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Jacobians 

             If 𝑢 and 𝑣 are the functions of two independent variables 𝑥 and 𝑦 then 

      |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

|  is called the Jacobian of 𝑢 , 𝑣 with respect to 𝑥 and 𝑦. it is denoted   by  

  
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= 𝐽 

Note: 

1. 𝐽′ =  
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
=   |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

|   

2. The Jacobian of 𝑢 , 𝑣 , 𝑤  with respect to 𝑥 , 𝑦 , 𝑧 is 

        
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
=

|
|

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

𝜕𝑤

𝜕𝑧

|
|
 

Properties of Jacobian: 

Property:1 

If 𝒖 and 𝒗 are the functions of 𝒙 and 𝒚 then    
𝝏(𝒖,𝒗)

𝝏(𝒙,𝒚)
×

𝝏(𝒙,𝒚)

𝝏(𝒖,𝒗)
= 𝟏 

Proof: 

              Let     𝐽 =
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
  ,     𝐽′ =  

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
       

                    𝐽 𝐽′ =   |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| ×  |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| 

                           = |

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑢

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑣

𝜕𝑣

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑣

𝜕𝑦

𝜕𝑦

𝜕𝑢

𝜕𝑣

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑣

𝜕𝑦

𝜕𝑦

𝜕𝑣

|  … (1)      

                         
𝜕𝑢

𝜕𝑢
 = 1 =  

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑢
 

                         
𝜕𝑢

𝜕𝑣
 = 0 =  

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑣
 

                         
𝜕𝑣

𝜕𝑣
 = 1 =  

𝜕𝑣

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑣

𝜕𝑦

𝜕𝑦

𝜕𝑣
 

                         
𝜕𝑣

𝜕𝑢
 = 0 =  

𝜕𝑣

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑣

𝜕𝑦

𝜕𝑦

𝜕𝑢
 

                       (1) ⇒  |
1 0

0 1
| = 1 
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                       ∴   𝐽 𝐽′ = 1 

Example:  

     If 𝒙 =  𝒖(𝟏 − 𝒗) , 𝒚 =  𝒖𝒗 find 𝑱 and 𝑱′ and prove that 𝑱𝑱′ = 𝟏 

Solution: 

                 To prove  𝐽𝐽′ = 1 

                  𝐽 =  
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
= |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| … (1)          

              Given  𝑥 =  𝑢(1 − 𝑣) , 𝑦 =  𝑢𝑣 

                         
𝜕𝑥

𝜕𝑢
=1−𝑣 , 

𝜕𝑦

𝜕𝑢
= 𝑣 

                       
𝜕𝑥

𝜕𝑣
= −𝑢   ,   

𝜕𝑥

𝜕𝑢
= 𝑢   

(1) ⇒     𝐽 = |
1 − 𝑣 −𝑢

𝑣 𝑢
| 

        =  𝑢 –  𝑢𝑣 +  𝑢𝑣   =  𝑢 

                  𝐽′ =  
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| … (2)   

                             Given  𝑥 =  𝑢 −  𝑢𝑣 , 𝑦 =  𝑢𝑣 

                                         𝑥 =  𝑢 −  𝑦 , 𝑣 =  
𝑦

𝑢
 

                                       𝑢 =  𝑥 +  𝑦 , 𝑣 =   
𝑦

𝑥+𝑦
 

                         
𝜕𝑢

𝜕𝑥
=1 , 

𝜕𝑣

𝜕𝑥
= 𝑦 (−

1

(𝑥+𝑦)2
) ×1= −

𝑦

(𝑥+𝑦)2
 

                          
𝜕𝑢

𝜕𝑦
=1 , 

𝜕𝑣

𝜕𝑦
=

(𝑥+𝑦)×1−𝑦×1

(𝑥+𝑦)2
=

𝑥

(𝑥+𝑦)2
 

(2) ⇒      𝐽′ = |
1 1

−
𝑦

(𝑥+𝑦)2

𝑥

(𝑥+𝑦)2
| 

                 =  
𝑥

(𝑥+𝑦)2
+

𝑦

(𝑥+𝑦)2
 

                 =  
1

𝑥+𝑦
 

                 =   
1

𝑢
 

here   𝐽 =  𝑢 and 𝐽′  =  
1

𝑢
  

                                    ∴   𝐽𝐽′ = 𝑢 ×
1

𝑢
= 1 

                                            Hence  proved.        
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Example:  

