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GRADIENT – DIRECTIONAL DERIVATIVE 

Vector differential operator 

               The vector differential operator ∇ (read as Del) is denoted by ∇ =  𝑖
𝜕

𝜕𝑥
+  𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
 

where 𝑖, 𝑗, 𝑘⃗⃗ are unit vectors along the three rectangular axes 𝑂𝑋, 𝑂𝑌 𝑎𝑛𝑑 𝑂𝑍. 

                It is also called Hamiltonian operator and it is neither a vector nor a scalar, but it 

behaves like a vector. 

The gradient of a scalar function 

If𝜑(𝑥, 𝑦, 𝑧) is a scalar point function continuously differentiable in a given region of space, then 

the gradient of 𝜑 is defined as ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+  𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

It is also denoted as Grad 𝜑. 

Note  

(i) ∇𝜑 is a vector quantity. 

(ii) ∇𝜑 = 0 if 𝜑 is constant. 

(iii) ∇(𝜑1𝜑2) =  𝜑1∇𝜑2 +  𝜑2∇𝜑1 

(iv) ∇ (
𝜑1

𝜑2
) =  

𝜑2∇𝜑1− 𝜑1  ∇ 𝜑2

𝜑2
2

 if 𝜑2 ≠ 0 

(v) ∇(𝜑 ± 𝜒) =  ∇𝜑 ± ∇𝜒 

Example: If 𝝋 = 𝐥𝐨𝐠(𝒙𝟐 +  𝒚𝟐 +  𝒛𝟐) then find 𝛁𝝋. 

Solution:  

            Given 𝜑 = log(𝑥2 +  𝑦2 +  𝑧2) 

    ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

 =  𝑖  (
2𝑥

𝑥2+ 𝑦2+ 𝑧2) +  𝑗  (
2𝑦

𝑥2+ 𝑦2+ 𝑧2) +  𝑘⃗⃗  (
2𝑧

𝑥2+ 𝑦2+ 𝑧2)  

 =  
2

𝑥2+ 𝑦2+ 𝑧2  (𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗)  =  
2

𝑟2  𝑟 

Example:  Find 𝛁(𝒓), 𝛁 (
𝟏

𝒓
) , 𝛁(𝐥𝐨𝐠 𝒓) where 𝒓 =  |𝒓⃗⃗| and  𝒓⃗⃗ =  𝒙𝒊 + 𝒚 𝒋 +  𝒛 𝒌⃗⃗⃗. 

Solution: 

            Given  𝑟 =  𝑥𝑖  + 𝑦 𝑗 +  𝑧 𝑘⃗⃗ 

                     ⇒ |𝑟| = 𝑟 =  √𝑥2 +  𝑦2 + 𝑧2 

               ⇒ 𝑟2 =  𝑥2 +  𝑦2 +  𝑧2  
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 2𝑟
𝜕𝑟

𝜕𝑥
= 2𝑥,       2𝑟 

𝜕𝑟

𝜕𝑦
= 2𝑦,        2𝑟 

𝜕𝑟

𝜕𝑧
= 2𝑧 

 ⇒
𝜕𝑟

𝜕𝑥
=

𝑥

𝑟
,        

𝜕𝑟

𝜕𝑦
=

𝑦

𝑟
,        

𝜕𝑟

𝜕𝑧
=

𝑧

𝑟
 

(i) ∇(𝑟) =  𝑖
𝜕𝑟

𝜕𝑥
+ 𝑗

𝜕𝑟

𝜕𝑦
+  𝑘⃗⃗

𝜕𝑟

𝜕𝑧
 

   =  𝑖
𝑥

𝑟
+ 𝑗

𝑦

𝑟
+  𝑘⃗⃗

𝑧

𝑟
 

    =
1

𝑟
(𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗) =  

1

𝑟
 𝑟  

(ii) ∇ (
1

𝑟
) =  𝑖

𝜕(
1

𝑟
)

𝜕𝑥
+ 𝑗

𝜕(
1

𝑟
)

𝜕𝑦
+  𝑘⃗⃗

𝜕(
1

𝑟
)

𝜕𝑧
 

     =  𝑖 ⃗⃗  (
−1

𝑟2 )
𝜕𝑟

𝜕𝑥
+ 𝑗 ⃗⃗⃗  (

−1

𝑟2)
𝜕𝑟

𝜕𝑦
+  𝑘 ⃗⃗⃗ ⃗ (

−1

𝑟2 )
𝜕𝑟

𝜕𝑧
            

                = (−
1

𝑟2) [𝑖
𝑥

𝑟
+ 𝑗

𝑦

𝑟
+  𝑘⃗⃗

𝑧

𝑟
] 

