UNIT 11 - KINEMATICS OF LINKAGE MECHANISMS

2.1 Displacement, velocity and acceleration analysis in simple mechanisms:
Important Concepts in Velocity Analysis
1. The absolute velocity of any point on a mechanism is the velocity of that point with reference to ground.

2. Relative velocity describes how one point on a mechanism moves relative to another point on the
mechanism.

3. The velocity of a point on a moving link relative to the pivot of the link is given by the cquation: V = or,
where = angular velocily of the link and r = distance from pivol.

Acceleration Components
| Normal Acceleration: A" Points toward the centre of rotation
| Tangential Acceleration: A’ In a direction perpendicular to the link
| Corlolis Acceleration: A* = In a direction perpendicular to the link
| Sliding Acceleration: A® = In the direction of sliding.
A rotating link will produce normal and tangential acceleration components at any point a distance, r, from
the rotational pivot of the link. The total acceleration of that point is the vector sum of the components. A
slider attached to ground experiences only sliding acceleration.
The total acceleration of a point is the vector sum of all applicable acceleration components:
A=A +AH A+ A
These vectors and the above cquation can be broken into x and y componcnts by applying sincs and cosincs to
the vector diagrams to determine the x and y components of each vector. In this way, the x and y components
of the total acceleration can be found.
2.2 Graphical Method, Velocity and Acceleration polygons:

* Graphical velocity analysis:
It is a very short step (using basic trigonometry with sines and cosincs) to convert the graphical results into

numerical results. The basic steps are these:
1. Set up a velocity reference plane with a point of zero velocity designated.

2. Use the equation, V = wr, to calculate any known linkage velocities.
3. Plot your known linkage velocities on the velocity plot. A linkage that is rotating about ground gives an

absolute velocity. This is a vector that originates at the zero-velocity point and runs perpendicular to the link
to show the direction of motion. The vector, VA, gives the velocity of point A.

4. Plot all other velocity vector directions. A point on a grounded link (such as point B) will produce an
absolute velocity vector passing through the zero-velocity point and perpendicular to the link. A point on a
floating link (such as B relative to point A) will produce a relative velocity vector. This vector will be
perpendicular to the link AB and pass through the reference point (A) on the velocity diagram.

5. Onc should be able to form a closed triangle (for a 4-bar) that shows the vector cquation: VB = VA +
VB/A where VB = absolute velocity of point B, VA = absolute velocity of point A, and VB/A is the velocity
of point B relative to point A.

2.3 Velocity and Acceleration analysis of mechanisms (Graphical Methods):
Velocity and acceleration analysis by vector polygons: Relative velocity and accelerations of particles in a
common link, relative velocity and accelerations of coincident particles on separate link, Coriolis component
of acceleration.

Velocity and acceleration analysis by complex numbers: Analysis of single slider crank mechanism and four
bar mechanism by loop closure equations and complex numbers,

2.4 Coincident points, Coriolis Acceleration:
" Coriolis Acceleration: A* = 2 (dr/dt). In a direction perpendicular to the link. A slider attached to ground
experiences only sliding acceleration.



Example: I The crank and connecting rod of a steam engine are 0.5m and 2 m long. The crank makes 180
rpm in CW direction. When it turned 45° from IDC determine 1. Velocity of piston. 2. Angular velocity of
connecting rod, 3. Velocity of point E on connecting rod, 1.5 m from gudgeon pin 4.Velocities of rubbing
at the pins of crank shaft, crank and crosshead when the diameters of the pins are 50mm, 60mm, 30mm

respectively
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Example The crank of a slider crank mechanism rotates clockwise at a constant speed
of 300 r.p.m. The erank is 150 mm and the connecting rod is 600 mm long. Determine : 1. linear
velocity and acceleration of the midpoint of the connecting rod, and 2. angular velocity and angular
acceleration of the connecting rod, at a crank angle of 45° from inner dead centre position.

