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Jacobians
If u and v are the functions of two independent variables x and y then
ou ou
g:ﬁ gf}’ is called the Jacobian of u , v with respect to x and y. it is denoted by
ox ay
a(u,v) —
a(x,y) J
Note:
ox 2
r_ 0xy) _ |ou av
LT = Gam = y 9y
du Ov

2. The Jacobian of u, v, w with respectto x,y, z is
ou ou ou
dx Jdy 0z
duyw) _ [0v  dv  adv
a(x,y,2) ~ |ox ay 0z
ow ow ow
dx 0y 0z
Properties of Jacobian:
Property:1

I(uv) , I(xy)

If u and v are the functions of x and y then - b f

Proof:
_ 9(uw) r o 0(xy)
Let J= axy) ' "y ()
ou Ju dx  dx
1 _ dx 0y a 5
JI°= v oo oy oy
dx Oy du OJv

dudx ' Judy Oudx , dudy

_ |oxou ' ayou axav ' ayov )
dvdx . dovdy Odvox , dvaoy|
dxdu ' dyou 0xdv @ Ay dv

6_u_l_6u6_x dudy

du Eau Eau

u_ - dudx  dudy

dv dx v dy ov

v _ g 0wox  awoy

dv dx 0v dy dv

w_ o wox  wdy

au  ~ 9xadu dy du
1 0

1) = | =1

S 0 1
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L J) =1
Example:
Ifx = u(1l—v),y = uvfindJandJ' and prove thatJJ' =1
Solution:
Toprove J]' =1
ox 0x
J = %: Al e
ou v

Given x = u(1l—v),y = uv

ax ady
—=1l-v,=—=v
ou ' ou
v ' oou
1—-v —u
W= J=] |
v u
= UuUu-uv +uv =u
ou au

p_ 0wy) _ |0x 0dy
J'= 36~ oo av| -
dx 0y

Given x = u — uv, y = uv

_ - )
X =uU—y,V ”
_ S W,
u=x+y,v= s
9u 49 m—
ox =1, ax ( (x+y)2) x1= (x+y)?
6_u _ @ _ (x+y)xI-yxl _ x
dy T lay  (x+y)?  (x+y)?
1 1
@)= J=|_._¥r _x_
(x+¥)? - (x+y)?
x y

(x+y)?  (x+y)?
1
+y

=

&1~

here ] = uwand]’ =%
Cor = 1 _
s~ J] —uxu—l

Hence proved.
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Example:

u a(xy)  d(uww)
Ifx = uv,y = ;prOVEWXW =

Solution:
a_x ox
Let j = 2&0) _ ou ovf 9

a(uv) |9y 9y
ou Jdv

Given x = uv,y = %

dx dy 1
ou_ U ou i
ox_ . ex_cu
ov ' ou v?
v u
(1) => iy
v 2
_ —uv u _ —2u
Tz oy iy
du Ju

], b d(wv) _ |0x; 09y (2)

dx Jdy
x=uv,y=% = u = vy
x =vyv = x = vy =>v2=§ =>v=%
X =uv = u=-= u=ﬂ=\/§\/§
v Vx
Now = u =\/§\/_,v=\/\/—:;
ou__Vy v _ I T
ax  2x'9x Ay 2Vx
du _ Vx 9v _ AN
6y_2\/§’6y_\/§(y)2\/§
Ny Ix
, | v 2
(2):>]_ i _\/}
Nyvx 29y
L __2 _1
R Y @y 2y
v
= T (-Y—;)

=2
here ]:Tuand]’:—i

2 ]) = ZEx(-2) =1

Hence proved.
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Property: 2
If u and v are the functions of r, s where r, s are the functions of x and y then

d(uv)  d(wv) 5 a(r,s)
axy)  ams) axy)

Proof:
du du or or
o(uy) , 9(s) ar os ox 0Jy
27 7 — X
ars) " a(xy) v v 9s 0s
adr 0ds dx 0y
RN 709 5] o COF w JPe
__|or ox ds dx Or dy ds oy
-~ |wor  9vds ovar  oavas
or 0x ds 0x Odr dy ds 0y
au ou
__|ox dy
I LR
dox - dy
_ 0wy
a(x,y)
.. a(u,v,w a(uwv,w a(r,s,t
Similarly S — e (7.5.4)
9(x,y,2) a(r,s,t) 0(x,y,2z)
Example:

Ifu = 2xy,v = x>- y’andx = rcos@,y = rsin@. Evaluate %Without

)

actual substitution
Solution:
By property: 2
a(wy) _ dwy)  9(xy)

a(r,0) a(x,y) a(r,0)

du du ox Ox

__|ox oy E %

= oo, o0 X |ay oy - (1)
dx Jy ar, 06

Givenu = 2xy,v = x?>- ¥y ,x = rcosf,y = rsinf

u dv 0x dy .