     = −
1

𝑟3
(𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗) = − 

1

𝑟3  𝑟 

(iii) ∇(log 𝑟)   =  ∑ 𝑖 
𝜕(log 𝑟)

𝜕𝑥
 

    =  ∑ 𝑖 
1

𝑟
 

𝜕𝑟

𝜕𝑥
 

  =  ∑ 𝑖 
1

𝑟
 
𝑥

𝑟
 

  =  ∑ 𝑖  
𝑥

𝑟2 

  =
1

𝑟2
(𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗) =  

1

𝑟2  𝑟 

Example: Prove that 𝛁(𝒓𝒏) =  𝒏𝒓𝒏−𝟐   𝒓⃗⃗ 

Solution:  

             Given  𝑟 =  𝑥𝑖  + 𝑦 𝑗 +  𝑧 𝑘⃗⃗ 

 ∇(𝑟𝑛) =  𝑖
𝜕𝑟𝑛

𝜕𝑥
+ 𝑗

𝜕𝑟𝑛

𝜕𝑦
+  𝑘⃗⃗

𝜕𝑟𝑛

𝜕𝑧
 

 =  𝑖 ⃗⃗  𝑛𝑟𝑛−1 𝜕𝑟

𝜕𝑥
+ 𝑗 ⃗⃗⃗  𝑛𝑟𝑛−1 𝜕𝑟

𝜕𝑦
+  𝑘 ⃗⃗⃗ ⃗𝑛𝑟𝑛−1 𝜕𝑟

𝜕𝑧
 

            = 𝑛𝑟𝑛−1 [𝑖 (
𝑥

𝑟
) + 𝑗 (

𝑦

𝑟
) +  𝑘⃗⃗ (

𝑧

𝑟
)] 

           =
𝑛𝑟𝑛−1

𝑟
(𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗) = 𝑛𝑟𝑛−2𝑟 

Example: Find |𝛁𝝋| 𝒊𝒇 𝝋 = 𝟐𝒙𝒛𝟒 −  𝒙𝟐𝒚 𝒂𝒕 (𝟐, −𝟐, −𝟏) 

Solution:  

             Given  𝜑 = 2𝑥𝑧4 −  𝑥2𝑦 
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 ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

Now 
𝜕𝜑

𝜕𝑥
= 2𝑧4 −  2𝑥𝑦,   

𝜕𝜑

𝜕𝑦
=  −𝑥2 ,   

𝜕𝜑

 𝜕𝑧
=  8𝑥𝑧3 

      ∴ ∇ 𝜑 =  𝑖 (2𝑧4 −  2𝑥𝑦) +  𝑗(−𝑥2) +  𝑘⃗⃗(8𝑥𝑧3) 

  ∴ (∇ 𝜑)(2,−2,−1) =  10𝑖 − 4𝑗 − 16𝑘⃗⃗ 

   |∇𝜑| =  √100 + 16 + 256 =  √372 

Directional Derivative (D.D) of a scalar point function 

           The derivative of a point function (scalar or vector) in a particular direction is called its 

directional derivative along the direction. 

             The directional derivative of a scalar function 𝜑 in a given direction 𝑎⃗ is the rate of 

change of 𝜑 in that direction. It is given by the component of  ∇𝜑 in the direction of 𝑎⃗. 

            The directional derivative of a scalar point function in the direction of  𝑎⃗ is given by  

D.D =   
𝛁𝝋 ∙ 𝒂⃗⃗⃗

|𝒂⃗⃗⃗|
 

The maximum directional derivative is|∇𝜑| or |grad 𝜑|. 

Example:  Find the directional derivative of 𝝋 = 𝟒𝒙𝒛𝟐 +  𝒙𝟐𝒚𝒛 at (𝟏, −𝟐, 𝟏) in the direction 

of 𝟐𝒊  −  𝒋 −  𝟐𝒌⃗⃗⃗. 

Solution:  

             Given 𝜑 = 4𝑥𝑧2 +  𝑥2𝑦𝑧 

                       ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+  𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

                  = 𝑖 (2𝑥𝑦𝑧 + 4𝑧2) +  𝑗 (𝑥2𝑧) +  𝑘⃗⃗ (𝑥2𝑦 + 8𝑥𝑧) 

 ∴ (∇ 𝜑)(1,−2,−1) =  8𝑖 − 𝑗 − 10𝑘⃗⃗ 

              Given 𝑎⃗ =  2𝑖  −  𝑗 −  2𝑘⃗⃗ 

          |a⃗⃗| =  √4 + 1 + 4 =  3 

                  D. D =   
∇𝜑 ∙ 𝑎⃗⃗

|𝑎⃗⃗|
 

   =  (8𝑖 − 𝑗 − 10𝑘⃗⃗) ∙  
(2𝑖 − 𝑗− 2𝑘⃗⃗)