Solution. Given : N, = 300 rp.m. or @y, = 2 X » 300/60 = 31.42 rad’s; OB = 150 mm
0.15m:BA=600mm=06m

We know that linear velocity of B with respect to O or velocity of B,

Vgo = Vg = Wy * OB =31.42 x 0.15 = 4.713 m’s
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(a) Space diagram (b) Velocity diagram. (¢) Acceleration diagram.



vector ob = Vo =Vg=4.713 m/s
vapg = vector ba =34 m/s
Velocity of 4. vy = vectorca=4m/s

vp = vectorod=4.1 mv/s
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BA 06
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An engine mechanism is shown in Fig. 8.5, The crank CB = 100 mm and the
connecting rod BA = 300 mm with centre of gravity G, 100 mm from B. In the position shown, the
crankshaft has a speed of 75 rad/s and an angular acceleration of 1200 rad/s’. Find:1. velocity of
G and angular velocity of AB, and 2. acceleration of G and angular acceleration of AB.

Solution. Given : @z, =75 rad/s : ag.= 1200 rad/s>, CB= 100 mm=0.1 m: B4 =300 mm
=03m

We know that velocity of B with respect to C or velocity of B.

Voo =V =Wpe XCB=75x0.1=75nvs ..{Perpendicular to BC)
Since the angular acceleration of the crankshaft, o = 1200 rad/s?, therefore tangential
component of the acceleration of B with respect to C.
ahe = age X CB =1200% 0.1 =120 nvs’
Note: When the angular acceleration 15 not given, then there will be no tangential component of the acceleration.
1. Velocity of G and angular velocity of AB

First of all. draw the space diagram. to some suitable scale. as shown in Fig. 8.6 (a). Now the
velocity diagram. as shown in Fig. 8.6 (b). is drawn as discussed below:

1. Draw vector ¢b perpendicular to CB. to some suitable scale, to represent the velocity of
B with respect to C or velocity of B (i.e. vge or vg). such that

vector cb = vge = v = 7.5 m/s

2. From point b, draw vector ba perpendicular to B A to represent the velocity of 4 with
respect to B i.e. v,p, and from point ¢. draw vector ca parallel to the path of motion of 4 (which is
along 4 C) to represent the velocity of 4 i.e. v,. The vectors ba and ca intersect at a.

3. Since the point G lies on A B. therefore divide vector ab at g in the same ratio as G divides
A B in the space diagram. In other words,
ag/ab= AG/ AB
The vector cg represents the velocity of G.
By measurement. we find that velocity of G.

v, =Vvectorcg = 6.8 m/s Ans.



From velocity diagram. we find that velocity of 4 with respect to B.
v,g = vector ba 321 m/s
We know that angular velocity of 4 B.

v 4 ; .
mn = j‘} = E =133 rad’s (CIOCR“’ISC) Ans,

2. Acceleration of G and angular acceleration -of AB
We know that radial component of the acceleration of B with
respect to C.

o » e (3 2
-_——= —— = ]
age = o 562.5 m/'s
and radial component of the acceleration of 4 with respectto B,
> 2
r - 16_.'_ - L - N 2
ayg 2403 533 m/'s

Now the acceleration diagram. as shown in Fig. 8.6 (¢). 1s drawn
as discussed below:
1. Draw vector ¢’ b” parallel 1o CB, to some suitable scale, to  (¢) Acceleration diagram.
represent the radial component of the acceleration of B with respect to C. Fig. 8.6
L.e. age.such that
vector ¢'b” = ape = 562.5 m/'s’
2. From point b*, draw vector b” b’ perpendicular to vector ¢' 4" or CB to represent the
tangential component of the acceleration of B with respect to C i.e. apc . such that
vector b’ = ape = 120 mvs® . (Given)
3. Jom ¢'b". The vector ¢’ b'represents the total acceleration of B with respect to Ci.e. ap,.
4. From pomt b’ draw vector b’ x parallel to B4 to represent radial component of the
acceleration of 4 with respect to B f.e. ayy such that

vector b'x = aly = $3.3 mvs’

$. From point x, draw vector xa’ perpendicular to vector b'x or B A to represent tangential
component of the acceleration of 4 with respect to B i.e. gjg. whose magnitude is not yet known.

