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TRANSFORM OF PERIODIC FUNCTIONS 

Definition: A function 𝑓(𝑡) is said to be periodic if 𝑓(𝑡 + 𝑇) = 𝑓(𝑡) for all values of t and 

for certain values of T. The smallest value of T for which 𝑓(𝑡 + 𝑇) = 𝑓(𝑡) for all t is called 

periodic function. 

Example: 

 𝑠𝑖𝑛𝑡 = sin(𝑡 + 2𝜋) = sin(𝑡 + 4𝜋) ⋯ 

 ∴ 𝑠𝑖𝑛𝑡  is periodic function with period 2𝜋. 

 Let 𝒇(𝒕) be a periodic function with period T. Then  

𝑳[𝒇(𝒕)] =
𝟏

𝟏 − 𝒆−𝒔𝑻
∫ 𝒆−𝒔𝒕𝒇(𝒕)𝒅𝒕

𝑻

𝟎

 

Example: Find the Laplace transform of  𝒇(𝒕) = {
𝒔𝒊𝒏𝝎𝒕; 𝟎 < 𝑡 <

𝝅

𝝎

𝟎 ;
𝝅

𝝎
< 𝑡 <

𝟐𝝅

𝝎

  𝒇 (𝒕 +
𝟐𝝅

𝝎
) = 𝒇(𝒕) 

Solution: 

             The given function is a periodic function with period 𝑇 =
2𝜋

𝜔
 

 𝐿[𝑓(𝑡)] =
1

1−𝑒−𝑠𝑇 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑇

0
 

 =
1

1−𝑒
−𝟐𝝅𝒔

𝝎

[∫ 𝑠𝑖𝑛𝜔𝑡𝑒−𝑠𝑡𝑑𝑡
𝝅

𝝎
0

+ ∫ 𝑒−𝑠𝑡(0)𝑑𝑡
𝟐𝝅

𝝎
𝝅

𝝎

] 

 =
1

1−𝑒
−2𝜋𝑠

𝜔

∫ 𝑠𝑖𝑛𝜔𝑡𝑒−𝑠𝑡𝑑𝑡
𝜋

𝜔
0

 

 =
1

1−𝑒
−2𝜋𝑠

𝜔

 [
𝑒−𝑠𝑡

(−𝑠)2+𝜔2 (−𝑠𝑠𝑖𝑛𝜔𝑡 − 𝜔𝑐𝑜𝑠𝜔𝑡)]
0

𝜋

𝜔
 

 =
1

1−𝑒
−2𝜋𝑠

𝜔

{
𝑒

−𝑠𝜋
𝜔

𝑠2+𝜔2
[−𝑠𝑠𝑖𝑛𝜋 − 𝜔𝑐𝑜𝑠𝜋] +

𝜔

𝑠2+𝜔2} 

 =
1

1−𝑒
−2𝜋𝑠

𝜔

[
𝑒

−𝑠𝜋
𝜔 𝜔+𝜔

𝑠2+𝜔2
] 

 =
1

12−(𝑒
−𝜋𝑠

𝜔 )

2 [
𝜔(𝑒

−𝑠𝜋
𝜔 +1)

𝑠2+𝜔2
] 

 =
1

(1−𝑒
−𝜋𝑠

𝜔 )(1+𝑒
−𝜋𝑠

𝜔 )
[

𝜔(𝑒
−𝑠𝜋

𝜔 +1)

𝑠2+𝜔2
] 

 ∴ 𝐿[𝑓(𝑡)] =
𝜔

(1−𝑒
−𝜋𝑠

𝜔 )(𝑠2+𝜔2)
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Example:  Find the Laplace transform of  𝒇(𝒕) = {
𝑬; 𝟎 ≤ 𝒕 ≤ 𝒂

−𝑬 ; 𝒂 ≤ 𝒕 ≤ 𝟐𝒂
  given that 𝒇(𝒕 +

𝟐𝒂) = 𝒇(𝒕). 

Solution: 

               The given function is a periodic function with period 𝑇 = 2𝑎 

 𝐿[𝑓(𝑡)] =
1

1−𝑒−𝑠𝑇 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑇

0
 

 =
1

1−𝑒−2𝑎𝑠 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
2𝑎

0
 

 =
1

1−𝑒−2𝑎𝑠
[∫ 𝐸𝑒−𝑠𝑡𝑑𝑡

𝑎

0
+ ∫ −𝐸𝑒−𝑠𝑡𝑑𝑡

2𝑎

𝑎
] 

 =
1

1−𝑒−2𝑎𝑠
[𝐸 ∫ 𝑒−𝑠𝑡𝑑𝑡

𝑎

0
− 𝐸 ∫ 𝑒−𝑠𝑡𝑑𝑡

2𝑎

𝑎
] 

 =
𝐸

1−𝑒−2𝑎𝑠 [[
𝑒−𝑠𝑡

−𝑠
]

0

𝑎

− [
𝑒−𝑠𝑡

−𝑠
]

𝑎

2𝑎

] 

 =
𝐸

1−𝑒−2𝑎𝑠
[

𝑒−𝑎𝑠

−𝑠
+

1

𝑠
−

𝑒−2𝑎𝑠

𝑠
−

𝑒−𝑎𝑠

𝑠
] 

  =
𝐸

1−𝑒−2𝑎𝑠
[

1−2𝑒−𝑎𝑠+𝑒−2𝑎𝑠

𝑠
] 

 =
𝐸

12−(𝑒−𝑎𝑠)2
[

(1−𝑒−𝑎𝑠)2

𝑠
] 