     If 𝒙 =  𝒖𝒗 , 𝒚 =  
𝒖

𝒗
 prove 

𝝏(𝒙,𝒚)

𝝏(𝒖,𝒗)
×

𝝏(𝒖,𝒗)

𝝏(𝒙,𝒚)
= 𝟏 

Solution:                                                                   

               Let   𝐽 =  
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
= |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| … (1)      

              Given  𝑥 =  𝑢𝑣 , 𝑦 =  
𝑢

𝑣
 

                         
𝜕𝑥

𝜕𝑢
= 𝑣 , 

𝜕𝑦

𝜕𝑢
=

1

𝑣
 

                       
𝜕𝑥

𝜕𝑣
= 𝑢   ,   

𝜕𝑥

𝜕𝑢
=

−𝑢

𝑣2
   

   (1) ⇒      𝐽 = |
𝑣 𝑢
1

𝑣

−𝑢

𝑣2
| 

          =  
−𝑢𝑣

𝑣2 −
𝑢

𝑣
  = 

−2𝑢

𝑣
 

                         𝐽′ =  
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| … (2)    

                     𝑥 =  𝑢𝑣 ,   𝑦 =  
𝑢

𝑣
   ⇒    𝑢 =  𝑣𝑦 

                     𝑥 =  𝑣𝑦𝑣  ⇒  𝑥 =  𝑣2𝑦  ⇒ 𝑣2 =
𝑥

𝑦
  ⇒ 𝑣 =

√𝑥

√𝑦
 

                     𝑥 =  𝑢𝑣  ⇒    𝑢 =  
𝑥

𝑣
 ⇒    𝑢 =  

𝑥√𝑦

√𝑥
  =  √𝑥√𝑦 

                            𝑁𝑜𝑤 ⇒    𝑢  =  √𝑥√𝑦 ,   𝑣 =
√𝑥

√𝑦
 

                          
𝜕𝑢

𝜕𝑥
= √𝑦

2√𝑥
 , 

𝜕𝑣

𝜕𝑥
=

1

√𝑦

1

2√𝑥
 

                          
𝜕𝑢

𝜕𝑦
=

√𝑥

2√𝑦
 , 

𝜕𝑣

𝜕𝑦
= √𝑥 (

−1

𝑦
)

1

2√𝑦
                

        (2) ⇒ 𝐽′ = |

√𝑦

2√𝑥

√𝑥

2√𝑦

1

2√𝑦√𝑥

−√𝑥

2𝑦√𝑦

| 

                        = −
1

4𝑦
−

1

4𝑦
   = −

2

4𝑦
     = −

1

2𝑦
 

                        = −
𝑣

2𝑢
                             (∵ 𝑦 =

𝑢

𝑣
 ) 

here   𝐽 = 
−2𝑢

𝑣
 and 𝐽′  = −

𝑣

2𝑢
 

                                    ∴   𝐽 𝐽′ =  
−2𝑢

𝑣
× (−

𝑣

2𝑢
) =1 

                                            Hence  proved.        
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Property: 2 

      If 𝒖 and 𝒗 are the functions of 𝒓 , 𝒔 where 𝒓 , 𝒔 are the functions of 𝒙 and 𝒚 then                         

𝝏(𝒖,𝒗)

𝝏(𝒙,𝒚)
=  

𝝏(𝒖,𝒗)

𝝏(𝒓,𝒔)
×  

𝝏(𝒓,𝒔)

𝝏(𝒙,𝒚)
 

Proof: 

                     
𝜕(𝑢,𝑣)

𝜕(𝑟,𝑠)
×  

𝜕(𝑟,𝑠)

𝜕(𝑥,𝑦)
=   |

𝜕𝑢

𝜕𝑟

𝜕𝑢

𝜕𝑠
𝜕𝑣

𝜕𝑟

𝜕𝑣

𝜕𝑠

| ×  |

𝜕𝑟

𝜕𝑥

𝜕𝑟

𝜕𝑦

𝜕𝑠

𝜕𝑥

𝜕𝑠

𝜕𝑦

| 

                                                =  |

𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑥

𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑦

𝜕𝑣

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑣

𝜕𝑠

𝜕𝑠

𝜕𝑥

𝜕𝑣

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑣

𝜕𝑠

𝜕𝑠

𝜕𝑦

|      

                                         =  |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| 

                                                 =  
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
 

    Similarly       
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
=  

𝜕(𝑢,𝑣,𝑤)