6. Now draw vector ¢'a’ parallel to the path of motion of 4 (which 1s along 4 €) to represent
the acceleration of 4 fe a, The vectors xa’ and ca’ intersect at a'. Join b’ a’. The vector b’ a’
represents the acceleration of 4 with respect to B 1.e. ag,.

7. In order 10 find the acceleratio of G. divide vecrora’d’in g'in the same ratio as G divides
BAmFiz 8.6 (a). Joinc' g’ The vector ¢"g’ represzats the acceleration of G,

By measwmenicnt, we fud Gt seeeleration of G,
ag =vestor ¢'g'= 111 av's” Ams.
Fram aczeleration diagram, we find that sangsntial companent of the acceleration of 4 with
respect to B,

Qg — vector xa' — $16 m's” ~.(By measuremant)
.. Angular acccleration of 4 B,
r
o,y = LI ﬁé = 1820 rads’ (Ulockwise) Ans,

B4 03



Example 8.3. In the mechanism shown in Fig. 8.7, the slider C is
moving to the right with a velocity of 1 m/s and an acceleration of 2.5 m/s>.

The dimensions of various links are AB = 3 m inclined at 45° with the
vertical and BC = 1.5 m inclined at 45° with the horizontal. Determine: 1. the
magnitude of vertical and horizontal component of the acceleration of the
point B, and 2. the angular acceleration of the links AB and BC.

Solution. Given: ve=1m/s;a.=25m/s3 AB=3m;BC=15m

First of all, draw the space diagram, as shown in Fig. 8.8 (a), to some
suitable scale. Now the velocity diagram, as shown in Fig. 8.8 (b), is drawn as
discussed below:

1. Since the points A and D are fixed points, therefore they lie at one place in the velocity
diagram. Draw vector dc parallel to DC, to some suitable scale, which represents the velocity of
slider C with respect to D or simply velocity of C, such that

vectordc=vep=ve=1m/s

2. Since point B has two motions, one with respect to A and the other with respect to C,
therefore from point a, draw vector ab perpendicular to A B to represent the velocity of B with
respect to A, i.e. v, and from point ¢ draw vector cb perpendicular to CB to represent the velocity
of B with respect to C i.e. vy .. The vectors ab and cb intersect at b.
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(a) Space diagram. (b) Velocity diagram. (c) Acceleration diagram.
Fig. 8.8

By measurement, we find that velocity of B with respectto A,
By measurement, we find that velocity of B with respect to A,

vga = vector ab = 0.72 m/s
and velocity of B with respect to C,

vpe = vector cb = 0.72 m/s
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Example 8.4. PORS is a four bar chain with link PS fixed. The lengths of the links are PQ
=62.5mm; QR = 175 mm ; RS = 112.5 mm ; and PS = 200 mm. The crank PQ rotates at 10 rad/s
clockwise. Draw the velocity and acceleration diagram when angle QPS = 60° and Q and R lie on
the same side of PS. Find the angular velocity and angular acceleration of links QR and RS.

Solution. Given: Op = 10 rad/s; PO=625mm=0.025m:QR=175mm=0.175m;
RS5=1125mm=0.1125m ; PS=200mm=0.2 m

We know that velocity of Q with respect to P or velocity of Q,
Vop = Vo = Wgp X PO =10 x 0.0625 = 0.625 m/s
...(Perpendicular to PQ)
Angular velocity of links QR and RS

First of all, draw the space diagram of a four bar chain, to some suitable scale, as shown in
Fig. 8.9 (a). Now the velocity diagram as shown in Fig. 8.9 (), is drawn as discussed below:
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(a) Space diagram. (b) Velocity diagram. (c) Acceleration diagram.
Fig. 8.9

1. Since Pand S are fixed points, therefore these points lie at one place in velocity diagram.
Draw vector pg perpendicular to PQ, to some suitable scale, to represent the velocity of Q with
respect to P or velocity of Q i.e. Vop OF Vg such that

op = Vo= 0.625 m/s

2. From point g, draw vector gr perpendicular to QR to represent the velocity of R with
respect to Q (i.e. Vro) and from point s, draw vector s perpendicular to SR to represent the velocity
of R with respect to S or velocity of R (i.e. vpq or v). The vectors gr and sr intersect at . By
measurement, we find that

