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Double Integrals 

Let 𝑓( 𝑥, 𝑦 ) be a single valued function and continuous in a region R bounded by a closed 

curve C. Let the region R be subdivided in any manner into n sub regions 𝑅1, 𝑅2, 𝑅3, ∙ ∙ ∙ , 𝑅𝑛 

of areas 𝐴1, 𝐴2, 𝐴3, ∙ ∙ ∙ , 𝐴𝑛.Let (𝑥𝑖, 𝑦𝑗) be any point in the sub region𝑅𝑖. Then consider the 

sum formed by multiplying the area of each sub – region by the value of the function 𝑓( 𝑥, 𝑦 ) 

at any point of the sub – region and adding up the products which we denote 

                                          ∑ 𝑓(𝑥𝑖, 𝑦𝑗)𝐴𝑖
𝑛
1  

 The limit of this sum ( if it exists) as 𝑛 →  ∞ in such a way that each 𝐴𝑖  → 0 is defined as 

the double integral of 𝑓( 𝑥, 𝑦 ) over the region R. Thus 

                                   lim
𝑛  → ∞

∑ 𝑓(𝑥𝑖, 𝑦𝑗)𝐴𝑖
𝑛
1 =  ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅
 

The above integral can be given as 

                                   ∬ 𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥    𝑜𝑟    ∬ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑅

 
𝑅

 

Evaluation of Double Integrals 

            To evaluate ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥 𝑑𝑦
𝑥1

𝑥0

𝑦1

𝑦0
 we first integrate f(x, y) with respect to x partially, 

that is treating y as a constant temporarily, between 𝑥0 and 𝑥1. The resulting function got 

after the inner integration and substitution of limits will be function of y. Then we integrate 

this function of with respect to y between the limits 𝑦0 and 𝑦1as used. 

Example:  

    Evaluate ∫ ∫ 𝒙(𝒙 + 𝒚)𝒅𝒚𝒅𝒙
𝟐

𝟏

𝟏

𝟎
 

Solution: 

         ∫ ∫ 𝑥(𝑥 + 𝑦)𝑑𝑦𝑑𝑥
2

1

1

0
   = ∫ ∫ (𝑥2 + 𝑥𝑦)𝑑𝑦𝑑𝑥

2

1

1

0
 

                                              =∫ [𝑥2𝑦 +
𝑥𝑦2

2
]

1

21

0
𝑑𝑥 

                                              =∫ [(2𝑥2 + 2𝑥) − (𝑥2 +
𝑥

2
)] 𝑑𝑥

1

0
 

                                              =∫ [2𝑥2 + 2𝑥 − 𝑥2 −
𝑥

2
)] 𝑑𝑥

1

0
 

                                              =∫ [𝑥2 +
3

2
𝑥] 𝑑𝑥

1

0
 

                                              =[
𝑥3

3
+

3

2

𝑥2

2
]

0

1

    =(
1

3
+

3

4
) − (0 + 0)    =

13

12
 

Example:  

    Evaluate ∫ ∫ 𝒙𝒚(𝒙 − 𝒚)𝒅𝒚𝒅𝒙
𝒃

𝟎

𝒂

𝟎
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Solution: 

           ∫ ∫ 𝑥𝑦(𝑥 − 𝑦)𝑑𝑦𝑑𝑥
𝒃

𝟎

𝒂

𝟎
   = ∫ ∫ (𝑥2𝑦 − 𝑥𝑦2)𝑑𝑦𝑑𝑥

𝑏

0

𝑎

0
 

                                                   =∫ [
𝑥2𝑦2

2
−  

𝑥𝑦3

3
]

0

𝑏𝑎

0
𝑑𝑥 

                                                   =∫ [(
𝑏2𝑥2

2
−

𝑏3𝑥

2
) − (0 − 0)] 𝑑𝑥

𝑎

0
 

                                                   =[(
𝑏2𝑥3

6
−

𝑏3𝑥2

6
)]

0

𝑎

 

                                                   =(
𝑎3𝑏2

6
−

𝑎2𝑏3

6
) − (0 − 0) 