 =
𝐸

(1−𝑒−𝑎𝑠)(1+𝑒−𝑎𝑠)
[

(1−𝑒−𝑎𝑠)2

𝑠
] 

 =
𝐸

𝑠

(1−𝑒−𝑎𝑠)

(1+𝑒−𝑎𝑠)
 

 ∴ 𝐿[𝑓(𝑡)] =
𝐸

𝑠
tanh (

𝑎𝑠

2
) 

Example: Find the Laplace transform of  𝒇(𝒕) = {
𝟏; 𝟎 ≤ 𝒕 ≤

𝒂

𝟐

−𝟏 ;
𝒂

𝟐
≤ 𝒕 ≤ 𝒂

  given that 𝒇(𝒕 + 𝒂) =

𝒇(𝒕). 

Solution: 

              The given function is a periodic function with period 𝑇 = 𝑎 

 𝐿[𝑓(𝑡)] =
1

1−𝑒−𝑠𝑇 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑇

0
 

 =
1

1−𝑒−𝑎𝑠 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑎

0
 

 =
1

1−𝑒−𝑎𝑠 [∫ (1)𝑒−𝑠𝑡𝑑𝑡
𝑎

2
0

+ ∫ (−1)𝑒−𝑠𝑡𝑑𝑡
𝑎

𝑎

2

] 

 =
1

1−𝑒−𝑎𝑠 [∫ 𝑒−𝑠𝑡𝑑𝑡
𝑎

2
0

− ∫ 𝑒−𝑠𝑡𝑑𝑡
𝑎

𝑎

2

] 

 =
1

1−𝑒−𝑎𝑠
[[

𝑒−𝑠𝑡

−𝑠
]

0

𝑎

2
− [

𝑒−𝑠𝑡

−𝑠
]𝑎

2

2𝑎

] 
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 =
1

1−𝑒−𝑎𝑠
[

𝑒
−𝑠𝑎

2

−𝑠
+

1

𝑠
+

𝑒−𝑎𝑠

𝑠
−

𝑒
−𝑠𝑎

2

𝑠
] 

  =
1

1−𝑒−𝑎𝑠
[

1−2𝑒
−𝑠𝑎

2 +𝑒−𝑎𝑠

𝑠
] 

            =
1

12−(𝑒
−𝑠𝑎

2 )

2 [
(1−𝑒

−𝑠𝑎
2 )

2

𝑠
] 

 =
1

(1−𝑒
−𝑠𝑎

2 )(1+𝑒
−𝑠𝑎

2 )
[

(1−𝑒
−𝑠𝑎

2 )

2

𝑠
] 

 =
1

𝑠

(1−𝑒
−𝑠𝑎

2 )

(1+𝑒
−𝑠𝑎

2 )
     [∵ 𝑡𝑎𝑛ℎ𝑥 =

(1−𝑒−2𝑥)

(1+𝑒−2𝑥)
]  

 ∴ 𝐿[𝑓(𝑡)] =
1

𝑠
tanh (

𝑎𝑠

4
) 

Example: Find the Laplace transform of  𝒇(𝒕) = {
𝒕; 𝟎 ≤ 𝒕 ≤ 𝒂

𝟐𝒂 − 𝒕 ; 𝒂 ≤ 𝒕 ≤ 𝟐𝒂
  given that 

 𝒇(𝒕 + 𝟐𝒂) = 𝒇(𝒕). 

Solution: 

           The given function is a periodic function with period 𝑇 = 2𝑎 

 𝐿[𝑓(𝑡)] =
1

1−𝑒−𝑠𝑇 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑇

0
 

 =
1

1−𝑒−2𝑎𝑠 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
2𝑎

0
 

 =
1

1−𝑒−2𝑎𝑠
[∫ 𝑡𝑒−𝑠𝑡𝑑𝑡

𝑎

0
+ ∫ (2𝑎 − 𝑡)𝑒−𝑠𝑡𝑑𝑡

2𝑎

𝑎
] 

 =
1

1−𝑒−2𝑎𝑠 [[𝑡 (
𝑒−𝑠𝑡

−𝑠
) − (

𝑒−𝑠𝑡

(−𝑠)2)]
0

𝑎

− [(2𝑎 − 𝑡) (
𝑒−𝑠𝑡

−𝑠
) − (−1) (

𝑒−𝑠𝑡

(−𝑠)2)]
𝑎

2𝑎

] 

 =
1

1−𝑒−2𝑎𝑠
[

−𝑎𝑒−𝑎𝑠

𝑠
−

𝑒−𝑎𝑠

𝑠2 +
1

𝑠2 +
𝑒−2𝑎𝑠

𝑠2 +
𝑎𝑒−𝑎𝑠

𝑠
−

𝑒−𝑎𝑠

𝑠2
] 

  =
1

1−𝑒−2𝑎𝑠
[

1−2𝑒−𝑎𝑠+𝑒−2𝑎𝑠

𝑠2
] 

 =
1

12−(𝑒−𝑎𝑠)2
[

(1−𝑒−𝑎𝑠)2

𝑠2
] 

 =
1

(1−𝑒−𝑎𝑠)(1+𝑒−𝑎𝑠)
[

(1−𝑒−𝑎𝑠)2

𝑠2
] 

 =
1

𝑠2

(1−𝑒−𝑎𝑠)

(1+𝑒−𝑎𝑠)
 

            =
1

𝑠2 tanh (
𝑎𝑠

2
) 

 