𝜕(𝑟,𝑠,𝑡)
× 

𝜕(𝑟,𝑠,𝑡)

𝜕(𝑥,𝑦,𝑧)
   

Example:  

    If 𝒖 =  𝟐𝒙𝒚 , 𝒗 =  𝒙2 –  𝒚2 and 𝒙 =  𝒓𝒄𝒐𝒔𝜽 , 𝒚 =  𝒓𝒔𝒊𝒏𝜽. Evaluate  
𝝏(𝒖,𝒗)

𝝏(𝒓,𝜽)
 without 

actual  substitution 

Solution: 

              By   property: 2                    

                           
𝜕(𝑢,𝑣)

𝜕(𝑟,𝜃)
=  

𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
× 

𝜕(𝑥,𝑦)

𝜕(𝑟,𝜃)
 

                                  = |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| ×  |

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃
𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

| … (1)     

              Given 𝑢 =  2𝑥𝑦 , 𝑣 =  𝑥2 –  𝑦2  , 𝑥 =  𝑟𝑐𝑜𝑠𝜃 , 𝑦 =  𝑟𝑠𝑖𝑛𝜃 

                           
𝜕𝑢

𝜕𝑥
= 2𝑦 , 

𝜕𝑣

𝜕𝑥
= 2𝑥  ,      

𝜕𝑥

𝜕𝑟
= 𝑐𝑜𝑠𝜃 , 

𝜕𝑦

𝜕𝑟
= 𝑠𝑖𝑛𝜃 

                          
𝜕𝑢

𝜕𝑦
= 2𝑥 , 

𝜕𝑣

𝜕𝑦
= −2𝑦 ,     

𝜕𝑥

𝜕𝜃
= −𝑟𝑠𝑖𝑛𝜃 , 

𝜕𝑦

𝜕𝜃
= 𝑟𝑐𝑜𝑠𝜃  

                     (1)  ⇒  
𝜕(𝑢,𝑣)

𝜕(𝑟,𝜃)
= |

2𝑦 2𝑥
2𝑥 −2𝑦

| ×  |
𝑐𝑜𝑠𝜃 −𝑟𝑠𝑖𝑛𝜃 
𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃 

| 

                                           = (−4𝑦2 − 𝑥2)(𝑟𝑐𝑜𝑠2𝜃 + 𝑟𝑠𝑖𝑛2𝜃) 

                             = −4(𝑥2 + 𝑦2) × 𝑟        (∵
𝑥2 = 𝑟2𝑐𝑜𝑠2𝜃
𝑦2 = 𝑟2𝑠𝑖𝑛2𝜃

 ) 
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                            = −4𝑟2 × 𝑟  

                            = −4𝑟3 

Example:  

If 𝒙 =  𝒂(𝒖 + 𝒗) , 𝒚 =  𝒃(𝒖 − 𝒗)  and 𝒖 =  𝒓2𝒄𝒐𝒔𝟐𝜽 , 𝒗 =  𝒓2𝒔𝒊𝒏𝟐𝜽 then evaluate  
𝝏(𝒙,𝒚)

𝝏(𝒓,𝜽)
     

Solution: 

              By   Property: 2                    

                           
𝜕(𝑥,𝑦)

𝜕(𝑟,𝜃)
=  

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
×  

𝜕(𝑢,𝑣)

𝜕(𝑟,𝜃)
 

                                      = |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| ×  |

𝜕𝑢

𝜕𝑟

𝜕𝑢

𝜕𝜃
𝜕𝑣

𝜕𝑟

𝜕𝑣

𝜕𝜃

| … (1)              