                                                   =
𝑎2𝑏2

6
(𝑎 − 𝑏) 

Example:  

    Evaluate ∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝒚

𝒃

𝟐

𝒂

𝟐
 

Solution: 

                 ∫ ∫
𝑑𝑥𝑑𝑦

𝑥𝑦

𝑏

2

𝑎

2
    = ∫ [

1

𝑦
𝑙𝑜𝑔𝑥]

2

𝑏𝑎

2
𝑑𝑦    

                                      =∫
1

𝑦
(𝑙𝑜𝑔𝑏 − 𝑙𝑜𝑔2)𝑑𝑦   

      

𝑎

2
 

                                       = ∫
1

𝑦
𝑙𝑜𝑔 (

𝑏

2
) 𝑑𝑦

𝑎

2
      [∵ 𝑙𝑜𝑔

𝑎

𝑏
= 𝑙𝑜𝑔𝑎 − 𝑙𝑜𝑔𝑏] 

                                      =𝑙𝑜𝑔
𝑏

2
∫

1

𝑦

𝑎

2
𝑑𝑦    =  𝑙𝑜𝑔

𝑏

2
[log 𝑦]2

𝑎 

                                      =  𝑙𝑜𝑔
𝑏

2
[𝑙𝑜𝑔𝑎 − 𝑙𝑜𝑔2]    =[𝑙𝑜𝑔

𝑏

2
] [𝑙𝑜𝑔

𝑎

2
] 

Example:  

    Evaluate ∫ ∫ (𝒙𝟐 + 𝒚𝟐)𝒅𝒙𝒅𝒚
𝟑

𝟐

𝟏

𝟎
 

Solution: 

          ∫ ∫ (𝑥2 + 𝑦2)𝑑𝑥𝑑𝑦
3

2

1

0
  = ∫ [

𝑥3

3
+ 𝑦2𝑥]

2

31

0
𝑑𝑦  

                                               =∫ [(
33

3
+ 3𝑦2) − (

23

3
+ 2𝑦2)] 𝑑𝑦

1

0
 

                                               =∫ [9 + 3𝑦2 −
8

3
− 2𝑦2]

1

0
𝑑𝑦 

                                               =∫ [
19

3
+ 𝑦2]

1

0
𝑑𝑦   =[

19𝑦

3
+

𝑦3

3
]

0

1

 

                                               =[
19

3
+

1

3
]  =  

  20

3
 

Example:  

    Evaluate ∫ ∫ 𝒆𝒙+𝒚𝟐

𝟎
𝒅𝒚𝒅𝒙

𝟑

𝟎
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Solution: 

          ∫ ∫ 𝑒𝑥+𝑦2

0
𝑑𝑦𝑑𝑥

3

0
  = ∫ ∫ 𝑒𝑥2

0
𝑒𝑦𝑑𝑦𝑑𝑥

3

0
  =[∫ 𝑒𝑥3

0
𝑑𝑥] [∫ 𝑒𝑦2

0
𝑑𝑦] 

                                        =[𝑒𝑥]0
3[𝑒𝑦]0

2    = [𝑒3 − 𝑒0][𝑒2 − 𝑒0] 

                                        =[𝑒3 − 1][𝑒2 − 1] 

Note: If the limits are variable, then check the given problem is in the correct form 

          Rule:   (i) The limits for the inner integral are functions of  , then the first integral is                                                  

with respect to 𝑦 

                      (ii) The limits for the inner integral are functions of  , then the first integral is                                                  

with respect to 𝑥 

Example:  

    Evaluate ∫ ∫ 𝒅𝒙𝒅𝒚
√𝒂𝟐−𝒙𝟐

𝟎

𝒂

𝟎
 

Solution: 

           The given integral is in incorrect form  

           Thus the correct form is 

             ∫ ∫ 𝑑𝑦𝑑𝑥
√𝑎2−𝑥2

0

𝑎

0
  =∫ [𝑦]0

√𝑎2−𝑥2𝑎

0
𝑑𝑥    =∫ [√𝑎2 − 𝑥2]𝑑𝑥

𝑎

0
 

                                           = [
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 𝑥

𝑎
]