— =2y, —=2x —= = co0s0 ,— = sinf

ax Y ax ! or " or

du v O0x . dy
—=2x,—= -2 — = —rsinf ,— = rcos0
dy "9y Yo %8 ' 96

1) d(u) _ 2y 2x| |c059 —rsinf
are |2x =2y sin@  rcosf

= (—4y? — x?)(rcos’6 + rsin’0)

(_. x’ =1’cos’6 )

A2 a2 _
=—4(x"+y)xr y2 = r2sin’f
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= —4r’xr

= —4r3

Example:

Ifx = a(u+v),y = b(u—v) andu = r’cos20,v = r’sin20 then evaluate

Solution:
By Property: 2

Ixy) _ xy)

are) a(wv)

a_x
du
9y
ou

Givenx = a(u+v),y = b(u—v),u = r’c0s26,v = r’sin26

x _ oy _ u _ w_
Pl b , A% 2rcos26 o 2rsing
o _ , KMl 04 R W 52
el -k | 2r-sin20 , 66—21’ cos20
a a 2rcos20 - —2r’sin20
1)=> =
¥ |b —b| 2rsin20 2r’cosf
= (—ab — ab) (4r’cos’20 + 4r’sin?20)
= —2ab X 413
= —8riab
Property: 3
If u,v,w are functionally dependent of three independent variables x,y , z
a(u,v,w) .
then Ay
Proof:

As u,v,w are not independent then f(u,v,w) = 0...(1)

Differentiating equation (1) with respectto x,y,z we get

o(uv)

a(r,0)

ox|  |ou ou

v ar 00

ay| ™ |ov  av| = (1)
av adr 06

ofou  afov | ofow _
dudx Ovox aw ox 0 .. (2)
ofou  ordv | of aw _

dudy dvdy owady 0...(3)
Ofou | Ofdv | Of 0w _

dudz  dvadz owdz

Eliminating f derivatives from (2) ,(3) and (4) we have
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du Jdv Jow
ax 9x ox
du Jdv Jow _
oy oy oy~ 0
du Jdv OJw
9z 0z oz

On interchanging rows and columns, we get

au ou du

dx Jdy 0z

ov. dv  dv| _

ox oy oz| =Y

w ow aw

dx dy 0z

i.e) a(u,v,w) _
d(x,y,z)

Example:
If p=3x+2y—2z,q =x—-2y=2z,r = x+2y—zprovethatp,q,rare
functionally dependent.
Solution:

To prove p,q ,r are functionally dependent.

1 a(p,q,r) _
i.e) To prove 1l
o
dx 0y 0z
H a(p,q,r) — a_q a_q a_q
Consider SRS, = 5 o
A .
dx 0y 0z
3 2 -1
=11 -2 1
1 2 -1
=3(2-2) - 2(-1-1) -1(2+2)
=4-4
=0
= p,q ,r are functionally dependent.
Example:
fx+y+z=u,y+z=uv,z=uvw prove that 2222 — y2y

a(u,v,w)
Solution:
Gvenx +y+z=u, y+z=uv, z=uww
X+uv =u, y+uw = uv, z = uvw

X =Uu-uv, y = uv-uvw, zZz = uvw
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dx 0x Ox

Jou Jdv Ow
Owyz _ [0y 0y 0¥ (1
a(u,v,w) ou dv ow| "

dz 0z 0z

Jou OJv 0z

X =U-UV, Yy = UV- UUW, Z = UUW

a—x—l—v a—y—v—vw a—Z—vw
au Tou " oou
v Y ey
0x dy __ 0z
6w_0’6w_ e aw_uv
¢yl 1—v —u 0
xX,Y,Z
D)=>—"4= =lv—=vw u—uw —-uv
a(uw,v,w)
vw uw uv

= (1 - v)@W?v — v?vw + v?vw) + u(uv? — uv?w + uv?w) +
0(uvw — uvw? — uvw + uvw?
= (1 — wu?v.+ u?v?
= u?v — u?v? + u?v?
= uv
Hence proved.
Example:

. , a(x,y, .
Find the Jacobian % of the transformation x = rsinf@cose ,y =

rsin@sing ,z = rcoso
Solution:

dx dx Ox
ar a6 do
oxyz) _ |9y 9y Oy (1)
a(r,0,p) ar 98 od@|
0z 0z -0z
ar a6 (10

x = rsinfcosp ,y = rsinfsing,z = rcos6

dx . dy . . 0z

— = sinfcos — = sinfsin — = cos6

ar ¢ or ¢ or

ox dy . 0z .
— = rcosfcos — = rcosfsin — = —rsing
20 P 26 P 50

ox . . dy . 0z

— = —7rsinfsin — =rsinfBcosp, — =0

G1%) P 1) P 1)

sinfcosp rcosfcosp —rsinBsing
a(xyz) | . . . .
1= Ao sinfsing rcosfsing  rsinfcosg
o cosé —r sinf 0
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= sinfcosp(0 + r?sin?Ocosgp) —
rcosOcosp(—rsinfcosfcosp) —
r(sinfsing(—rsin?fsing — rcos?Osing)
= r2sin30cos?@ + r?cos?Ocos*@sind + r?sin30sin’¢ +
r2cos?0sin?@sind
=1r2sin30 + r?cos?0sind

= r2sinf(sin?6 + cos?0)

= r?sinf
Example:
yz zx xy I(uv,w)
Ifu == 2 V=—,W=— show that —— =
x y z a(x,y,z)
Solution:
u ou du
dx 0y 0z

dwyw) _ |[0v  dv dv (1)
(x,y,2) “lox oy ‘ozl T
ow dw  ow

dx 0y 0z
z zZX X
u:y—'vz—‘ :—y
X y z
ou . _yz v _z ow _y
dx - x2' 9x  y'ox =z
du_z ov 2 ow _ x
dy x' 9y y2' 9y gz
Ju _y 9v _x ow . xy
az  z' 8z y' 9z  z2
1_Yz . Y
x2 x x
au,vlw VA zZX X
(= Wmm_ 2 2z
(x,y,2) y y y
i4 8 —
z z 72
vz

_ x%yz  x? z[ xyz «xy Y (ZX | ZXY
= — = | == == === [_ ==
x21ly%2z2 yz x yz2  yz x‘tyz = zy?

x%y2z2  yzx?  xyz? xyz . yzx . zxy?

= e e e S o

_xzyzz2 x2yz = xyz? xyz xyz xzy?
= —14+1+1+1+1+1 = 4

Hence proved.

Example:
; . Ixy) _
If x = acosh@cosB ,y = asinh@sind show that o8~ Z (cosh2¢ — cos20)
Solution:
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dx 0x

a(xy) _ |[0p 06
ap0) |9 9y (1)
dep 06

Given x = acosh@cosf,y = asinhsinf

= = acosfsinhg , % _ asinfcoshg

do dp
ax . ay .
Frin —asinfcoshg , 0= acos@sinheg

a(xy) _ |acosfsinhg —asinBcoshg
a(9.0)  |asinfcoshe  acosOsinhe

1=

a’sinh®@cos?6 + a*cosh?@psin*6
a?[sinh?@(1 — sin?0) + (1 + sinh?¢)sin?6]

2

a’*[sinh?¢p — sinh?@sin®0 + sin?0 + sinh?@sin?6]

[
a’[sinh?@ + sin0]
[

2 coshZ(p 1 1— cosZG]
2

[
Q

cosh2¢p—1+1—cos260
= a’[ - ]

= az—z (cos2¢i— cos26)
Hence proved.
Jacobian of Implicit Functions
If fitu,v,w,x,y,z) =0

folu,v,w,x,v,2) =0
and f;(u,v,w,x,y,z) = 0 are three implicit functions, we can consider u, v, w as

implicit function x, y, z then it can be proved

0(f1.f2.f3)

a(u,v,w) ( 1)3 9(x,y,2)
a(x.y,2) f’g’(lu U f2d3) M{) 3)
o ) 0(f1.f2.f3)

xX,y,Z 3 _ouyw)
Also S = U agmmm
o(x,y.2)

Example:
ffi=u—x—-y—-z=0,f,=uv—y—2z=0,f; =uvw—z =0, prove that
0xy2) _
d(u,v,w)
Solution:
Givenfi=u—-x—-y—z, f=uw—-y—2z fs=uvw—2z

0f1 0f1 of2 of2 of3 0f3
—_—=-1,==1, ==0,—4==v, —==0,—=vw
ox ou dx ou

ox " ou
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f; 9f; of: af. af. af.
T e T0g LG S =0 s
i g g g g s g W
oz 1'3W_0’6z - 1'6w_0' 9z 1'6w_uv
9(f1.f2.13)
0(xy,z) _ (_1)3 9 (u,v,w)
a(uvw) 0 1.f2./3)
9(x,y,z)
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