Given 𝑥 =  𝑎(𝑢 + 𝑣) , 𝑦 =  𝑏(𝑢 − 𝑣) , 𝑢 =  𝑟2𝑐𝑜𝑠2𝜃 , 𝑣 =  𝑟2𝑠𝑖𝑛2𝜃  

         
𝜕𝑥

𝜕𝑢
= 𝑎 ,  

𝜕𝑦

𝜕𝑢
= 𝑏  ,      

𝜕𝑢

𝜕𝑟
= 2𝑟𝑐𝑜𝑠2𝜃 , 

𝜕𝑣

 𝜕𝑟
= 2𝑟𝑠𝑖𝑛𝜃 

         
𝜕𝑥

𝜕𝑣
= 𝑎 ,  

𝜕𝑦

𝜕𝑣
= −𝑏 ,     

𝜕𝑢

𝜕𝜃
= −2𝑟2𝑠𝑖𝑛2𝜃 ,  

𝜕𝑣

𝜕𝜃
= 2𝑟2𝑐𝑜𝑠2𝜃         

               (1) ⇒   =  |
𝑎 𝑎
𝑏 −𝑏

| ×  |2𝑟𝑐𝑜𝑠2𝜃 −2𝑟2𝑠𝑖𝑛2𝜃 
2𝑟𝑠𝑖𝑛2𝜃 2𝑟2𝑐𝑜𝑠𝜃 

| 

                            = (−𝑎𝑏 − 𝑎𝑏)(4𝑟3𝑐𝑜𝑠22𝜃 + 4𝑟3𝑠𝑖𝑛22𝜃) 

                             = −2𝑎𝑏 × 4𝑟3 

                             = −8𝑟3𝑎𝑏 

Property: 3 

𝑰𝒇 𝒖 , 𝒗 , 𝒘 are functionally dependent of three independent variables 𝒙 , 𝒚 , 𝒛   

then 
𝝏(𝒖,𝒗,𝒘)

𝝏(𝒙,𝒚,𝒛)
=  𝟎  

Proof: 

             As  𝑢 , 𝑣 , 𝑤 are not independent then   𝑓(𝑢, 𝑣, 𝑤) =  0 … (1)     

                   Differentiating equation (1) with respect to 𝑥 , 𝑦 , 𝑧   we get 

                    
𝜕𝑓

𝜕𝑢

𝜕𝑢

𝜕𝑥
+

𝜕𝑓

𝜕𝑣

𝜕𝑣

𝜕𝑥
+  

𝜕𝑓

𝜕𝑤

𝜕𝑤

𝜕𝑥
= 0 … (2)           

                      
𝜕𝑓

𝜕𝑢

𝜕𝑢

𝜕𝑦
+

𝜕𝑓

𝜕𝑣

𝜕𝑣

𝜕𝑦
+  

𝜕𝑓

𝜕𝑤

𝜕𝑤

𝜕𝑦
= 0 … (3)         

                     
𝜕𝑓

𝜕𝑢

𝜕𝑢

𝜕𝑧
+

𝜕𝑓

𝜕𝑣

𝜕𝑣

𝜕𝑧
+  

𝜕𝑓

𝜕𝑤

𝜕𝑤

𝜕𝑧
= 0 … (4)          

        Eliminating 𝑓 derivatives from (2) ,(3) and (4) we have 
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                               |
|

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥

𝜕𝑤

𝜕𝑥
𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

𝜕𝑤

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑧

𝜕𝑤

𝜕𝑧

|
| = 0  

             On interchanging rows and columns, we get 

                         
|
|

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

𝜕𝑤

𝜕𝑧

|
|

= 0  

                            i.e)      
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
=  0 

Example:  

       If  𝒑 =  𝟑𝒙 + 𝟐𝒚 − 𝒛 , 𝒒 =  𝒙 − 𝟐𝒚 = 𝒛 , 𝒓 =  𝒙 + 𝟐𝒚 − 𝒛 prove that 𝒑 , 𝒒 , 𝒓 are 

functionally dependent. 

  Solution:  

         To prove  𝑝 , 𝑞 , 𝑟 are functionally dependent. 

          i.e) To prove  
𝜕(𝑝,𝑞,𝑟)

𝜕(𝑥,𝑦,𝑧)
=  0  

                   Consider 
𝜕(𝑝,𝑞,𝑟)

𝜕(𝑥,𝑦,𝑧)
=

|
|

𝜕𝑝

𝜕𝑥

𝜕𝑝

𝜕𝑦

𝜕𝑝

𝜕𝑧

𝜕𝑞

𝜕𝑥

𝜕𝑞

𝜕𝑦

𝜕𝑞

𝜕𝑧

𝜕𝑟

𝜕𝑥

𝜕𝑟

𝜕𝑦

𝜕𝑟

𝜕𝑧

|
|
  

                                                 = |
3 2 −1
1 −2 1
1 2 −1

|  

                                                  = 3(2-2) – 2( -1 -1) -1(2+2) 

                                                  = 4 – 4 

                                                  = 0 

                          ∴ 𝑝 , 𝑞 , 𝑟 are functionally dependent. 