0

𝑎

 

                                           =[(0 +
𝑎2

2
𝑠𝑖𝑛−11) − (0 + 0)]            [∵ 𝑠𝑖𝑛−11 =

𝜋

2
, 𝑠𝑖𝑛−10 = 0] 

                                            = 
𝑎2

2
(

𝜋

2
)   =  

 𝜋𝑎2

4
 

Example:  

    Evaluate ∫ ∫ 𝒚(𝒙𝟐 + 𝒚𝟐)𝒅𝒙𝒅𝒚
√𝒂𝟐−𝒙𝟐

𝟎

𝒂

𝟎
 

Solution: 

           The given integral is in incorrect form  

           Thus the correct form is 

             ∫ ∫ 𝑦(𝑥2 + 𝑦2)𝑑𝑦𝑑𝑥
√𝑎2−𝑥2

0

𝑎

0
 = ∫ ∫ (𝑥2𝑦 + 𝑦3)𝑑𝑦𝑑𝑥

√𝑎2−𝑥2

0

𝑎

0
 

                                                             =∫ [
𝑥2𝑦2

2
+

𝑦4

4
]

0

√𝑎2−𝑥2

𝑑𝑥
𝑎

0
 

                                                             =∫ [
𝑥2(𝑎2−𝑥2)

2
+

(𝑎2−𝑥2)
2

4
]

𝑎

0
𝑑𝑥 

                                                             =∫ [
𝑎2𝑥2

2
−

𝑥4

2
+

𝑎4

4
+

𝑥4

4
−

2𝑎2𝑥2

4
] 𝑑𝑥

𝑎

0
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                                                             =[
𝑎2𝑥3

6
−

𝑥5

10
+

𝑎4𝑥

4
+

𝑥5

20
−

2𝑎2𝑥3

12
]

0

𝑎

 

                                                             =[
−𝑥5

10
+

𝑎4𝑥

4
+

𝑥5

20
]

0

𝑎

 

                                                             =[
−𝑎5

10
+

𝑎5

4
+

𝑎5

20
] 

                                                              = 
𝑎5

5
 

Example:  

     Sketch roughly the region of integration for ∫ ∫ 𝑓(𝑥, 𝑦)
𝑥

0

1

0
𝑑𝑦𝑑𝑥 

   Solution:  

           Given   ∫ ∫ 𝑓(𝑥, 𝑦)
𝑥

0

1

0
𝑑𝑦𝑑𝑥 

          𝑥 varies from 𝑥 = 0 to 𝑥 = 1 

          𝑦 varies from 𝑦 = 0 to 𝑦 = 𝑥 

 

                                                            

Example:  

    Shade the region of integration ∫ ∫ 𝒅𝒙𝒅𝒚
√𝒂𝟐−𝒙𝟐

√𝒂𝒙−𝒙𝟐

𝒂

𝟎
 

Solution: 

                 ∫ ∫ 𝑑𝑦𝑑𝑥
√𝑎2−𝑥2

√𝑎𝑥−𝑥2

𝑎

0
  is the correct form 

𝑥 limit varies from 𝑥 = 0 to 𝑥 = 𝑎 

𝑦 limit varies from 𝑦 = √𝑎𝑥 − 𝑥2   to  𝑦 = √𝑎2 − 𝑥2     

             i.e., 𝑦2 = 𝑎𝑥 − 𝑥2  to  𝑦2 = 𝑎2 − 𝑥2 

             i.e., 𝑦2  + 𝑥2  = 𝑎𝑥  to  𝑦2 + 𝑥2 = 𝑎2 

    𝑥2  + 𝑦2  = 𝑎𝑥  is a circle with centre (
𝑎

2
, 0)  and radius 

𝑎

2
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     𝑥2  + 𝑦2  = 𝑎2  is a circle with centre  (0,0)  and radius 𝑎 

                                                                                     

                     

 


