( )+atx
y ou 10u
z2 9s  x ot
ou y ou z ou
Z—=—=—+-— ..
0z zas+x6t (6)
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4+ (5)+(6)

ou u ou x 0u zou xau ou ou z au
=Xty —-t+z— = ' 7

dy 0z y or xadt y or |z ds z 0s x ot

Hence Proved

Example:

9%z _ 9%z | 9%z
Prove that . a2 a2 a2 — Where x = ucosa — vsina,

y = usina + vcosa
(OR)
By changing independent variables u and v to x and y by means of the relation x =

. i 9?2 a2 .
ucosa — vsina, y = usina + vcosa , show that _Z + ZZ transforms into

8%z 8%z
ax2 = ay?
Solution:
az az ax 0z 0
du ox ou @% - (1) @
az (’)z Bx az 0
= =2 ..(2) Y 4y
av 6x 617 By ov / \
X = ucosa — vsina, y = usina + vcosa u \v 4 v
Z = cosa “Op. sina
ou ! ou
Z — _sina oay_ cosa
v y v
0z 0z 0z
1) > — =—cosa +—sina
( ) ou 0x ay
0%z 0 0z 0 J . 0z dz .
— —) = |—cosa + —sina ) (—cosa + — sina
uz  ou S ou (ax t ay ) (ax t oy )
0%z 0%z 0%z ;
= cos’a — —sin‘a +2 cosasina ...(3
0x2 T 0x2 t 0x0y ( )
z 0z 0z
2) > — = ——sina + —cosa
( ) ov dx t ady
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0%z 0 ,0z 0 . 0 0z . 0z
— = |\——Slha —Ccosa ——Slna — (oS
( 0x + dy ) ( 0x t dy )

v 5 ov
0%z 0%z 0%z
. 2 2 .
= sin“a — —cos“a — 2 cosasina ... (4
0x2 T 0x2 0x0y ( )
0%z 0%z
: —_— —_
(3) + (4) ou? + ov?
0%z 0%z 0%z 0%z
_ 2 ) . )
= cos‘a — —sin“a + 2 cosasina + sin“a —
0x2 T 0x2 t 0x0y 0x2 t
2z cos’a — 2 0%z cosasina
0x2 0xdy

92z 92 .
= a_xj ﬁ)( cos’a + sin*a)

0x2  0y?
Hence proved.
Differentiation of Implicit Function

Ifu = f(x,y) = cbeagiven implicit function of x and y then
_ou g ou
du = ™ dx + T dy ...(1)

du _ ou | dudy
dx  0x dy dx
du

Givenu =¢c = —=0
dx

ou ou
0 —adX‘Fady

ou ou
M dy = —=dx
dy y ax
ou
o _ o
dx du
ay

Example:

. dy . 3 3 _

Find < if x>+y° = 3axy
Solution:

Let f = x3+y3 — 3axy

of _

2 _
™ 3x“ —3ay
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U - 3y? — 3ax

of
@y _ _ ox

ax | of

3(y%-ax)
oy

dy _  (x*-ay)
dx (y%-ax)
Example:

: d ,
Find d_J; when ysinx = xcosy

Solution:

Let f = ysinx — xcosy

9 = ycosx — cos
ox Y 2

af H .

— = Sinx xXsin

dy T y
of

@ o_ _ox

dx 9f

oy

dy (ycosx—cosy)
dx (sinx+xsiny)

Example:
Ifu =

Solution:

du _ du

Judy
dx  ox

oy dx

(D)
x(logx + logy) =

2—}; =X (i) + logx + logy

5 =)
—_— =X\
oy y

Given x3+y3+3xy =1

u =

Differentiating with respect to ‘x’

2 dy

_ 3(x*-ay)
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xlog(xy) where x*+y*+3xy=1 then find ==

xlogx + xlogy

2 ay ay _
3x2 + 3y +3(xdx+y><1)—0

dx

3x2 +3y? 2 +3x 2 + 3y =0
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%(33’2 +3x) = -3(x*+y)

dy _ —3(x%+y)

dx 3(y%+x)

dy _ —(x*+y)
dx  (y%+x)

du x*+y
1= —= 1+logx+logy——( 2er)

Exercise:
1. If = sin(xy?),wherex = logt,y = e' find Z—ltl
Ans : y? (tiz + Zx) cos(xy?)
2.1f = x3y? + x?y3 ,where x = at?,y = 2at find %
Ans: 8a®té(4t + 7)
3.1fz =x2+y?, wherex = ¢,y = 1+1¢2 find%
Ans: 6t° + 4t3 + 4t
4. 1fu = y*x3z% ,wherex = t2,y = t3,z = t4 find%
5. If zis afunction of x and y and u and v are other two variables such that

u=*£x+my,v=~>y— mxprovethat—+——({’2+m2)(—+2%)

9%z 3%z . 9%z
6. Prove that — + p = + — Where X = ucosa — vsina,

y = usina + vcosa

7. If u is a function of x and y where x = e"cosf,y = e"sinf

_ _2rou

+ yar dy
8. If ¢ is a function of u and v also x and y then u = e*siny and v = e*cosy prove

that

2 2 2
a—"’+67"’=(u2+v2)( 2+22)

ov?

9.1f g(s,t) = f(s? = t?,t? — s?) show that t 22 + s 2 =
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ow = 0w ow
10. Ifw = f(u,v)whereu= x+y,v = x- ythen showthata+5— 25
11. If u = f(x? + 2yz,y* + 2xz) then prove that
2 _ ou 2 _ ou 2 _ ou _
O —z) g+ (" —yz) o+ (27 —xy) ;=0

12. Find Z—z for the following:

. —ytanx+logsiny

Yy = i x

a) (cosx) (siny) Ans: logcosx—xcoty

Y _ ox . —yxY l+y*logy
b) x y ANS: xy*~1-xYlogx
Q) 3x2+xy—y2 +4x—2y+1=0 Ang: Z(6x*y+)

xX=2y-2
) 2 . . —(2ax+2hy+2g)

d) ax® + by® + 2hxy + 2gx + 2fy + c =0 ANS: 2by+2hx+2f
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