Example:  

If  𝒙 +  𝒚 +  𝒛 =  𝒖 , 𝒚 +  𝒛 =  𝒖𝒗 , 𝒛 =  𝒖𝒗𝒘  prove that 
𝝏(𝒙,𝒚,𝒛)

𝝏(𝒖,𝒗,𝒘)
= 𝒖𝟐𝒗  

Solution: 

     Given  𝑥 +  𝑦 +  𝑧 =  𝑢 ,   𝑦 +  𝑧 =  𝑢𝑣 ,   𝑧 =  𝑢𝑣𝑤   

               𝑥 +  𝑢𝑣 =  𝑢 ,   𝑦 +  𝑢𝑣𝑤 =  𝑢𝑣 ,   𝑧 =  𝑢𝑣𝑤 

               𝑥 =  𝑢 –  𝑢𝑣 ,   𝑦 =  𝑢𝑣 –  𝑢𝑣𝑤 , 𝑧 =  𝑢𝑣𝑤 
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𝜕(𝑥,𝑦,𝑧)

𝜕(𝑢,𝑣,𝑤)
= |

|

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥

𝜕𝑤
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

𝜕𝑤
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑧

𝜕𝑧

|
| … (1)   

                      𝑥 =  𝑢 –  𝑢𝑣 ,   𝑦 =  𝑢𝑣 –  𝑢𝑣𝑤 ,   𝑧 =  𝑢𝑣𝑤 

                        
𝜕𝑥 

𝜕𝑢
= 1 − 𝑣 ,    

𝜕𝑦 

𝜕𝑢
= 𝑣 − 𝑣𝑤 ,   

𝜕𝑧 

𝜕𝑢
= 𝑣𝑤     

                         
𝜕𝑥

𝜕𝑣
= −𝑢 ,   

𝜕𝑦

𝜕𝑣
= 𝑢 − 𝑢𝑤 ,     

𝜕𝑧

𝜕𝑣
= 𝑢𝑤    

                         
𝜕𝑥 

𝜕𝑤
= 0 ,  

𝜕𝑦 

𝜕𝑤
= −𝑢𝑣,  

𝜕𝑧

𝜕𝑤
= 𝑢𝑣   

               (1) ⇒
𝜕(𝑥,𝑦,𝑧)

𝜕(𝑢,𝑣,𝑤)
    = |

1 − 𝑣 −𝑢 0
𝑣 − 𝑣𝑤 𝑢 − 𝑢𝑤 −𝑢𝑣

𝑣𝑤 𝑢𝑤 𝑢𝑣
|  

                                         = (1 − 𝑣)(𝑢2𝑣 − 𝑢2𝑣𝑤 + 𝑢2𝑣𝑤) + 𝑢(𝑢𝑣2 − 𝑢𝑣2𝑤 + 𝑢𝑣2𝑤) +

                                                                0(𝑢𝑣𝑤 − 𝑢𝑣𝑤2 − 𝑢𝑣𝑤 + 𝑢𝑣𝑤2  

                                          = (1 − 𝑣)𝑢2𝑣 + 𝑢2𝑣2  

                                          = 𝑢2𝑣 − 𝑢2𝑣2 + 𝑢2𝑣2  

                                           = 𝑢2𝑣  

                                         Hence proved.        

Example: 

      Find the Jacobian  
𝝏(𝒙,𝒚,𝒛)

𝝏(𝒓,𝜽,𝝋)
 of the transformation 𝒙 =  𝒓𝒔𝒊𝒏𝜽𝒄𝒐𝒔𝝋 , 𝒚 =

 𝒓𝒔𝒊𝒏𝜽𝒔𝒊𝒏𝝋 , 𝒛 = rcos𝜽      

Solution: 

                         
𝜕(𝑥,𝑦,𝑧)

𝜕(𝑟,𝜃,𝜑)
=

|
|

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃

𝜕𝑥

𝜕𝜑

𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

𝜕𝑦

𝜕𝜑

𝜕𝑧

𝜕𝑟

𝜕𝑧

𝜕𝜃

𝜕𝑧

𝜕𝜑

|
|

 … (1)    

                 𝑥 =  𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑 , 𝑦 =  𝑟𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑 , 𝑧 =  𝑟𝑐𝑜𝑠𝜃    