Vro = vector gr = 0.333 m/s, and vpg = v = vector sr = 0.426 m/s

We know that angular velocity of link OR,

Vro  0.333

Wnp = — = —— = 1.9 rad/s (Anticlockwise) Ans.
QR RQ 0.175 - -

veclor pg=v



Angular acceleration of links QR and RS

Since the angular acceleration of the crank PQ is not given, therefore there will be no tangential
component of the acceleration of Q with respect to P.

We know that radial component of the acceleration of Q with respect to P (or the acceleration

of 0),

vop  (0.625)°
PQ 00625
Radial component of the acceleration of R with respect to Q,
Vo _ (0.333)?
OR 0.175
and radial component of the acceleration of R with respect to S (or the acceleration of R),
vas _ (0.426)
SR 0.1125

The acceleration diagram, as shown in Fig. 8.9 (¢) is drawn as follows :

= 6.25 nv/s>

age = dgp = dg =

=0.634 m/s’

r
aRQ =

=1.613 m/s’

-
(gs = Ggs = ag =

l. Since Pand § are fixed points, therefore these points lie at one place in the acceleration
diagram. Draw vector p'q’ parallel to PQ, to some suitable scale, to represent the radial component

of acceleration of Q with respect to P or acceleration of Q i.e a{),, or a, such that
vector p'q’ = abp = ag = 6.25 m/s’
2. From point g', draw vector ¢’ x parallel to QR to represent the radial component of

acceleration of R with respect to Q i.e. ay such that
vector ¢'x = agq = 0.634 nv/s’
3. From point x, draw vector xr’ perpe ndicular to QR to represent the tangential component
of acceleration of R with respectto Q i.e (I'RQ whose magnitude is not yet known.
4. Now from point s', draw vector s'y parallel to SR to represent the radial component of the
acceleration of R with respect to § i.e. agqsuch that

vector 5’y = ags =1.613 nv/s>
5. From point y, draw vector yr' perpendicular to SR to represent the tangential component
of acceleration of R with respect to § i.e. ai{s ’

6. The vectors x7" and y» intersect at 7. Join p'r and ¢'r'. By measurement, we find that
ago = vector xr’ = 4.1 m/s> and agg = vector yr’ = 5.3 m/s’

We know that angular acceleration of link OR,

a;{g 53 2 ; ;
Ope = — =——— = 47.1 rad/s” (Anticlockwise) Ans.
SR 01125 ; T



Example 8.6. In the mechanism, as shown in Fig. 8.12, the crank OA rotates at 20 r.p.m.
anticlockwise and gives motion to the sliding blocks B and D. The dimensions of the various links
are OA = 300 mm; AB = 1200 mm; BC =450 mm and CD =450 mm.
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Fig. 8.12
For the given configuration, determine : 1. velocities of sliding at B and D, 2. angular
velocity of CD, 3. linear acceleration of D, and 4. angular acceleration of CD.
Solution. Given: N, =20 rpm. or®, , =271 x 20/60 = 2.1 rad/s ; OA =300 mm =03 m;
AB=1200mm=12m;BC=CD=450mm=045m

U
1. Velocities of sliding at B and D
First of all, draw the space diagram, to some suitable scale, as shown in Fig. 8.13 (a). Now
the velocity diagram, as shown in Fig. 8.13 (b), is drawn as discussed below:

(a) Space diagram.
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(b) Velocity diagram. (c¢) Acceleration diagram.

