ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

CAUCHY RESIDUE THEOREM

Statement:
If £(z) is analytic inside and on a simple closed curve C, except at a finite number of

singular points a4, a,, ... a, inside C, then
fc f(z)dz = 2mi [sum of residues of f(z)at a,,a,, ...a,]

Note: Formulae for evaluation of residues

(i) If z = aiis a simple pole of f(z) then
[Res f(2),z = a] = lim(z = a) f(2)

(i) If z = ais a pole of order n of f(z) , then

dn—l

[[Res f@)] 7 =a] = =5 lim {*== [z — )" f(2)]

n-1)!z-q

sinmz®+cosmnz

2
Example: Evaluate using Cauchy’s residue theorem, | dz, where C is

¢ (z-1)(z-2)
|z| =3

Solution:

Let f(z) =

sinmz?® +cosmz?

(z-=1)(z=2)
The poles are givenby (z—1)(z—2) =0
= z = 1, 2 are poles of order 1.
GivenCis|z| = 3
=~ Clearly z = 1and z = 2 lies inside |z| = 3
To find the residues:
() Whenz=1
[Res f(2)]z=1 = lim(z — 1Df (2)

cosmz?+sinmz?

= m(z - D=0

cosmz?+sinmz?

A a——

cosm+sinm

(i) When z = 2
[Res f (D))=, = lim(z ~ 2)f (2
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2) cosmz?+sinmz?

= lim(z - 2)= =0,

li cosmz?+sinmz?

z—2 (z-1)
__ cos4m+sindm
1
1+0
= —= 1

1

~ By Cauchy’s Residue theorem
J, f(@dz = 2mi (sum of residues)

2
Example: Evaluate fc ZZZ+1 dz where C is |z| = 2 using Cauchy’s residue theorem.
Solution:
22
Let f(2) = A

The poles are givenby z2 + 1 =0
= z = =i are poles of order 1.
GivenCis|z] =2

~ Clearly z =i, —i lies inside |z| = 2

To find the residue:

(i) Whenz =i
. ¢ ZZ
[Res f(2)],=; = IZIE}(Z — i) (Z+0)(z-0)
_ CPR—
2ot D) 2
(ii) When z = —i

7%

[Res f(2)],=—; = lim (z + i) —

zZo—1i (z+D)(z-1)

2

z——1 (z=1)
-1 1
—-2i 20

=~ By Cauchy’s Residue theorem
fc f(z)dz = 2mi (sum of residues)

. —1 1
= 2mi (Z-I_Z) =0

fc zj+1 dz =0
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Example: Evaluate [ @D __ gz where C is the circle |z — i| = 2 using Cauchy’s

residue theorem.
Solution:
Let £(2) =#(1)_2)
The poles are given by (z + 1)?(z—2) =0
=2z4+1=0z—-2=0
= z=—1isapoleof order 2 and
= z = 2 s a pole of order 1.
GivenCis|z—i| =2
Whenz = —1,|z—i|= |-1—i|l=v2 <2
z = —1lies inside C
Whenz =2,|z—i|= |2 —i| =5>2
z = —1lies inside C

To find the residue for the inside pole:

[Res f(2)]=-1 = lim — [(Z+ D*f(2)]

a 2 (Z—l)
liT_n dz [(Z + 1) (z+1)2(z—2)]

. z—1
= lim (%)
(z—2)(1)—(z—1)(1)] e
9

T @-2)
=~ By Cauchy’s Residue theorem

fc f(z)dz = 2mi (sum of residues)
o ()
] (z—1) _ . l
- fC (z+1)2(z-2) dz = — 2mi (9)

Example: Evaluate fc ( 2‘”4)2 where C is the circle |z — i| = 2 using Cauchy’s residue
z4+

theorem.

Solution:

Let f(2) =
The poles are given by (z2 + 4)?

2_+_4_)2

MA8251 ENGINEERING MATHEMATICS I



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

>z2+4=0
= z = +2i are poles of order 2
GivenCis|z—i| =2
Whenz =2i,|z—i|l= |2i—i|l=1<2
~ z = 2i lies inside C
Whenz = =2i,|z—i|= |-2i—i|=3>2
z = —2i lies outside C

To find the residue for the inside pole
[Res f(2)]7=0i = lim = [(z —21 4@l

= lim — [(Z — 2i)?

z—2i dz
. d{ 1)?
= lim— .
z—2idz \z+2i

= lim | 2]

(z—20)? ((z+21)2)]

2 2

(a3 | =e4i 32i

=~ By Cauchy’s Residue theorem

J. f(@)dz = 2mi (sum of residues)

= 2mi (ﬁ)

dz T

(z2+44)2 T 16

Example: Evaluate

where C is the circle |z| = 4 using Cauchy’s residue

c (22+n2)2
theorem.
Solution:
eZ
Let f(Z) = m

The poles are given by (z2 + 12)2 = 0
>z2+712=0
= z = +mi are poles of order 2
GivenCis|z| =4
Clearly z = + mi,z = mi lies inside |z| = 4
To find the residue
(1) When z = + mi
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[Res f(2)]ymi = lim <[z = 1)?f (2)]

— 7im 20, _ -2—]
_ZIL% dz (Z T[l) (z—mi)? (z+mi)?