                        
𝜕𝑥 

𝜕𝑟
= sin𝜃𝑐𝑜𝑠𝜑 ,    

𝜕𝑦 

𝜕𝑟
= sin𝜃𝑠𝑖𝑛𝜑 ,  

𝜕𝑧 

𝜕𝑟
= cos𝜃     

                         
𝜕𝑥

𝜕𝜃
= 𝑟cos𝜃𝑐𝑜𝑠𝜑 ,   

𝜕𝑦

𝜕𝜃
= 𝑟cos𝜃𝑠𝑖𝑛𝜑 ,     

𝜕𝑧

𝜕𝜃
= −r sin𝜃 

                         
𝜕𝑥 

𝜕𝜑
= −𝑟sin𝜃𝑠𝑖𝑛𝜑 ,  

𝜕𝑦 

𝜕𝜑
= 𝑟sin𝜃𝑐𝑜𝑠𝜑,  

𝜕𝑧

𝜕𝜑
= 0     

               (1) ⇒ 
𝜕(𝑥,𝑦,𝑧)

𝜕(𝑟,𝜃,𝜑)
= |

sin𝜃𝑐𝑜𝑠𝜑 𝑟cos𝜃𝑐𝑜𝑠𝜑 −𝑟sin𝜃𝑠𝑖𝑛𝜑
sin𝜃𝑠𝑖𝑛𝜑 𝑟cos𝜃𝑠𝑖𝑛𝜑 𝑟sin𝜃𝑐𝑜𝑠𝜑

cos𝜃 −r sin𝜃 0

|  
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                                       = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑(0 + 𝑟2𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜑) −

                                                    𝑟𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑(−𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑) −

                                                      𝑟(𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑(−𝑟𝑠𝑖𝑛2𝜃𝑠𝑖𝑛𝜑 − 𝑟𝑐𝑜𝑠2𝜃𝑠𝑖𝑛𝜑)  

                                       = 𝑟2𝑠𝑖𝑛3𝜃𝑐𝑜𝑠2𝜑 + 𝑟2𝑐𝑜𝑠2𝜃𝑐𝑜𝑠2𝜑𝑠𝑖𝑛𝜃 + 𝑟2𝑠𝑖𝑛3𝜃𝑠𝑖𝑛2𝜑 +

                                                   𝑟2𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜑𝑠𝑖𝑛𝜃  

                                        = 𝑟2𝑠𝑖𝑛3𝜃 +  𝑟2𝑐𝑜𝑠2𝜃𝑠𝑖𝑛𝜃  

                                        = 𝑟2𝑠𝑖𝑛𝜃(𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃)   

                                        = 𝑟2𝑠𝑖𝑛𝜃    

Example:  

     If 𝒖 =  
𝒚𝒛

𝒙
 , 𝒗 =

𝒛𝒙

𝒚
 , 𝒘 =

𝒙𝒚

𝒛
  show that  

𝝏(𝒖,𝒗,𝒘)

𝝏(𝒙,𝒚,𝒛)
= 𝟒   

Solution: 

                           
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
= 

|
|

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

𝜕𝑤

𝜕𝑧

|
|
 … (1)          

                           u = 
𝑦𝑧

𝑥
 , 𝑣 =

𝑧𝑥

𝑦
 , 𝑤 =

𝑥𝑦

𝑧
  

                         
𝜕𝑢 

𝜕𝑥
= −

𝑦𝑧

𝑥2 ,    
𝜕𝑣 

𝜕𝑥
=

𝑧

𝑦
 ,  

𝜕𝑤 

𝜕𝑥
=

𝑦

𝑧
     

                         
𝜕𝑢

𝜕𝑦
=

𝑧

𝑥
 ,   

𝜕𝑣

𝜕𝑦
= −

𝑧𝑥

𝑦2 ,     
𝜕𝑤

𝜕𝑦
=

𝑥

𝑧
    

                         
𝜕𝑢 

𝜕𝑧
=

𝑦

𝑧
 ,  

𝜕𝑣 

𝜕𝑧
=

𝑥

𝑦
,  

𝜕𝑤

𝜕𝑧
= −

𝑥𝑦

𝑧2     

                  (1) ⇒  
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
=  ||

−
𝑦𝑧

𝑥2

𝑧

𝑥

𝑦

𝑥
𝑧

𝑦
−

𝑧𝑥

𝑦2

𝑥

𝑦
𝑦

𝑧

𝑥

𝑧
−

𝑥𝑦

𝑧2

||   

                             = −
𝑦𝑧

𝑥2
[

𝑥2𝑦𝑧

𝑦2𝑧2 −
𝑥2

𝑦𝑧
] −

𝑧

𝑥
[−

𝑥𝑦𝑧

𝑦𝑧2 −
𝑥𝑦

𝑦𝑧
] +

𝑦

𝑥
[

𝑧𝑥

𝑦𝑧
+

𝑧𝑥𝑦

𝑧𝑦2]   

