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Double Integrals

Let f( x,y) be asingle valued function and continuous in a region R bounded by a closed
curve C. Let the region R be subdivided in any manner into n sub regions R;,R,,R3, ***, R,
of areas A;,A,, A5, "+, A,.Let (xl-, yj) be any point in the sub regionR;. Then consider the

sum formed by multiplying the area of each sub — region by the value of the function f( x,y)
at any point of the sub — region and adding up the products which we denote

Y7 £ (i y) A

The limit of this sum ( if it exists) as n — oo in such a way that each A; — 0 is defined as
the double integral of f( x,y ) over the region R. Thus

nli{}loo Y f(xy,)A = ffR f(x,y)dA
The above integral can be given as

Il, fGey)dydx or [[, f(xy)dxdy
Evaluation of Double Integrals

To evaluate [ ;; ! fx? f(x, y)dx dy we first integrate f(x, y) with respect to x partially,

that is treating y as a constant temporarily, between x, and x;. The resulting function got
after the inner integration and substitution of limits will be function of y.. Then we integrate
this function of with respect to y between the limits y, and y, as used.
Example:

Evaluate fol flz x(x + y)dydx
Solution:

f01 flzx(x + y)dydx = fol flz(x2 + xy)dydx

(1.2 xy?]?
=/, x y+7]1 dx
=f, [x? + 200 — (¢ + )| dx

1T x
=, _2x2+2x—x2—5)] dx

:fol :xz + zx] dx
{2 ei] L) -ovo =2

Example:

Evaluate foa fob xy(x — y)dydx
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Solution:
[0 xy(e = y)dydx = [ [ (x%y — xy?)dydx
0J0 0 J0
-2 g
3 o
_ra[/p*x? b3«
=l [(5- =)~ -0 dx
_ p2x3 p3x2 a
_[( 6 6 )]0
_{a3b® a?p3
_( AT )_(0_0)
2b2 (a—b)
Example:
Evaluate [, [, bdxdy
Solution:

b dxd b
LRy =5 tegx| ay

:fa;(logb —log2)dy

2

=/, ;log( )dy [ log% = loga — logb]
B (e = -

=logs [, Sdy = log;llogyl;

= log [loga — log2] :[log g—] [log %]
Example:
Evaluate f01 f; (x? + y*)dxdy

Solution:
[y J, G2 + yDdxdy = [ [%3 + yzx]z dy
= [ +377) = (5 27)]ay
=f; [o+3y> -2 2y?|ay
[ [ e vy 2],

5+ =2

Example:

Evaluate f: foz e**Y dydx
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Solution:
f03 foz e Y dydx = f03 foz e* eYdydx =[f03 e* dx] [foz e” dy]
=[e*]5[e”]§ = [e® —e’l[e® —e°]
=[e3 — 1][e? — 1]
Note: If the limits are variable, then check the given problem is in the correct form
Rule: (i) The limits for the inner integral are functions of , then the first integral is
with respect to y
(i) The limits for the inner-integral are functions of , then the first integral is
with respect to x

Example:

I a2 x2
Evaluate [, [ 7" dxdy

Solution:
The given integral is in incorrect form

Thus the correct form is
foa fo\/az—xz dydx =f0a[y]10/a2_x2 dx =f0a[ /—‘Iaz N xz dx
a

[ Va2 —x? + = sm 15]

aio

=[(0 + a?zsin‘ll) -0 +0) [+ sin11 =%, sin"10 = 0]

Example:

[ a2 —x2
Evaluate foa Jo ©r

y(x? + y*)dxdy
Solution:
The given integral is in incorrect form

Thus the correct form is

Jy f Y (2 + y?)dydx = [ f “(x2y +y¥)dydx
i Vaz—x?
_rafx?y?  y*
—fo -—2 +T]O dx

2

[ 2072 _,2 2_,.2)2
:foax(a x)+(a x)]dx
| 4

ala a x*  2a%x?
= — =+ —+=- ]dx
0l 2 2 4 4 4
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_[a?x3 x5  a*x | x5 2a2x3]a
L 6 10 4 20 12 1o
5 4 5
-x a*x  x
=l—+—+ —]
10 4 ' 20l
[-a® a5 as]
10 4 20

Example:
Sketch roughly the region of integration for f01 f: f(x,y)dydx
Solution:
Given [, [*f(xy) dydx
x variesfromx =0tox =1

yvariesfromy =0toy = x

(L,1)

R

Example:
(a2 _x2
Shade the region of integration foa f\/ﬁ dxdy

Solution:

Va2—=y2
J Jm—s dydx is the correct form

x limit varies fromx =0tox = a

y limit varies fromy = vax —x? to y =+va? —x?

2 2

ie,y?=ax—x%to y?=a%?—x

ie.,y? +x? =ax to y? +x? = a?

x? +y? = ax is acircle with centre (% 0) and radius -
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x? +y? =a? isacircle with centre (0,0) and radius a

= .v. y-":\l a-x?
4 y—J ax - x?
S e
Il 1
e %
——x
o%@ 0)

.ﬁ.
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