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GRADIENT - DIRECTIONAL DERIVATIVE

Vector differential operator

The vector differential operator V (read as Del) is denoted by V = f:—x + j% +k aa—z

where 7,7, k are unit vectors along the three rectangular axes 0X, 0Y and 0Z.
It is also called Hamiltonian operator and it is neither a vector nor a scalar, but it
behaves like a vector.

The gradient of a scalar function

Ifo(x,y,z) is a scalar point function continuously differentiable in a given region of space, then

; i g = 790 4 200, poe
the gradient of ¢ is defined as Vo = to.tJ 3y + k >

It is also denoted as Grad ¢.

Note

(i) Ve is a vector quantity.

(ii) Voo = 0 if ¢ Is constant.

(iii) V(p192) = @1V9, + ¢,V

. Vo1— v .
(,V)V(%)z KA WA R

9%,
V) V(ptx) = Vo £Vy
Example: If ¢ = log(x? + y? + z?) then find V.
Solution:
Given ¢ = log(x? + y2+ z2)
200 | poe

—>6(p
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> 2x > 2y ) 7T ( 2z )
=1 |—————— o T = LA k Fl VL R
(x2+ y2+ zz) tJ (x2+ Y2+ z2 T x2+ y2+ z2

= —2 __(xi+ yj+ zk) = %F

x2+ y24 z2

Vo =

Example: Find V(r),V (%),V(logr) wherer = |Fland 7= xi +yJ+ zk.
Solution:

Given 7= xT +yJ+ zk

= |Fl=r= Jx2+ y2 + 22

=>r2=x*+ y*+ z°
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(iii) V(logr) = B7 2CED

1 - - = 1 5
=r—2(xl+ yj+ zk)= =7
Example: Prove that V(r™®) = nr™ 2 7

Solution:
Given 7 = xT +yJ+ zk

ver™) = l—xn+]—n+ k—

i)+ 1)+ ()

— nrn-1 (xi)-l_ yj,_l_ 7 E) — nrn—Zf-’

r

Example: Find |Ve| if ¢ = 2xz* — x?’y at (2,-2,-1)

Solution:

Given ¢ = 2xz* — x?%y
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__ 09 | 00 2o

V(p-tax+]6y+ka
00 _ 5 4 9 _ 2 09 _ 3
Nowax—Zz 2xy, 3y x°, o= 8xz

2V =102z%= 2xy)+ j(—x?) + k(8xz3)
oo (V ¢)(2,—2,—1) = 10?_ 4‘7_ 16E

|Ve| = V100 + 16 + 256 = /372
Directional Derivative (D.D) of a scalar point function
The derivative of a point function (scalar or vector) in a particular direction is called its
directional derivative along the direction.
The directional derivative of a scalar function ¢ in a given direction a is the rate of
change of ¢ in that direction. It is given by the component of V¢ in the direction of a.

The directional derivative of a scalar point function in the direction of a is given by

DD= Y24

|al
The maximum directional derivative is|Ve| or |grad ¢|.
Example: Find the directional derivative of ¢ = 4xz* + x?yz at (1,—2,1) in the direction
of 27 — j— 2k.
Solution:

Given ¢ = 4xz% + x?%yz

799 | 199

)
lax+]6y+ kaz

Vo =
=1(Qxyz +4z%) + j(x?z) + k (x%y + 8xz)
2 (V@) a—z-1) = 81=]~ 10k

Givend = 27 — j— 2k

3al= v4+1+4=3
D D= »a

ldl
_ (av_ > 107). (1-]-2k)
= (87— - 10k) - ——
= - (16+1+20) = =

Example: Find the directional derivative of @(x,y,z) = xy? + yz3 at the point P(2,—1,1)
in the direction of PQ where Q is the point (3,1, 3)
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Solution:
Given ¢ = xy? + yz3
Vo= 1524750+ kY
=712+ J 2xy + z3) + k 3yz?)
Y ¢)(2,—1, 1) = U—3)— 3E
Givend = PQ = 00 — OP
= (37+ J+ 3k)= (2i— j+ k)

=7+ 27+ 2k

ldl = Vi+4+4=3
D.D= 24

|dl
_ (1-3j-8Kk) - (i+ 2j+ 2k)
B 3
1 11

=§(1—6—6)= —?

Example: In whatdirection from (-1, 1, 2) is the directional derivative of ¢ = xy? z3 a
maximum? Find also the magnitude of this maximum.
Solution:
Given ¢ = xy? z°3
Vo = 1524750+ kY
=7(y2z%) + J (2xy z%) + k (3xy?z2)
2 (V@)y, 1 2 = 8T =16]—12k
The maximum directional derivative occurs in the direction of V.o = 87— 16] — 12k.
=~ The magnitude of this maximum directional derivative
V| = V64 + 256 + 144 = /464
Example: Find the directional derivative of the scalar function ¢ = xyz in the direction of

the outer normal to the surface z = xy at the point(3,1, 3).
Solution:
Given ¢ = xyz

_ 700, 300 709
Vo = lax+]6y+ kaz
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=T(y2) + J (x2) + k (xy)
2 (VQ)a, 1, 3 = 3T+9]+3k
Givensurfaceisz=xy =2z—xy =0
P Xy X

Vx = la-l']ay 9z

=7(=y) + j(=x) + k (1)
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