= limi( e )
z—mi dz \(z+mi)?2

Y (z+7ti)2ez—2(z+1n')ez)]
= lim (@+m)®)

T (z+7ti)ez[z+1'ti—2]]
L]

- e™(2mi-2)

T (2mi)3

a e™(mri—1)

T —amsi

__ (cosm+isin)(1—mi)
7 43

_ (=1+0)(1—mi)

| 1 413§

_ (mi-1)

T andi

(ii) When z = — i
[Res f@),=-ni = Uim [z + m)*f ()]

= lim i[(z + mi)? L]

Zo—i-dz (z—-mi)2(z+mi)?

= lim —d—( . )
z——1i dz \(z—mi)?

D 7 A
e [(z mi)%e?-2(z—mi)e )]

z->—mi (z-mi)*
_ (z—ni)ez[z—rci—z]]
;al—l;? [ (z—mi)*

e T(-2mi-2)

T (—2mi)3

__ (=2)(cosm—isinm)(mi+1)
i 8m3i

_ —(=1-0)(mi+1)

- 4m3i

_ (1+mi)
4m3i

~» By Cauchy’s Residue theorem

fc f(z)dz = 2mi (sum of residues)
_ . [(wi-1) (mi+1)
= 2mi 4m3i t 47'[31']
__2mi
T andi

[2mi] =~
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. f e?dz i
e (z24m2)2 T g
d . . . .
Example: Evaluate fc st:zz where C is the circle |z| = 1 using Cauchy’s residue

theorem.

Solution:

Letf(2) =

The poles are given by zsinz = 0

zsinz

sz[z-242 20

= z = 0is apole of order 2
GivenCis|z| =1
~ z = 0 liesinside C

To find the residue for the inside pole

[Res f(2)],=0 = llm ~[(z = 0)*f(2)]
-2 llm—[( )?

z—0 dz

. z
= lim— (—)
z—>0 dz \sinz

ZSan]

Ny [sinz(l)—z(cosz)]
z- o (sinz)?
0-0 0
=—= Hform
0
. + 1 s .
= lim 2tz Gsinaeosa ] ( by L’ Hospital rule)
z—0 2sinzcosz
— lim cosz+zsinz—cosz
- z—0 2sinzcosz

zsinz

z—0 2sinzcosz

m
z—0 2cosz
=9%_9p
2
=~ By Cauchy’s Residue theorem
fc f(z)dz = 2mi (sum of residues)
= 2mi [0]

af 2 —

¢ zsinz
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dz

Example: Evaluate fc —.n, Where C is the circle |z — 1| = 2 using Cauchy’s residue
theorem.
Solution:
1
Let f(Z) " z2sinhz

The poles are given by z%sinhz = 0

= z?2 =0 (or)sinhz=0

= z = 0o0r) z = sinh™*(0) = 0is a pole of order 1.
GivenCis|z—1]| =2
~Clearly z = 0 lies inside C.

To find residue for the inside pole at z = 0

f2) ===

z2sinhz

6 120

1 -1 Z2
= =[1+u] where u=1+4~=+"

z 6
=Zi3[1—u+u2—u3 ]

1 i, z2  z* 2
—;[1—(Z+m+'”)+(z+a+ ) ]
:l_l_i+...

[Res f(z)],-, = Coefficient of é in the Laurent’s expansion of f(z)

+ [Res f(2)]y=0 = —=
= By Cauchy’s Residue theorem

fc f(2)dz = 2mi (sum of residues)

. 1

= 2mi [— —]

6

. f dz _—mi
" Je z2sinhz 3

Example: Evaluate [, —— dz where C is the circle |z - §| =2

Solution:
Let f(2) =

The poles are given by cosz = 0

zZ

cosz
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>z= 2n+ 1)% ,n=0,+1,42,...are poles of order 1

T
2

Given C is |z —§| =

Here z = g lies inside the circle and others lies outside.

[Res f(2)],.x = lim (z—3) f(2)

[Res f(2)] -z = limy (z-3)=

2 cosz
= % (form)

Using L © Hospital’s rule
(z—g)(1)+z(1)

755 —sinz
2
T
(25
= lim ~—3
Z —sinz

~ By Cauchy’s Residue theorem
fc f(2)dz = 2mi (sum of residues)
. s
= 2mi [— 5]

z g
o dz = —m?i
C cosz

Example: Evaluatef, z%e'/z dz where C is the unit circle using Cauchy’s residue

theorem.
Solution:

Let f(2) = z2e'lz
Here z = 0 is the only singular point.
GivenCis|z| =1
~Clearly z = 0 lies inside C.
To find residue of f(z) atz= 0

We find the Laurent’s series of f(z) about z =0
= f(2) = z%e'/z

=22 [14+24 1]

2172

[Res f(z)],-, = COefficient Ofi in the Laurent’s expansion of f(z)
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« [Res f(2)]ym0 = =

6

=~ By Cauchy’s Residue theorem

) . f(2)dz = 2mi (sum of residues)

o]
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