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Double integrals in Polar co-ordinates 

                      Consider the integral  

                                            ∫ ∫ 𝑓(𝑟, 𝜃)𝑑𝑟 𝑑𝜃
𝑟2

𝑟1

𝜃2

𝜃1
 

     which is in polar form. This integral is bounded over the region by the straight line  

 𝜃 = 𝜃1 ,𝜃 = 𝜃2 and the curves 𝑟 = 𝑟1, 𝑟 = 𝑟2. 

Example:  

     Evaluate  ∫ ∫ 𝒓𝒅𝒓𝒅𝜽
𝒔𝒊𝒏𝜽

𝟎

𝝅

𝟎
 

Solution: 

Given ∫ ∫ 𝒓𝒅𝒓𝒅𝜽
𝒔𝒊𝒏𝜽

𝟎

𝝅

𝟎
 

                                          = ∫ [
𝑟2

2
]

0

𝑠𝑖𝑛𝜃

𝑑𝜃
𝜋

0
 

                                          = ∫
𝑠𝑖𝑛2𝜃

2
𝑑𝜃

𝜋

0
 

                                          =  
1

2
 ∫ [

1−𝑐𝑜𝑠2𝜃

2
] 𝑑𝜃

𝜋

0
 

                                          =
1

4
 [𝜃 −

𝑠𝑖𝑛2𝜃

2
]

0

𝜋

 

                                          =
1

4
 [(𝜋 − 0) −  (0 − 0)] 

                                          =
𝜋

4
 

Example:  

     Evaluate  ∫ ∫ 𝒓𝒅𝒓𝒅𝜽
𝒂

𝟎

𝝅

𝟎
 

Solution: 

         Given  ∫ ∫ 𝑟𝑑𝑟𝑑𝜃
𝑎

0

𝜋

0
 

                                  = ∫ [
𝑟2

2
]

0

𝑎

𝑑𝜃
𝜋

0
 

                                  = ∫
𝑎2

2
𝑑𝜃

𝜋

0
 

                                  = 
𝑎2

2
[𝜃]0

𝜋 

                                   = 
𝜋𝑎2

2
 

Example:  

     Evaluate  ∫ ∫ 𝒓𝟐𝒅𝜽𝒅𝒓
𝟐𝒄𝒐𝒔𝜽

𝟎

𝝅 𝟐⁄

−𝝅 𝟐⁄
 

Solution: 

           Given  ∫ ∫ 𝑟2𝑑𝜃𝑑𝑟
2𝑐𝑜𝑠𝜃

0

𝜋 2⁄

−𝜋 2⁄
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                                         =∫ ∫ 𝑟2𝑑𝑟𝑑𝜃
2𝑐𝑜𝑠𝜃

0

𝜋 2⁄

−𝜋 2⁄
       (correct form) 

                                         =∫ [
𝑟3

3
]

0

2𝑐𝑜𝑠𝜃

𝑑𝜃
𝜋 2⁄

−𝜋 2⁄
 

                                         =∫ [
(2𝑐𝑜𝑠𝜃)3

3
− 0] 𝑑𝜃

𝜋 2⁄

−𝜋 2⁄
 

                                         =  
8

3
∫ 𝑐𝑜𝑠3𝜃

𝜋 2⁄

−𝜋 2⁄
𝑑𝜃 

                                         = 
8

3
(2) ∫ 𝑐𝑜𝑠3𝜃

𝜋 2⁄

0
𝑑𝜃 

                                         = 
16

3
[

2

3
. 1]      = 

32

9
 

Example:  

     Evaluate  ∫ ∫ 𝒓𝟐𝒅𝜽𝒅𝒓
𝒂

𝒂(𝟏−𝒄𝒐𝒔𝜽)

𝝅 𝟐⁄

𝟎
 

Solution: 

                 Given    ∫ ∫ 𝑟2𝑑𝜃𝑑𝑟
𝑎

𝑎(1−𝑐𝑜𝑠𝜃)

𝜋 2⁄

0
 

                              = ∫ [
𝑟3

3
]

𝑎(1−𝑐𝑜𝑠𝜃)

𝑎𝜋 2⁄

0
𝑑𝜃 

                              = ∫ [
𝑎3

3
−

𝑎3(1−𝑐𝑜𝑠𝜃)3

3
]

𝜋 2⁄

0
𝑑𝜃 

                              =  
𝑎3

3
∫ [1 − (1 − 𝑐𝑜𝑠𝜃)3]

𝜋 2⁄

0
d𝜃 

                              =  
𝑎3

3
∫ [1 − (1 − 3𝑐𝑜𝑠𝜃 + 3𝑐𝑜𝑠2𝜃 − 𝑐𝑜𝑠3𝜃)]

𝜋 2⁄

0
d𝜃 

                             =  
𝑎3

3
∫ [3𝑐𝑜𝑠𝜃 + 3𝑐𝑜𝑠2𝜃 − 𝑐𝑜𝑠3𝜃)]𝑑𝜃

𝜋 2⁄

0
 

                              =
𝑎3

3
[(3𝑠𝑖𝑛𝜃)0

𝜋 2⁄
 − 3

1

2

𝜋

2
+

2

3
] 

                              =
𝑎3

3
[3 − 3

𝜋

2
+

2

3
]   

                              =
𝑎3

3
[

36−9𝜋+8

12
] 

                              =
𝑎3

36
[44 − 9π] 

 