Fig. 8.13

1. Draw vector oa perpendicular to OA, to some suitable scale, to represent the velocity of
A with respect to O (or simply velocity of A), such that

VEeCIor oa = v, =v, = 0.63 m/s
2. From point a. draw vector ab perpendicular to A B to represent the velocity of B with
respect to A (i.e. vy, ) and from point o draw vector ob parallel to path of motion B (which is along
BO) to represent the velocity of B with respect to O (or simply velocity of B). The vectors ab and ob
intersect at b.
3. Divide vector ab at ¢ in the same ratio as C divides A B in the space diagram. In other



4. Now from point ¢, draw vector cd perpendicular to CD to represent the velocity of D with
respect to C (i.e. vp) and from point o draw vector od parallel to the path of motion of D (which
along the vertical direction) to represent the velocity of D.

By measurement, we find that velocity of sliding at B,

vy = vector ob = 0.4 m/s Ans.
and velocity of sliding at D, v, = vector od = 0.24 m/s Ans.
2. Angular velocity of CD
By measurement from velocity diagram. we find that velocity of D with respect to C,
v = vector cd = 0.37 m/s

DC
. Angular velocity of CD,
vpe 037 : ;
= — =_—"_=10(.82 rad/s (Anticlockwise). Ans.
P =2p 045 ( 4

3. Linear acceleration of D
We know that the radial component of the acceleration of A with respect to O or acceleration
ofA,

dls=ax J(%: = @ho X OA = (2.1°x 0.3 =1.323 m/s

Radial component of the acceleration of B with respectto A,

...(By measurement, v, =0.54 m/s)
Radial component of the acceleration of D with respect to C,
r _Voc (0.37)7

a = e—=
DC™cD 045

Now the acceleration diagram, as shown in Fig. 8.13 (¢), is drawn as discussed below:
1. Draw vector o'a’ parallel to OA, to some suitable scale, to represent the radial component
of the acceleration of A with respect to O or simply the acceleration of A, such that

= 0.304 m/s>

’ » 2
vector o'a = ayg = a, = 1.323 m/s”

2. From point @', draw vector a’ x parallel to A B to represent the radial component of the
acceleration of B with respect to A, such that

’ 2
vector ax = app = 0.243 m/s”
3. From point x, draw vector xb' perpendicular to A B to represent the tangential component
of the acceleration of B with respect to A (i.e. gy, ) whose magnitude is not yet known.

4. From point o', draw vector o' b’ parallel to the path of motion of B (which is along BO) to
represent the acceleration of B (ay). The vectors xb' and o' b’ intersect at b'. Join a’ b'. The vector
a' b' represents the acceleration of B with respect to A.

5. Divide vector a' b’ at ¢’ in the same ratio as C divides A B in the space diagram. In other
words,

BC/BA=b'c/b'a
6. From point ¢, draw vector ¢'y parallel to CD to represent the radial component of the
acceleration of D with respect to C, such that
4. Angular acceleration of CD

From the acceleration diagram, we find that the tangential component of the acceleration of
D with respect to C,

afe = vector yd” =1.28 m/s’ ...(By measurement)



. Angular acceleration of CD,

Example 8.7. Find out the acceleration of the slider D and
the angular acceleration of link CD for the engine mechanism shown
in Fig. 8.14.

The crank OA rotates uniformly at 180 r.p.m. in clockwise
direction. The various lengths are: OA = 150 mm ; AB = 450 mm;
PB =240 mm ; BC = 210 mm ; CD = 660 mm.

Solution. Given:NAoz 180 Lp.m., or (ﬁA0=2:r|:x 180/60 =
1885 rad/s; OA =150 mm=0.15m;AB=450 mm =045 m ;
PB=240mm=0.24 m: CD = 660 mm = 0.66 m

We know that velocity of A with respect to O or velocity
ofA,

Vao VA=W, X 0A
=18.85x0.15=2.83 m/s All dimensions in mm.
...(Perpendicular to OA) Fig. 8.14

First of all draw the space diagram, to some suitable scale,
as shown in Fig. 8.15 (a). Now the velocity diagram, as shown in Fig. 8.15 (b), is drawn as discussed
below:

Orp
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(@) Space diagram. (b) Velocity diagram. (c) Acceleration diagram.
Fig. 8.13

1. Since O and P are fixed points, therefore these points lie at one place in the velocity
diagram. Draw vector oa perpendicular to OA, to some suitable scale, to represent the velocity of A
with respect to O or velocity of A (i.e. v, or v, ), such that

vectoroa=v,,=v, =283 m/s

2. Since the point B moves with respect to A and also with respect to P, therefore draw
vector ab perpendicular to A B to represent the velocity of B with respect o A i.e. v, ,and from point
p draw vector pb perpendicular to PB to represent the velocity of B with respect to P or velocity of
B (i.e. v, or vy). The vectors ab and pb intersect at b.