3
 

   =  
1

3
 (16 + 1 + 20) =  

37

3
 

Example:  Find the directional derivative of 𝝋(𝒙, 𝒚, 𝒛) = 𝒙𝒚𝟐 +  𝒚𝒛𝟑 at the point P(𝟐, −𝟏, 𝟏) 

in the direction of PQ where Q is the point  (𝟑, 𝟏, 𝟑) 
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Solution:  

           Given  𝜑 = 𝑥𝑦2 +  𝑦𝑧3 

      ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

 = 𝑖 (𝑦2) +  𝑗 (2𝑥𝑦 +  𝑧3) +  𝑘⃗⃗ (3𝑦𝑧2) 

 ∴ (∇ 𝜑)(2,−1,   1) =  𝑖 − 3𝑗 − 3𝑘⃗⃗ 

Given 𝑎⃗ =  𝑃𝑄⃗⃗⃗⃗ ⃗⃗ =  𝑂𝑄⃗⃗⃗⃗⃗⃗⃗ − 𝑂𝑃⃗⃗⃗⃗ ⃗⃗  

  =  (3𝑖 +  𝑗 +  3𝑘⃗⃗) −  (2𝑖 −  𝑗 +  𝑘⃗⃗) 

  =  𝑖 +  2𝑗 +  2𝑘⃗⃗ 

       |a⃗⃗| =  √1 + 4 + 4 =  3 

      D. D =   
∇𝜑 ∙ 𝑎⃗⃗

|𝑎⃗⃗|
 

    =  
(𝑖−3𝑗⃗⃗⃗⃗⃗−3𝑘⃗⃗) ∙ (𝑖+ 2𝑗+ 2𝑘⃗⃗)

3
 

   =  
1

3
 (1 − 6 − 6) =  −

11

3
 

Example: In what direction from (−𝟏, 𝟏, 𝟐) is the directional derivative of  𝝋 = 𝒙𝒚𝟐 𝒛𝟑 a 

maximum? Find also the magnitude of this maximum. 

Solution:  

             Given 𝜑 = 𝑥𝑦2 𝑧3 

  ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

 = 𝑖 (𝑦2𝑧3) +  𝑗 (2𝑥𝑦 𝑧3) +  𝑘⃗⃗ (3𝑥𝑦2𝑧2) 

 ∴ (∇ 𝜑)(−1,   1,   2) =  8𝑖 − 16𝑗 − 12𝑘⃗⃗ 

The maximum directional derivative occurs in the direction of ∇ 𝜑 =  8𝑖 − 16𝑗 − 12𝑘⃗⃗. 

∴ The magnitude of this maximum directional derivative 

 |∇𝜑| =  √64 + 256 + 144 =  √464 

Example:  Find the directional derivative of the scalar function 𝝋 = 𝒙𝒚𝒛 in the direction of 

the outer normal to the surface  𝒛 = 𝒙𝒚 at the point(𝟑, 𝟏, 𝟑). 

Solution:  

              Given 𝜑 = 𝑥𝑦𝑧 

 ∇𝜑 =  𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+  𝑘⃗⃗

𝜕𝜑

𝜕𝑧
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                  = 𝑖 (𝑦𝑧) +  𝑗 (𝑥𝑧) +  𝑘⃗⃗ (𝑥𝑦) 

    ∴ (∇ 𝜑)(3,   1,   3) =  3𝑖 + 9𝑗 + 3𝑘⃗⃗ 

 Given surface is 𝑧 = 𝑥𝑦 ⇒ 𝑧 − 𝑥𝑦 = 0 

      ∇𝜒 =  𝑖
𝜕𝜒

𝜕𝑥
+ 𝑗

𝜕𝜒

𝜕𝑦
+  𝑘⃗⃗

𝜕𝜒

𝜕𝑧
 

 = 𝑖 (−𝑦) +  𝑗 (−𝑥) +  𝑘⃗⃗ (1) 

   Let 𝑎⃗ =  ∇𝜒(3,1 ,3) =  −𝑖 −  3𝑗 + 𝑘⃗⃗ 

               ⇒ |a⃗⃗| =  √1 + 9 + 1 =  √11 

                D. D =   
∇𝜑 ∙ 𝑎⃗⃗

|𝑎⃗⃗|
 

              =  
(3𝑖+9𝑗+3𝑘⃗⃗) ∙ (−𝑖− 3𝑗+ 𝑘⃗⃗)

√11
 

  =  
1

√11
 (−3 − 27 + 3) =  −

27

√11
 