                             = −
𝑥2𝑦2𝑧2

𝑥2𝑦2𝑧2 +
𝑦𝑧𝑥2

𝑥2𝑦𝑧
+

𝑥𝑦𝑧2

𝑥𝑦𝑧2 +
𝑥𝑦𝑧

𝑥𝑦𝑧
+

𝑦𝑧𝑥

𝑥𝑦𝑧
+

𝑧𝑥𝑦2

𝑥𝑧𝑦2  

                             =   − 1 +  1 +  1 +  1 +  1 +  1    =   4 

                            Hence  proved. 

Example:  

      If  𝒙 = 𝒂𝒄𝒐𝒔𝒉𝝋𝒄𝒐𝒔𝜽 , 𝒚 = 𝒂𝒔𝒊𝒏𝒉𝝋𝒔𝒊𝒏𝜽 show that  
𝝏(𝒙,𝒚)

𝝏(𝝋,𝜽)
=

𝒂𝟐

𝟐
(𝒄𝒐𝒔𝒉𝟐𝝋 − 𝒄𝒐𝒔𝟐𝜽)  

Solution: 
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𝜕(𝑥,𝑦)

𝜕(𝜑,𝜃)
= |

𝜕𝑥

𝜕𝜑

𝜕𝑥

𝜕𝜃

𝜕𝑦

𝜕𝜑

𝜕𝑦

𝜕𝜃

| … (1)            

           Given  𝑥 =  𝑎𝑐𝑜𝑠ℎ𝜑𝑐𝑜𝑠𝜃 , 𝑦 =  𝑎𝑠𝑖𝑛ℎ𝜑𝑠𝑖𝑛𝜃  

                     
𝜕𝑥 

𝜕𝜑
= 𝑎cos𝜃𝑠𝑖𝑛ℎ𝜑 ,    

𝜕𝑦 

𝜕𝜑
= 𝑎sin𝜃𝑐𝑜𝑠ℎ𝜑      

                     
𝜕𝑥

𝜕𝜃
= −𝑎sin𝜃𝑐𝑜𝑠ℎ𝜑 ,   

𝜕𝑦

𝜕𝜃
= 𝑎cos𝜃𝑠𝑖𝑛ℎ𝜑  

           (1) ⇒ 
𝜕(𝑥,𝑦)

𝜕(𝜑,𝜃)
= |

𝑎cos𝜃𝑠𝑖𝑛ℎ𝜑 −𝑎sin𝜃𝑐𝑜𝑠ℎ𝜑
𝑎sin𝜃𝑐𝑜𝑠ℎ𝜑 𝑎cos𝜃𝑠𝑖𝑛ℎ𝜑 

|  

                  = 𝑎2𝑠𝑖𝑛ℎ2𝜑𝑐𝑜𝑠2𝜃 + 𝑎2𝑐𝑜𝑠ℎ2𝜑𝑠𝑖𝑛2𝜃  

                               = 𝑎2[𝑠𝑖𝑛ℎ2𝜑(1 − 𝑠𝑖𝑛2𝜃) + (1 + 𝑠𝑖𝑛ℎ2𝜑)𝑠𝑖𝑛2𝜃]   

                  = 𝑎2[𝑠𝑖𝑛ℎ2𝜑 − 𝑠𝑖𝑛ℎ2𝜑𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛ℎ2𝜑𝑠𝑖𝑛2𝜃]  

                  = 𝑎2[𝑠𝑖𝑛ℎ2𝜑 + 𝑠𝑖𝑛2𝜃]   

                  = 𝑎2[
𝑐𝑜𝑠ℎ2𝜑−1

2
+

1−𝑐𝑜𝑠2𝜃

2
]   

                 = 𝑎2[
𝑐𝑜𝑠ℎ2𝜑−1+1−𝑐𝑜𝑠2𝜃

2
]   

                 =
𝑎2

2
(cos 2𝜑 − 𝑐𝑜𝑠2𝜃)   

                  Hence proved. 