3. Since the point C lies on PB produced, therefore divide vector pb at ¢ in the same ratio as
C divides PB in the space diagram. In other words, pb/pc = PB/PC.



4. From point ¢, draw vector cd perpendicular to CD to represent the velocity of D with
respect to C and from point o draw vector od parallel to the path of motion of the slider ) (which is
vertical), to represent the velocity of D, i.e. v,

By measurement, we find that velocity of the slider D,

vp = vector od = 2.36 m/s

Velocity of D with respect to C,

Vpe = vectored = 1.2 m/s

Velocity of B with respectto A,

vpa = vector ab= 1.8 m/s
and velocity of B with respect to P, vy, = vector pb= 1.5 m/s

Acceleration of the slider D

We know that radial component of the acceleration of A with respect to O or acceleration
ofA,

ayo =ay = Wi x AO = (18.85)*x0.15 = 53.3 m/s”
Radial component of the acceleration of B with respectto A,
2 2
AR e eoow
Radial component of the acceleration of B with respect to P,

2 2
) PP
W =pp =024 T

Radial component of the acceleration of ) with respect to C,

2 3
r vpe _ (1.2)° 2.2 m/s>
=== =29 mf
e < 06 i

Now the acceleration diagram, as shown in Fig. 8.15 (¢), is drawn as discussed below:

1. Since O and P are fixed points, therefore these points lie at one place in the acceleration
diagram. Draw vector o'a’ parallel to OA, to some suitable scale, to represent the radial component

of the acceleration of A with respect to O or the acceleration of A (i.e. g ora, ). such that
vector 0'd’ = ai = a = 53.3 m/s’
2. From point @', draw vector a'x parallel to A B to represent the radial component of the
acceleration of B with respect toA (i.e. gy, ). such that
vector a'x = apy = 7.2 m/s”
3. From point x, draw vector xb" perpendicular to the vector a’x or AB to represent the

tangential component of the acceleration of B with respect to A Le. gy, whose magnitude is yet

unknown.
4. Now from point p', draw vector p' y parallel to PB to represent the radial component of

the acceleration of B with respect to P (i.e. aap ), such that
vector p'y = afp = 9.4 m/s’
5. From point y, draw vector yb' perpendicular to vector b'y or PB to represent the tangential

component of the acceleration of B, i.e. ayp. The vectors xb'and yb' intersect at b". Join p’ b'. The
vector p’ b represents the acceleration of B, i.e. ap.



6. Since the point C lies on PB produced, therefore divide vector p'b” at ¢'in the same ratio
as C divides PB in the space diagram. In other words, p'b/p'c" = PR/PC

7. From point ¢!, draw vector ¢'z parallel to CD to represent the radial component of the

acceleration of D with respect to C i.e. apy, such that

vector ¢z = afye = 2.2 m/s’
8. From point z, draw vector zd' perpendicular to vector ¢’z or CD to represent the tangential
component of the acceleration of D) with respect to C i.e. apye, whose magnitude is yet unknown.

Y. From point o', draw vector o' d' parallel to the path of motion of D (which is vertical) to
represent the acceleration of D, i.e. ap,. The vectors zd' and o' d" intersect at d". Join ¢'d".

By measurement, we find that acceleration of D,

ap, = vector 0'd'= 69.6 m/s> Ans.
Angular acceleration of CD
From acceleration diagram, we find that tangential component of the acceleration of D) with
respect to C,
alye = vector zd’ = 17.4 m/s’ ..(By measurement)

We know that angular acceleration of CD,

Ocp =25 =—— =263 ad/s” (Anticlockwise) AN