Jacobian of Implicit Functions 

                   If    𝑓1(𝑢, 𝑣, 𝑤, 𝑥, 𝑦, 𝑧) = 0  

                         𝑓2(𝑢, 𝑣, 𝑤, 𝑥, 𝑦, 𝑧) = 0       

                and   𝑓3(𝑢, 𝑣, 𝑤, 𝑥, 𝑦, 𝑧) = 0 are three implicit functions, we can consider 𝑢, 𝑣, 𝑤 as 

implicit function 𝑥, 𝑦, 𝑧 then it can be proved  

                           
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
= (−1)3

𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑥,𝑦,𝑧)
𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑢,𝑣,𝑤)

  

                  Also   
𝜕(𝑥,𝑦,𝑧)

𝜕(𝑢,𝑣,𝑤)
= (−1)3

𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑢,𝑣,𝑤)
𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑥,𝑦,𝑧)

  

Example:  

      If 𝒇𝟏 = 𝒖 − 𝒙 − 𝒚 − 𝒛 = 𝟎 , 𝒇𝟐 = 𝒖𝒗 − 𝒚 − 𝒛 = 𝟎, 𝒇𝟑 = 𝒖𝒗𝒘 − 𝒛 = 𝟎 , prove that 

𝝏(𝒙, 𝒚, 𝒛)

𝝏(𝒖, 𝒗, 𝒘)
= 𝒖𝟐𝒗 

Solution: 

            Given 𝑓1 = 𝑢 − 𝑥 − 𝑦 − 𝑧 , 𝑓2 = 𝑢𝑣 − 𝑦 − 𝑧, 𝑓3 = 𝑢𝑣𝑤 − 𝑧 

                      
 𝜕𝑓1

𝜕𝑥
= −1 ,

𝜕𝑓1

𝜕𝑢
= 1 ,   

 𝜕𝑓2

𝜕𝑥
= 0 ,

𝜕𝑓2

𝜕𝑢
= 𝑣 ,   

 𝜕𝑓3

𝜕𝑥
= 0 ,

𝜕𝑓3

𝜕𝑢
= 𝑣𝑤    
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 𝜕𝑓1

𝜕𝑦
= −1 ,

𝜕𝑓1

𝜕𝑣
= 0 ,

 𝜕𝑓2

𝜕𝑦
= −1 ,

𝜕𝑓2

𝜕𝑣
= 𝑢 ,   

 𝜕𝑓3

𝜕𝑦
= 0 ,

𝜕𝑓3

𝜕𝑣
= 𝑢𝑤   

                           
 𝜕𝑓1

𝜕𝑧
= −1 ,

𝜕𝑓1

𝜕𝑤
= 0 ,

 𝜕𝑓2

𝜕𝑧
= −1 ,

𝜕𝑓2

𝜕𝑤
= 0 ,   

 𝜕𝑓3

𝜕𝑧
= −1 ,

𝜕𝑓3

𝜕𝑤
= 𝑢𝑣     

                       
𝜕(𝑥,𝑦,𝑧)

𝜕(𝑢,𝑣,𝑤)
= (−1)3

𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑢,𝑣,𝑤)
𝜕(𝑓1,𝑓2,𝑓3)

𝜕(𝑥,𝑦,𝑧)

  

                                 = −

|
|

𝜕𝑓1
𝜕𝑢

𝜕𝑓1
𝜕𝑣

𝜕𝑓1
𝜕𝑤

𝜕𝑓2
𝜕𝑢

𝜕𝑓2
𝜕𝑣

𝜕𝑓2
𝜕𝑤

𝜕𝑓3
𝜕𝑢

𝜕𝑓3
𝜕𝑣

𝜕3

𝜕𝑤

|
|

|

|

𝜕𝑓1
𝜕𝑥

𝜕𝑓1
𝜕𝑦

𝜕𝑓1
𝜕𝑧

𝜕𝑓2
𝜕𝑥

𝜕𝑓2
𝜕𝑦

𝜕𝑓2
𝜕𝑧

𝜕𝑓3
𝜕𝑥

𝜕𝑓3
𝜕𝑦

𝜕𝑓3
𝜕𝑧

|

|

   =   −
|

1 0 0
𝑣 𝑢 0

𝑣𝑤 𝑢𝑤 𝑢𝑣
|

|
−1 −1 −1
0 −1 −1
0 0 −1

|

 = −
𝑢2𝑣

−1×1
 

                                         = 𝑢2𝑣 

                                        Hence  proved. 

 


